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Motivations

@ Nanoparticles
@ Hybrid composite materials

@ Synthetic or natural polymers combined with metal, ceramic or
carbon nanosctructures

@ High—performance materials

(Picture from esub.com)
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Motivations

Reinforced concrete and buildings
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Part of the floor is outside the wall and part of the floor is inside the wall
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Motivations

Insurgence of nonlocality in composites was shown by Silling in 2000,
immediately studied by Bellido, Cueto, Mora-Corral, Ortega.

Problems have been investigated with the aim of describing the elastic
behavior of complex structures composed by two or more different phases
having extremely efficient mechanical features, to employ in a wide range
of fields as civil engineering and architecture.

Silling: the equilibrium equation is written by a nonlocal operator L

L(u(x)) = / (uly) 0.y~ x)dy.
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Motivations

Starting from
L) = [ Fuly) ~ ale)y = Xy,
some set
if "some set” = RV and

fU,2)= Y

=z s €(0,1),

then
L(u(x)) = (=A) u(x)

where (up to a constant)

(=A)u(x) ::/ de.

gy |x — y|NF2s
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Question

What happens if we consider both operators in 27 For instance:

L(u(x)) = (=A)u+ A%u.

It is a mixed operator.
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The mixed local-nonlocal operator

Prototype: —A+(—A)®°, s€(0,1)

+ is important for maximum principles.
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The mixed local-nonlocal operator

Prototype: —A+(—A)®°, s€(0,1)

+ is important for maximum principles.

They are a natural object to model animal foraging (like shark’s hunting
behaviour).
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Not new in literature

A: C3(RN) — C(RN) linear

{“6 G — Au(x) >0

u(x) = infgv u=0
if and only if A is local + nonlocal (but right combination)

o Courrége (1964) and Bony-Courrége-Priouret (1968)
° ...

o Barles et al. (2008, 2012, 2014) - viscosity solutions
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And quite studied recently: 2022-

@ Regularity: De Filippis-Mingione, Biagi-Dipierro-Valdinoci-Vecchi,
Garain-Kinnnen, Garain-Lindgren;

@ Qualitative properties: Biagi-Dipierro-Valdinoci-Vecchi,
Dipierro-Proietti Lippi-Valdinoci, Mugnai-Proietti Lippi,
Biagi-Mugnai-Vecchi;

@ Singular problems: Garain-Ukhlov;
@ Shape optimization: Biagi-Dipierro-Valdinoci-Vecchi;
@ Overdetermined problems: Biswas-Modasyia-Sen;

@ Existence of solutions: Maione-Mugnai-Vecchi, Mugnai-Proietti
Lippi, Giovannardi-Mugnai-Vecchi;

@ Parabolic case: Dipierro-Proietti Lippi-Valdinoci, Mugnai-Proietti
Lippi;
° ...
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Horizon

For buildings we need a different approach!
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Horizon

For buildings we need a different approach!
In 2000 Silling introduced the concept of extended boundary or horizon,
i.e. a region around the domain in which the function is identically 0

Norizow
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Peridynamics

The starting points for our work are two recent papers of

Cluni-Gusella-Mugnai-Proietti Lippi-Pucci (Math. Eng. 2023 and AIMS
Math 2025):

—cAu+ k(—A)ju = f(x,u) inQo,

. (den)

u=0 in Qq,

where ¢, k > 0 are physical coefficients and f is a perturbation. The
operator

(—A)gp(x) = /Q % dy forall ¢ € C(Q),

is the regional fractional Laplacian in €, not in Qg where the equation
holds.
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Peridynamics

Q c RV is a bounded domain. Q = Qy U Q;, where Qg is an open set
with smooth boundary 09y and Q¢ N Q; = 0. Furthermore,

Qs = Qo + Bs C Q for a suitable radius § > 0. In this way, the remaining
set 1 D 90y and Q3 can be seen as the nonlocal boundary of Q.

Q

I\
/ﬂa @

Figure 1: The sets 2, Qg and Q5
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(
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New mixed beam operator

Au(x) = aA%u(x) + C(~A)ju(x) + V(x)u, xin Qq,

@ 3,C>0andse(0,1)
e u=0in,
o Q, Qo, Q1 as above

@ V is a bounded, non-negative, continuous function.
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The abstract setting

The natural solution space associated the operator is
H5*(Q0,Q) = {u € HZ(0) NH(Q) : u=0ae. inQ}

where

@ H2(So) is the usual Sobolev space of order 2, defined as the
completion of C2°(£g) with respect to the norm

lullia(eo) = 1Al 2(00), € H3 (),

o HE(RQ) is the completion of C2°(£2), with respect to the Gagliardo

seminorm
1/2
—u(y)?
[U]2 e (//an |X - Y|N+2s ¢ dy) '
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The abstract setting

Au(x) := aD2u(x) + C(=A)gu(x) + V(X)u, xin Qo,
On HS’S(QO, Q) we consider the norm

1/2
||u]| :== (a||Au||%Z(Q°) + C[u]g’Q +/ V(X)u2dx) .

Qo
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The abstract setting

Au(x) := aD2u(x) + C(=A)gu(x) + V(X)u, xin Qo,
On HS’S(QO, Q) we consider the norm

1/2
[Jull == <a||Au||%Z(Q°) + C[u]g’Q +/Q V(X)u2dx> .

o If N > 4, H5°(Q,Q) embeds compactly in Hi(Q0) and in LP(Qp)

x 2
for any p € [1,2*), and continuously in L?" (), where 2* = Neu

o If N = 4, then H3*(Q, Q) embeds compactly in H}(0) and in
LP(Qp) for all p > 1.

o If N < 3, then H3*(Q0, Q) embeds compactly in H}(0) and in
(%),

New results on mixed operators Genni Fragnelli




Eigenvalue problem

alA%u+ C(—A)ju+ V(x)u=Au in Qo,
(Px)

u=20 ian.

(a) A1 >0, A1 = Min,cp2.(0o )\ {0} % with associated
eigenfunction e; € H>*(Qo, Q) which realizes the minimum.
(b) The set of the eigenvalues of problem is a sequence {\x},cy S-t.

O< A <A< <A< A1 <...and A\ = o0 as k — 0.

2
Moreover, for any k € N, A\gy1 = min,ep,,,\ {0} %, where
0

Pri1 = {u € Hg’s(QO,Q) :(u,e) =0foranyj=1,..., k} , and
there exists a function ey, 1 € Py, 1, which is an eigenfunction
associated to A\yy1 and realizes the minimum.
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Eigenvalue problem

alA%u+ C(—A)ju+ V(x)u=Au in Qo,
(Px)

u=20 in Q.

(c) The sequence {ex},cy is an orthogonal basis of H5*(Q0,Q) and
orthonormal basis of L?(Sp).

(d) Each eigenvalue \x has finite multiplicity. More precisely, if Ax is
such that
A1 < Ak == Aph < Akt (1)
for some h € NU {0}, then the set of eigenfunctions associated to
Ak coincides with

span{ek, ooy ek+h}.

-
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Eigenvalue problem

What is natural in these types of problems is that A; is simple and ¢e; is
positive, in our case meaning e; positive in .
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Eigenvalue problem

Remark

What is natural in these types of problems is that A; is simple and ¢e; is
positive, in our case meaning e; positive in .

However, it is natural that in our case a similar result cannot hold in
general due to the presence of the biharmonic operator with
peridynamical Dirichlet conditions in ©; which imply classical Dirichlet
conditions in Q...
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Eigenvalue problem

Remark

Indeed, for A2 with Dirichlet conditions in Qg such a result is false:
Garabedian (1951), Grunau-Sweers (1996, 1999), when Qg is a long

ellipsis:

2
Ko ¥e, [FER N
229 o 492
Y

W

S~

New results on mixed operators Genni Fragnelli



Eigenvalue problem

Remark

Indeed, for A% with Dirichlet conditions in Qg such a result is false:
Duffin-Shaffer (1952), Coffman-Duffin-Shaffer (1978) for annuli with
small inner hole:

1A%
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Eigenvalue problem

Open problem:
is there Qg s.t. e; > 0 in Qg with \; simple?

New results on mixed operators Genni Fragnelli



Eigenvalue problem

Open problem:
is there Qg s.t. e; > 0 in Qg with \; simple?

Guess: if Qg is a ball, we know for A? with Dirichlet conditions that
e; > 0in Qo (Boggio 1905). So...
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A toy-linear elliptic case

alA%u+ C(—A)ju+ V(x)u=Au+ f(x) in Qo,
(P1) .
u = O n Q]_7

where a, C > 0 and f € L2(Qo).

u € H5*°(Q,Q) is a (weak) solution of problem (Py) if

[ duavocrc [ RN 4

|X_y|N+25

+/Q° V(x)uv dx = /Qo()\u—i- f(x))v dx

for every function v € H3*(Qo, Q).

4
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A toy-linear elliptic case

alA%u+ C(—A)ju+ V(x)u=Au+ f(x) in Qo,
(PL) :
u=0 in Qq,

where a, C > 0 and f € L2(Qo).

Solutions of (Py) are critical points of J : H3*(Q0, Q) — R, defined as

! A
J(u) ::§||u||2—§/9 = [ Fuax
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A toy-linear elliptic case

alA%u+ C(—A)ju+ V(x)u=Au+ f(x) in Qo,
(PL) :
u=0 in Qq,

where a, C > 0 and f € L2(Qo).

Solutions of (Py) are critical points of J : H3*(Q0, Q) — R, defined as

! A
J(u) ::§||u||2—§/9 = [ Fuax

Proposition

Let f € L2(Qo) and \ # Ak for all k € N. Then (P.) admits a unique
solution u € Hy*(Q, Q). If f is nontrivial, then also the solution is
nontrivial.
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An idea of the proof

@ )\ < \p: Jis coercive, weakly lower semicontinuous and strictly
convex, thus 3! minJ
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An idea of the proof

@ )\ < \p: Jis coercive, weakly lower semicontinuous and strictly
convex, thus 3! minJ

@ )\ > \;: Saddle Theorem of Rabinowitz.

In any case, J has a nontrivial critical point u which is a nontrivial
solution of (Pr).
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elliptic case with linear growth

The real result holds if Au+ f(x) is replaced by g(x, u) where g is a
Carathéodory function satisfying the following assumption: either

limsup M <A
|s| =400 S
or 3 )\ s.t.

Ai < liminf M < limsup M

< Aig1-
Is|>+c0 S |s|=+o00 S
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A nonlinear elliptic case

alA%u+ C(—A)u+ V(X)u=Au+f(x,u) inQo,
(Pn) )
u=0 in Q1,

f: Qo x R — R Carathéodory function such that f(-,0) = 0 a.e. in Qo.
Recall the critical Sobolev exponent

2N

— fN>4

o ={n_a "M%

00 if N <4,

and its Holder conjugate
2N,

@y =dN+a if N> 4,
1 if N <4.
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A nonlinear elliptic case

alA%u+ C(—A)ju+ V(X)u=Au+f(x,u) inQo,
(Pn) )
u=0 in Q1,

u € H3*(Q,Q) is a (weak) solution of problem (Py) if

[ duavocrc [ GO 4

P = y|¥

—|—/Q° V(x)uv dx = /Qo(Au—f- f(x, u))vdx

for every function v € Hy*(Q, Q).
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A nonlinear elliptic case

alA%u+ C(—A)qu+ V(X)u=Au+f(x,u) inQo,
(Pn) :
u=0 in Q1,

Solutions of (Py) are critical points of / : H5*(Q0, Q) — R, defined as

1 A
1) = gl =5 [ o= [ Fexu)a

where F(x, t):=; f(x,T)dr.
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A nonlinear elliptic case

alA%u+ C(—A)qu+ V(X)u=Au+f(x,u) inQo,
(Pn) :
u=0 in Q1,

Solutions of (Py) are critical points of / : H2*(0, Q) — R, defined as
0

1 A
1) = gl =5 [ o= [ Fexu)a

where F(x, t):=; f(x,T)dr.
At least, formally.
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A nonlinear elliptic case

Set F(x, t)::fotf(x, 7)dT and o(x, t):= f(x,t)t—2F(x,t) in QoxR. Assume:

(fi)Fa e L9(Q), B € L®(Q), «>0,8>04q¢c((2*),2),r € (2,2%):

[F(x, t)| < a(x) + B(x)[t|™! fora.e. x € Qo and for all t € R;

. Flxt) , .
(f2)t—|1$00 CEa “+o0 uniformly for a.e. x € Qo;
f
(f3) lim o) = 0 uniformly for a.e. x € Qo;
t—0 |t

(2)360>1, Be 1), B>0, st

O'(X, 1.'1) < 90’(X, f2)+6(X) ae x€Qo, all0<ty <thorty <t <O0.

New results on mixed operators Genni Fragnelli



Some comments on (f;)

(£)360>1, BeLY(Q) B>0,st.

O'(X, 1.'1) < 00’(X, t2)+ﬂ(X) ae. xe€Qg,all0<ty<thort, <t <0.
(fa) from Mugnai-Proietti Lippi (NA 2019, p—Laplacian), improvement

of those in Mugnai-Papageorgiou (TAMS 2014, p — g—Laplacian) and
Jeanjean (PRSE-A 1999, Laplacian).
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Some comments on (f3)

(£)360>1, BeLY(Q) B>0,st.

O'(X, 1.'1) < 00’(X, t2)+ﬂ(X) ae. xe€Qg,all0<ty<thort, <t <0.

(fa) from Mugnai-Proietti Lippi (NA 2019, p—Laplacian), improvement
of those in Mugnai-Papageorgiou (TAMS 2014, p — g—Laplacian) and
Jeanjean (PRSE-A 1999, Laplacian).

Example: f(x,t) = Btlog(1 + |t]), g > 0.
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Some comments on (f3)

Ambrosetti-Rabinowitz-condition 1973:

f:Q xR — Ris a continuous function such that 3 p > 2, R > 0 so that
0 < pF(s,x) < f(x,s)s for all x € Q and for all s s.t. |s| > R.

Clearly this condition implies that F(x,s) > % — d for a suitable
constant d > 0.

Definition

I € CY(H,R), where H is a Hilbert space satisfies the Palais-Smale
condition, (PS), if any sequence (u,), C H such that (/(u,)), is bounded
and /"(u,) — 0in H as n — oo admits a convergent subsequence in H.
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Mountain Pass Theorem

Theorem (Ambrosetti-Rabinowitz, 1973)

Assume | € CY(H,R), where H is a Hilbert space, such that
* | satisfies the (PS) condition,

* 1(0) =0,

* 3 r and a such that I(u) > a if ||ul| = r

* 3v e H with ||v|] >rst I(v) <O0.

If we define T := {g € C([0,1]; H) : g(0) =0, g(1) = v} and
¢ := infger maxo<¢<1 /(g(t)), then c is a critical value for |.
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Some comments on (f3)

However, under (f;) we are not able to prove the (PS) condition.
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Some comments on (f3)

However, under (f;) we are not able to prove the (PS) condition.

But we can prove the Cerami condition:

Definition

| satisfies the Cerami condition, (C), if any sequence (u,), in H5*(Q0, Q)
s.t. (I(un))n is bounded and (1 + ||u,||)/"(us) — 0 as n — oo admits a
convergent subsequence.

Recall (f): 36 >1, B € L}Q), >0, s.t.

0'(X7 t]_) < 90’(X7 t2) —|—ﬁ(X) ae. xe€g,allo<tyy<thhort<t; <0
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Mountain Pass Theorem

Theorem

Assume | € CY(H,R), where H is a Hilbert space, such that
* | satisties the (C) condition,

* 1(0) =0,

* 3 r and a such that I(u) > a if ||ul| = r

* 3veHwith ||v] >rst I(v) <O0.

If we define I := {g € C([0,1]; H) : g(0) =0, g(1) = v} and
¢ := infger maxo<¢<1 /(g(t)), then c is a critical value for |.
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A nonlinear elliptic case

al%u+ C(—A)qu+ V(x)u = Au+ f(x,u) in Qo,
(Pn) .
u=0 in Q1,

Solutions of (Py) are critical points of / : H5*(Q0, Q) — R, defined as

1 A
1) = gl =5 [ o= [ Fexu)a

where we recall F(x,t) ::fotf(x7 T)dT.

Let f as before and A € R. Then (Py) admits at least one nontrivial
solution.
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A second order peridynamical beam-type problem

U + al%u+ C(—A)gu+ h(t)t“u + V(t,x)u=0 in I x Qo,
(‘@lin) _
u(t,x) =0 on [ x (1,

I =11,00),
o a€R,

@ his a continuous function satisfying 1/C < h(t) < C for all t € /
and for some C > 0,

V is bounded continuous in | x Qg and V; continuous in | x €.
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Problem

Asymptotic stability of solutions (AS):

Given an initial condition (up, u1), we look for conditions s.t. if u(t,x)
solves (Pin), then
“im E,(t) =0",
t—o00

where E, is the energy associated to the solution u of the problem.
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Beam equation: The non-degenerate classical case

If we consider a non-degenerate beam equation
(NB) Utt(tax)+a(x)uxxxx(tax) :0

where, for example, a(x) := %, El is the flexural rigidity coefficient and p is the mass density, (AS) is
studied by

* Chen, Krantz, Ma, Wayne, West 1987

* Chen, Delfour, Krall, Payre, 1987

% Chen, Zhou 1990

* F., Mugnai 2008 ...

with a degenerate damping:

* Cavalcanti, Domingos Cavalcanti, Jorge Silva, Narciso, 2021
* Cong, Chunyou 2023

* Narciso, Ekinci, Piskin, 2023. ..



Beam equation. The degenerate case

If there is a degenerate leading operator

Camasta, F., SICON 2024 and DCDS 2024,
Camasta, F., Pignotti NORWA 2025,
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Beam equation. The degenerate case

Ugr 4 a(X) Uspox = 0, (t,x) € Q,
u(t,0) =0, u(t,0)=0, t>0,
(DP) Bu(t,1) — tex(t, 1) + ue(t, 1) = t>0,

Yux(t,1) 4+ u(t, 1) + un(t, 1) = 0 t>0,
U(O,X) = UO(X)’ ut(O7X) - U]_( ) X € (07 1)
@ :=(0,+00) x (0,1)
* a degenerates at 0.

* [, are non negative constants
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Types of degeneracy

We will consider two types of degeneracy:

Definition

Weakly degenerate function (WD): a is (WD) at 0 if
a€ C[0,1] N C(0,1], a(0) =0, a>0on (0,1] and 3 K, € (0,1) s.t.
|xa/(x) < Koa(x) |ae x€0,1].

New results on mixed operators Genni Fragnelli



Types of degeneracy

We will consider two types of degeneracy:

Definition

Weakly degenerate function (WD): a is (WD) at 0 if
a€ C[0,1] N C(0,1], a(0) =0, a>0on (0,1] and 3 K, € (0,1) s.t.
|xa/(x) < Koa(x) |ae x€0,1].

Prototype: a(x) = x*, a € (0,1).
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Types of degeneracy

We will consider two types of degeneracy:

Definition

Weakly degenerate function (WD): a is (WD) at 0 if
a€ C[0,1] N C(0,1], a(0) =0, a>0on (0,1] and 3 K, € (0,1) s.t.
|xa/(x) < Koa(x) |ae x€0,1].

Prototype: a(x) = x*, a € (0,1).

Definition

Strongly degenerate function (SD): a is (SD) at x € [0, 1] if
a€ Co,1], a(0) =0, a>0o0on (0,1] and I K, € [1,2) s.t.
lxa'(x) < K,a(x) ‘ a.e. x € [0,1].
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Types of degeneracy

We will consider two types of degeneracy:

Definition

Weakly degenerate function (WD): a is (WD) at 0 if
a€ C[0,1] N C(0,1], a(0) =0, a>0on (0,1] and 3 K, € (0,1) s.t.
|xa/(x) < Koa(x) |ae x€0,1].

Prototype: a(x) = x*, a € (0,1).

Definition

Strongly degenerate function (SD): a is (SD) at x € [0, 1] if
a€ Co,1], a(0) =0, a>0o0on (0,1] and I K, € [1,2) s.t.
lxa'(x) < K,a(x) ‘ a.e. x € [0,1].

Prototype: a(x) = x%, a € [1,2).
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Suitable Hilbert spaces and energy in non divergence form

13(0,1):= {u € L3(0,1) | [lulls < oo},
HE ((0,1) = {u € 13(0,1) N HY(0,1) : u(0) = 0},

H3 5(0,1) := {u € HE 4(0,1) N H?(0,1) : /(0) = o},
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Stability

Theorem (Camasta, , SICON 2024)
Assume (HI).

dE.(t)

= —u?(t,1) — 2 (t,1), Vt>0.

Hence E, is nonincreasing. In particular, 3 C > 0 such that

E,(t) < E,(0)el™ %, Vte[C, +o0).

New results on mixed operators Genni Fragnelli



Beam equation. The degenerate case
divergence form

ure(t, x) 4+ (a(x) U ) xx(t, x) = 0, (t,x) € Q,
u(t,0) =0, t>0,
ux(t,0) =0, if a(x) = x*, a € (0,1),
(DPo) {(auxx)(t,O) =0, ifa(x)=x“a€ll?2), t>0,
Bu(t,1) =0, t >0,
u(0, x) = wo(x), ue(0,x) = u1(x), x €(0,1),

Bu(t, 1) — (au)x(t, 1) + ue(t, 1),

where Bu(t, 1) = {wx(t,l) + () (8, 1) + uec(t, 1)
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Suitable Hilbert spaces in divergence form

We consider:
W2(0,1) := {u € H*(0,1) : v is abs. continuous in [0,1],
Vau" € [%(0,1), u(0) = 0},
if a(x) =~ x* a € (0,1) and

W?2(0,1) := {u € H*(0,1) : u is loc. abs. continuous in (0, 1],
Vau" € 1%(0,1), u(0) = 0},

if a(x) =~ x*, « € [1,2). Define, in both cases,

Q(0,1) := {u € W2(0,1) : au” € H?*(0,1)},
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Beam equation. The degenerate case in the divergence form

Assume a is (WD) or (SD)

* The energy

Eu(t) =L [7(u2(t, x) + a(x)u2 (£, x))dx + Su2(t,1) + 2u2(t, 1), £ >0,
associated to the original problem is nonincreasing

* If 5> 0 and v > 0 then there exists M > 0 such that
E,(t) < E,(0)el~w, for all t € [M, +00).

Actually the previous stability result holds also if 5 and/or v are 0 in the
weakly degenerate case since in this case we are able to estimate u,(t, 1)

(Camasta, F. DCDS 2024)
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Stability

* Camasta, F., Pignotti NORWA 2025:
U + a(X) oo + k(8)xp(X)ue(t — 7,x) = f(y)

where k € Li ([0, +00)) N C([0, +00)) and there exists A > 0 such that

t
/ Ik(s)|ds <A, ¥ t>0,
t—71

P c(0,1), f(y) = |y|%y, with g > 0, or f(y) = (fo |y|2dx) y, with
p > 1 (also for operator in div. form or for a degenerate second order
operator in div. or in non div. form)
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Coming back to our problem

U + al%u + C(—A)qu + h(t)t%u + V(t,x)u=0 in I x Qo,
(Zin) B
u(t,x)=0 on | x Qq,

The natural solution space is
X = {¢ e C(1,H2*(Q,Q)) N CL(1, L2(Q)) : E, is locally bounded on /},

where the energy E,; is defined as

1 1 1
E¢(t): 5 0 ¢§(tvx)dx+§”¢(tv')”]Iz.ﬂgvs(go,g)'i_a/Q V(t,X)¢2(t,X)dX.
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A second order peridynamical beam-type problem

U + al%u+ C(—A)gu + h(t)t“u + V(t,x)u=0 in I x Qo,
(‘@lin) -
u(t,x) =0 on | xy,

If || < 1, then all solutions u of (%) are such that

Jim E(5)=0 ie. Jim (Jula-+ Jul) =0.
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An ldea of the Proof: Pucci-Serrin (CPAM 1996) for local
operators

Actually Pucci-Serrin consider the nonlinear damped wave system with
Dirichlet data

(PS) up—Au+ Q(t,x,u,ur) + f(x,u) =0, (t,x)€JxQ,
u(t,x) =0, (t,x) € J x 09,
where
*x J=[1,00) and Q C RV,
* u(t,x) e RK k> 1,
* Q € C(J x QxR xR RK) is a nonlinear damping, so that
(Q(t,x,u,v),v) >0 for all arguments t, x, u, v,

where (-, -) is the inner product in RX.
* f € C(Q x R¥;R¥) is a restoring force derivable from a potential F,

i.e.
OF

ou
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An idea of the Proof

Theorem (Pucci, Serrin CPAM 1996)

Under some technical assumptions on f and Q, if 3 k € C(J) N BV (J),
k>0 s.t.

k¢ L),
liminfi_ oo fot (64 o'=™) k™ds
(fot kds)m

then every strong solution u of (PS) is such that

< 00,

lim E,(t) =0

t—o0
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An idea of the Proof

Corollary (Pucci, Serrin CPAM 1996)

Suppose
t

lim inf £ (6+0'"™) ds < 0.

t—oo tM 0

Then for every strong solution u of (PS) we have

lim E,(t) =0

t—o0

Proof: Take k = 1 in the previous theorem.
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Stability if || <1

Hence if |a| < 1 the solution of

(P1in) U + al%u + C(—A)gu + h(t)t%u + V(t,x)u=0 in I x Qo,
il u(e,x) =0 on I x Q,

is s.t.
lim E,(t) =0.

t—o0
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Stability if || <1

Hence if |a| < 1 the solution of

U + al%u + C(—A)gu + h(t)t%u + V(t,x)u=0 in I x Qo,

t@.
(Pin) {u(t,x)zO on I x Qi

is s.t.
lim E,(t) =0.

t—o0

Question: what happens if |a| > 17
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A second order peridynamical beam-type problem

If o] > 1, we consider the special case

Upt+al%u+ C(—A)gu+h(t)t%u + V(x)u=0 in I x Qo,
(Zin) _
u(t,x)=0 on | x Q.

Definition
¥ = (x) € L?(Qo) is attainable for (Py;y,) if 3 u solution of () s.t.

i / lu(t, x) — () [2dx = 0.
t—o0o Qo
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A second order peridynamical beam-type problem

If || > 1, we consider the special case

() +al%u+ C(—A)ju + h(t)t*u + V(x)u=0 inlxQ,
tin u(t,x)=0 on | x Q.

If |a| > 1 then every function ¢ € Y := span{ex},-, is attainable for
problem (i) and thus the set of attainable functions is dense in
L?(S0).
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A second order peridynamical beam-type problem

If |a| > 1 then every function ¢ € Y := span{ex},-, is attainable for
problem (22;,,) and thus the set of attainable functions is dense in
L2(S0).

Proof:

0 uk(t,x) = wi(t)ex(x) solves (Hy,) < wi solves
w” 4+ h(t)t*w + Aew = 0,

o limeyoo [|u(t, ") — exll12(q0) = O-

opeEY =ip= z{leﬂ,ek.. Set

u(t, x) Z,B,uk (t,x) = Z,B,Wk

Since (Pyn) is ||near, u is a solution and

llu(t,-) = ¥llz(q,) — 0 as t — oc.
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A peridynamical parabolic problem

ur +al2u+ C(—A)qu+ V(x)u = |ulP~2u  in | x Qo,
(Zpar)
u(t,x)=0 on | x €,

p>2and p< 2L (if N > 5).
The natural solution space is

£2(Q0,9) :={u e ®3(Q) : u=0inQ},

where the energy E, is defined as

1 1
EL(t) = JIu(t iy~ [ e 070 >0

New results on mixed operators Genni Fragnelli



A peridynamical parabolic problem

Theorem

Let u the classical solution of (Zpar) associated to the initial value ug. If
the norm of uq is large enough (larger than a well known constant) and
the initial energy E,(uo) is small enough (bounded from above by a well
known constant) then there exists T > 0 such that

lim / u(t, x)?dx = +oo,
Qo

t—T—

namely u blows up.
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Work in progress

Controllability for

* hyperbolic problems for both operators:
Au = alAu+ C(—A)ju

(in collaboration with S. Dipierro, D. Mugnai and E. Valdinoci) and
Au = al%u+ C(—A)ju

(in collaboration with D. Mugnai)
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(in collaboration with D. Mugnai)
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Work in progress

Controllability for

* hyperbolic problems for both operators:
Au = alAu+ C(—A)ju

(in collaboration with S. Dipierro, D. Mugnai and E. Valdinoci) and
Au = al%u+ C(—A)ju

(in collaboration with D. Mugnai)

* parabolic problems for the previous both operators
(in collaboration with D. Mugnai)

Stability for

* hyperbolic problems with more general operators
(in collaboration with S. Dipierro, D. Mugnai and E. Valdinoci)
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Future pespectives

Stability for

* parabolic problems for both operators:
Au = alAu+ C(—A)ju

or
Au = al%u+ C(-A)ju
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Future pespectives

Stability for

* parabolic problems for both operators:
Au = alAu+ C(—A)ju

or
Au = al%u+ C(-A)ju

* problems of degenerate mixed operator and/or other dampings
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Future pespectives

Stability for

* parabolic problems for both operators:
Au = alAu+ C(—A)ju

or
Au = al%u+ C(-A)ju

* problems of degenerate mixed operator and/or other dampings

Controllability for

* all the previous degenerate problems
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Conclusion

Thank you for your attention!
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An ldea of the Proof

Assumptions:

(H1): 3p>1st.
If(x,u)| < C [1+ lulP~t],

forC>Oand|fN>3andp> 5, 3/ >0and k1 > 0 for which

(F(x,u),u) > /@\u|P — K1lul.

(H2):  o(t)w(lv]) < [Q(t, x, u, V)\ < o(t) vt 4+ v)e
where § € L1 _(J), q_max{p, Y } 2<g<x0ifN=2),1<m<

q, w € C([0,00);R) s.t. w(0) =0, w(7)>0for0<7'<1,w(7):7'for
r>1 andoisst. >0 inJ, 1/o € LT 1(J).

(H3): Qistame: 3y > 1s.t.

|Q(t, x,u, V)| |v] <Y(Q(t,x,u,v),v) (automatic if N =1)
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