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And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

k—1

Ounk(t) = 5 S (K — ) ma(t)men(t) — k() S ().
h=1

h>1
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And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

k 1

ANk (t) = Zh(k h) ny(t)nk—n(t) — knk(t) > hnp(1)

h>1

Forest-fire models [RATH, TOTH, 2009]
* graph grows by edge addition;

o large clusters burn after lightning
events;

o the burning mechanism removes
mass;

» the system self-organises near
criticality.
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And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

k 1

ANk (t) = Zh(k h) nu(t)nk—n(t) — knk(t) > hnp(1).

h>1

Forest-fire models [RATH, TOTH, 2009]  Limited aggregation / SOC models
o graph grows by edge addition; [MERLE, NORMAND, 2015]

o large clusters burn after lightning ° cpagtl:]Iatiohn :(Sj allowed only below a
size threshold;

events;

o the burning mechanism removes e oversized clusters are removed or
mass; made inactive;

o the system self-organises near ¢ the system self-organises near
criticality. criticality.
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And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

k 1

ANk (t) = Zh(k h) nu(t)nk—n(t) — knk(t) > hnp(1).

h>1

Forest-fire models [RATH, TOTH, 2009]  Limited aggregation / SOC models
o graph grows by edge addition; [MERLE, NORMAND, 2015]

o large clusters burn after lightning ° cpagtl:]Iatiohn :(Sj allowed only below a
size threshold;

events;

o the burning mechanism removes e oversized clusters are removed or
mass; made inactive;

o the system self-organises near ¢ the system self-organises near
criticality. criticality.

The explicit solution of the multiplicative Smoluchowski equation stays critical for all t > Tgg.:

ST kni(t) =
k
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And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

k 1

ANk (t) = Zh(k h) nu(t)nk—n(t) — knk(t) > hnp(1).

h>1

Forest-fire models [RATH, TOTH, 2009]  Limited aggregation / SOC models
o graph grows by edge addition; [MERLE, NORMAND, 2015]

o large clusters burn after lightning ° cpagtl:]Iatiohn :(Sj allowed only below a
size threshold;

events;

o the burning mechanism removes e oversized clusters are removed or
mass; made inactive;

o the system self-organises near ¢ the system self-organises near
criticality. criticality.

The explicit solution of the multiplicative Smoluchowski equation stays critical for all t > Tgg.:

ST kni(t) =
k

Difference with Flory:

zk:knk(t) =1-p(t) < 1t
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Adding inhomogeneities

Sparse inhomogeneous random graphs
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Adding inhomogeneities

Sparse inhomogeneous random graphs

Inhomogeneous random graphs are a natural generalization of the Erdés-Rényi
random graph ([SODERBERG 2002], [BOLLOBAS, JANSON AND RIORDAN 2006]).

- S a metric space: the type space;
- € M(S) a probability on S;
- xN = (xq,...,xy) € SN vector of vertices’ type

1 N
PN = > Ox =
NS

- asymmetrickernel k : S x § — R4
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Adding inhomogeneities

Sparse inhomogeneous random graphs
Inhomogeneous random graphs are a natural generalization of the Erdés-Rényi
random graph ([SODERBERG 2002], [BOLLOBAS, JANSON AND RIORDAN 2006]).
- S a metric space: the type space;
- € M(S) a probability on S;
- xN = (xq,...,xn) € SN vector of vertices’ type

N
.
PN = > Ox =
NS

- asymmetrickernel k : S x § — R4

The sparse inhomogeneous random graph G(N, xV, k) is such that there is an edge
between vertices i and j with probability that depends on their types:

AT

i ~ j with probability W

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Adding inhomogeneities

Sparse inhomogeneous random graphs

Inhomogeneous random graphs are a natural generalization of the Erdés-Rényi
random graph ([SODERBERG 2002], [BOLLOBAS, JANSON AND RIORDAN 2006]).
- S a metric space: the type space;
- € M(S) a probability on S;
- xN = (xq,...,xn) € SN vector of vertices’ type

N
.
PN = > Ox =
NS

- asymmetrickernel k : S x § — R4

The sparse inhomogeneous random graph G(N, xV, k) is such that there is an edge
between vertices i and j with probability that depends on their types:

i ~ j with probability %

AT,
Sparse since the expected number of edges is proportional to N:

E#{edges } ~ N /S O p@udy)
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Phase transition in inhomogeneous random graphs

Let Gy = G(N, xN, k), then the phase transition is in terms of the operator

Tew: 2(u) = L2(s),  Twpf(x) = /S F(y) 5(x, y)u(dy), 0.1)
and its norm

ok, p) = ”TN,H”LZ(“) = sup HTmuf”LZ(M)' (0.2)
FEL2(): I1Fll 2,y ="
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Phase transition in inhomogeneous random graphs

Let Gy = G(N, xN, k), then the phase transition is in terms of the operator
Tt 00 = 200, Tenl(9) = [ 1) nlx.y)n(ey),
and its norm
ok, 1) = Te.plli2 = sup T fll 2,y
w2 () fel2()- 112=" w2
Theorem (BOLLOBAS, JANSON, RIORDAN (2006))

(i) ffo(s,p) <1,
size largest component of Gy = o(N)

(0.1)

(0.2)
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Phase transition in inhomogeneous random graphs

Let Gy = G(N, xN, k), then the phase transition is in terms of the operator

Tep: () = B(p),  Teuf(x) = /S f(y) s(x, y)u(dy), (0.1)

and its norm
ok, p) = ”TN,H”LZ(“) = sup HTmuf”LZ(M)' (0.2)
FEL2(): I1Fll 2,y ="

Theorem (BOLLOBAS, JANSON, RIORDAN (2006))

(i) Mfo(k,p) <A1,
size largest component of G = o(N)
(i) Ifo(k,p) > 1, then it has size < N. More precisely,

size largest component of Gy S N / p(x) p(dx)
s

with p: S — [0, 00) maximal solution of p =1 — e~ Tr.nP.
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Phase transition in inhomogeneous random graphs

Let Gy = G(N, xN, k), then the phase transition is in terms of the operator

Tep: () = B(p),  Teuf(x) = /S f(y) s(x, y)u(dy), (0.1)

and its norm

ok, p) = ”TN,/—L”LZ(“) = sup HTmuf”LZ(M)' (0.2)
FEL2(): I1Fll 2,y ="

Theorem (BOLLOBAS, JANSON, RIORDAN (2006))
(i) ok, p) <1,

size largest component of G = o(N)
(i) Ifo(k,p) > 1, then it has size < N. More precisely,

size largest component of Gy S N / p(x) p(dx)
s

with p: S — [0, 00) maximal solution of p =1 — e~ Tr.nP.

Examples!
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Counting microscopic and macroscopic components (S finite)

C; connected component of G(N, xN, k) — types(C;) € NS. J
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Counting microscopic and macroscopic components (S finite)

C; connected component of G(N, xN, k) — types(C;) € NS. J

Microscopic empirical measure:

. 1
Miy = ﬁ Z 5types(Cj)
)

where (C;); are the connected components of G(N, xV, k).
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Counting microscopic and macroscopic components (S finite)

C; connected component of G(N, xN, k) — types(C;) € NS. J

Microscopic empirical measure:

. 1
Miy = ﬁ Z (stypes(Cj)
)

where (C;); are the connected components of G(N, xV, k).

Miy € N(uy) = {A € M(N®): ¢(N)() = un(-), A(0) = o}

c(N)(): = /NS k(-) M(dk) integrated type configuration of X

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Counting microscopic and macroscopic components (S finite)

C; connected component of G(N, xN, k) — types(C;) € NS. J

Microscopic and macroscopic empirical measures:
i ! 6 d é
Miy = ﬁ Z types(C;) an May = Z %types(Cj)’
j J

where (C;); are the connected components of G(N, xV, k).

Miy € N(an) = {AeMN ): e(A)() = un(). A(0) = 0}
c(N\)(+) / k() XM(dk) integrated type configuration of A
May € Muw) = {o € Mg ((0.11%): c(e)(-) = un() }

c(a)(+): :/ s y(-) a(dy) integrated type configuration of c
(0,1]
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Counting microscopic and macroscopic components (S finite)

C; connected component of G(N, xN, k) — types(C;) € NS. J

Microscopic and macroscopic empirical measures:
i ! 6 d é
Miy = ﬁ Z types(C;) an May = Z %types(Cj)’
j J

where (C;); are the connected components of G(N, xV, k).

Miy e N = {/\ € M(NS): c(N)()< (), A0) = 0} vague topol.
c(N)(+): :/ k() M(dk) integrated type configuration of A
NS
May e M = {a € Mg ((0, 1]5): c(a)()< N(')} vague topol.

c(a)(:): = / s y(+) a(dy) integrated type configuration of «
(0,1]
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Large Deviation Principle

Theorem (A., Kdnig, Langhammer, Patterson (2023))

The pair of measures (Miy, May) satisfies a large deviations principle in N x M with
rate N an explicitly given rate function

I\ @) = i(A) + Ia(@) 4+ he(p — ¢(A) — (@) + C(p)-

. fo(\) +c() £ u
I\, @) = +o0

o Entropy form of the microscopic part:

()= 3 Ao (———).

Kr
vens r(k)e! =K T, 427
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Sketch of the proof

Space of configurations of the connected components of the graph:

En = {z = (tk)kens  tk €Nforallkand S tekr = Nyup(r) forall r € s}.
keNS
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Sketch of the proof

Space of configurations of the connected components of the graph:
En = {e = (tk)kens  tk €Nforallkand S tekr = Nyup(r) forall r € s}.
keNS

Lemma (The distribution of Miy and May)

Forany N € N and for any ¢ € Ey we have that

P (NMiN(k) —t; Yk € Ng‘) —p (MaN (NK) = 64; Vk € Ng‘)
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Sketch of the proof
Space of configurations of the connected components of the graph:

En = {z = (tk)kens  tk €Nforallkand S tekr = Nyup(r) forall r € s}.
keNS

Lemma (The distribution of Miy and May)

Forany N € N and for any ¢ € Ey we have that
IP’(NMiN(k)_Zk VkeN(,) (H(Nu,\, ) ) IT <™ k),
KENS

where

k)%x K(r, S) ShsNun(r) =kl €k
N>(z,k):L 1_nns)
U T e s (kel) ik (r,ls_els ( N ) )
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Sketch of the proof
Space of configurations of the connected components of the graph:

En = {z = (tk)kens  tk €Nforallkand S tekr = Nyup(r) forall r € s}.
keNS

Lemma (The distribution of Miy and May)

Forany N € N and for any ¢ € Ey we have that

B (NMin(k) = 6 vk € N§ ) = (T (Nun(r))!) x T <™ k),
res kENS
where

k)%x K(r, S) ShsNun(r) =kl €k
N>(z7k):L 1_nns)
! TTres(krt) <,,1s_e[5 ( N ) )

Where, for any k € NS, given any vertex vector x € S!kl “compatible” with k:

pn(k) = P(G(lk|, x, o) is connected), N € N.
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Sketch of the proof

We fix R < co and € > 0.

For any pair (A, @) € V' x M
P(MiN € Bs(\); May € Bp(a)) =

S (TTNen)) x IT ¢™@ o TT ¢k TT k)

LEAs ,(N\a)CLy reES |kI<R |k|>eN otherwise
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Sketch of the proof

We fix R < co and € > 0.

For any pair (A, @) € V' x M
P(MiN € Bs(\); May € Bp(a)) =

S (TTNen)) x IT ¢™@ o TT ¢k TT k)
LEAs ,(N\a)CLy reES |kI<R |k|>eN otherwise
Key points:

« accurate estimates for py(k) = P(G(|k|, x, an) is connected) only in the cases:
|k| < Rand |k| > eN;

« sufficient upper bound for py(k) = P(G(|k|, x, 1Nn) is connected) in the other
regimes;

e combinatorial terms.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



The phase transition
o(k, p) largest eigenvalue of the matrix {x(r, S)us}(, ¢ cs2
Theorem (BOLLOBAS, JANSON, RIORDAN (2006))

() fo(r,p) <1,
size largest component of Gy = o(N)

(i) Ifo(k,p) > 1, then it has size < N. More precisely,

size largest component of Gy < N / p(x) p(dx)
s

with p: S — [0, 0o) maximal solution of p =1 — e~ Tr.uP.
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The phase transition

Minimization of hgi()) = s A« log (%)
T(k)e! =1kl TT, %
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The phase transition
Minimization of hgi()) = s A« log (%)
r(k)e' =K T, &5
) ok, u) <1,
Ve € M(S) suchthatc < p

Ir*(c) € N(c) such that A\*(¢) = arg mf Ivi(A),
(>\) c

in particular
7k,n*c,

— 0 I1 CAC . keNS.
res

Any microscopic mass is possible.
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The phase transition

Minimization of hsi(\) = > xens Ak log (#k)
(e =TT, B
) fo(k,p) <1,
Ve € M(S) suchthatc < p

3Ir*(c) € N(c) such that A*(¢) = arg mf i (A),
(/\) c

in particular
C —k,m*cy
k) [[ Z————,  keNs.
res
Any microscopic mass is possible.

) fo(k, p) > 1,
Ve € M(S) such that ¢ < pbut o(k,c) > 1

(M) does not admit minimizers in N'(c).
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The phase transition
Minimization of Asi()) = Y yens A log (——4——).
(k)e! 1K TT, 4
) fo(w, ) <A1,
Ve € M(S) suchthatc < p

IN*(c) e N(c) such that A\*(¢) = arg |nf i (A),

(k) c
in particular
C —k,n*c,
k) [[ Z———,  keNs.
res
Any microscopic mass is possible.
(i) fo(k,p)>1,

Ve € M(S) such that ¢ < pbut o(k,c) > 1
3 A(" minimizing sequence
AN A (b7) ¢ N(e)

where b* = (1 — f)cis such that o(x, b*) = 1 and f is a positive non-trivial
solution to
f=(1—"f)Tqcf. (0.3)
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The phase transition
Minimization of hgi()) = s A« log (%)
r(k)e' =K T, &5
) ok, u) <1,
Ve € M(S) suchthatc < p

Ir*(c) € N(c) such that A\*(¢) = arg mf Ivi(A),
(>\) c

in particular
7k K*C
c r r
k) [[ Z————,  keN°.
res
Any microscopic mass is possible.

) Ifo(k, 1) > 1,
Ve € M(S) suchthat ¢ < pbut o(k,c) > 1

Not every microscopic mass is admissible.
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The phase transition
Minimization of hgi()) = s A« log (%)
(k)e! = Ikl T, G
) fo(k,p) <1,
Ve € M(S) suchthatc < p

Ir*(c) € N(c) such that A\*(¢) = arg mf Ivi(A),
(A) c
in particular
C —k,n*c,
k) [[ Z————,  keN°.
res
Any microscopic mass is possible.

) Ifo(k, 1) > 1,
Ve € M(S) suchthat ¢ < pbut o(k,c) > 1

Not every microscopic mass is admissible.

To get the typical behaviour you should minimize the complete rate function, but
Imi(\) already gives hint on the phase transition! J
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From random graphs back to coagulation processes
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From random graphs back to coagulation processes

e LDP for {MiN(t)}te[O,T]
Freidlin-Wentzell approach: Zg 71(n) = fo L(n;, ny)dt.

Problems: tilting argument in infinite dimensional space!

P(MiN(l‘) ~ n,‘no) ~ e~ Ni(ntlno),
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From random graphs back to coagulation processes

o LDP for {MiN(t)}te[O,T]
Freidlin-Wentzell approach: Zg 71(n) = fo L(ng, nr)d t.
Problems: tilting argument in infinite dimensional space!

P(MiN(l‘) ~ n,’no) ~ e~ Ni(ntlno),

P({Min(0}reo,1 = {n}eepo,m) =[] B(Min(tie) =

1
~e Vi g 4 1)

n,l.>
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What about more general kernels?

Xj, M;) Cm;
O ] 0O AKEum).gm.aR) (O “”6'"(’; O
—)
0c® . °

(xj, mj)
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What about more general kernels?

Xj, M;) Cm;
o @ 0 Q) hmempme O “"6'"(’; @)
—)
O .(Xjamj) O

Poisson monodisperse initial condition: for u € M4(S)

. _ 1
ot = 200,
1

where (X;) ~ Poisson Point Process on S with intensity measure Ny (Poip,,).
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What about more general kernels?

Xj, M;) m
O ] o OO AR m), g m), a%) (O “"6'"(’; O
—)
O .(Xjamj) O

Poisson monodisperse initial condition: for u € M4(S)

. _ 1
ot = 200,
1

where (X;) ~ Poisson Point Process on S with intensity measure Ny (Poip,,).

If there is no coagulation

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



What about more general kernels?

Xj, M;) X, m; + my
O C o OO LK, m), g, m), aR) O (X"a g
—)
O .(Xj,m,') O

Poisson monodisperse initial condition: for u € M4(S)

. _ 1
o = g 22806,
i

where (X;) ~ Poisson Point Process on S with intensity measure Ny (Poip,,).

If there is no coagulation

XN (7,1

i

) € M(S x N).
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What about more general kernels?

Xj, M;) m
O ] o OO AR m), g m), a%) (O “"6'"(’; OO
—)
O .(Xjamj) O

Poisson monodisperse initial condition: for u € M4(S)

. _ 1
ot = 200,
1

where (X;) ~ Poisson Point Process on S with intensity measure Ny (Poip,,).

If there is no coagulation

XN (7,1

i

) € M(S x N).

Sanov’s theorem
(N(TN))NEN satisfies an LDP on M(S x N) with speed N and rate function

v Hv | px 61).
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What about more general kernels?

Xj, M;) X, m; + m
O ] o OO AR m), g m), a%) (O “"6'"(’; O
—)
O .(Xj,m,') O

Poisson monodisperse initial condition: for u € M4(S)

. _ 1
o = g 22806,
i

where (X;) ~ Poisson Point Process on S with intensity measure Ny (Poip,,).

If there is no coagulation

XN (7,1

i

) € M(S x N).

Sanov’s theorem
(u(TN))NeN satisfies an LDP on M(S x N) with speed N and rate function

v Hw | px d1).

What if we add the coagulation interaction?
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LDP for cluster coagulation process

[A., KONIG, LANGHAMMER, PATTERSON (2026)]
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LDP for cluster coagulation process

[A., KONIG, LANGHAMMER, PATTERSON (2026)]

We are interested in describing, under Py} (),
n

v _ 1
py = N zi:a(xl-(N)(T)yM,(N)(T)) € M(S X N).
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LDP for cluster coagulation process

[A., KONIG, LANGHAMMER, PATTERSON (2026)]

We are interested in describing, under Py} (),
n

v _ 1
py = N zi:a(xl-(N)(T)yM,(N)(T)) € M(S X N).

(X,‘(T), M,(T)) €S xN
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LDP for cluster coagulation process

[A., KONIG, LANGHAMMER, PATTERSON (2026)]

We are interested in describing, under Py} (),
n

w _ 1
py = N ZJ(X;N)(T)’MJ(N)(T)) € M(S X N).

(Xi(T), Mi(T)) € § x N

E,‘e F(T1) binary tree
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Description via binary trees

A 1A 2 A

F(T1) set of binary trees embedded in [0, T]: a subset of D([0, T], M(S x N)).
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Description via binary trees

1A 8 e

I‘(T1) set of binary trees embedded in [0, T].

M
gery

o € My (S)
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Description via binary trees

A 1A 2 A

F(T1) set of binary trees embedded in [0, T].

The empirical measure on trees is

1
v =52, e M)

i
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Description via binary trees

1A B e

F(T1) set of binary trees embedded in [0, T].

The empirical measure on trees is

1
V=20 eMrd),
i

N[V (de) € My, (S)

= initial distribution of points in S
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Does the law of V,(VT) satisfy a large deviations principle?

T —NI(v
P (V) € du) oMo

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Many-body system approach

Theorem [A., KONIG, LANGHAMMER, PATTERSON, 2026]
Forv € M(F(T”)
Blo, V) € dv) =exp { - ZR (& 6)} 2 (% c du)

where Y is a Poisson Point process on the space F(T”

A ; (T)
with intensity measure NM“,N
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Many-body system approach

Theorem [A., KONIG, LANGHAMMER, PATTERSON, 2026]
Forv € M(F(T”)

Y
Blo, V) € dv) =exp { - ZR (& 6)} 2 (Nedu)

where Y is a Poisson Point process on the space F(T” with intensity measure NMLT)N

(1)
Forany ¢,¢" e 'Y,

55)—/ at > [ ciaxm) [ i@’ m) K(Gem). (. m)).

m,m’ eN
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Many-body system approach

Theorem [A., KONIG, LANGHAMMER, PATTERSON, 2026]
Forv € M(F(T”)

Y
Blo, V) € dv) =exp { - ZR (& 6)} 2 (Nedu)

where Y is a Poisson Point process on the space F(T” with intensity measure NMLT)N

(1)
Forany ¢,¢" e 'Y,

55)—/ at > [ ciaxm) [ i@’ m) K(Gem). (. m)).

m,m’ eN

Interpretation:
a many body system with interaction R.
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LDP for V)’

Forall k € N

N— oo

M\ (de) —= M{D(de) € €T, &l = k.
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Conditional LDP for Vj’

Forall k € N

N— oo

M\ (de) —= M{D(de) € €T, &l = k.

Take A C M(F(T')) such that v — [ v(d€)|&| is continuous in A, then
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Conditional LDP for V}’

Forallk e N
M\(dg) 2= MD(dE) € €T, J&o| = k.

Take A C M(F(T')) such that v — [ 1(d€)|&| is continuous in A, then

Conditional LDP holds
(V € dv|A) ~ e~ NUn(v)—xa) J

Pm Nu

where

dv 1
— _ _ (M)
IH(V)_<V7|°g dMLT)>+1 |V‘+2<V>m @),

D()(€) = /r(‘) RN &N u(de),  cerP vemy),
T
and x4 is a constant.
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Merci!
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