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Back to our case: pathwise LLN(
1
N

L(N)
k (t)

)
k∈N

∈ E

←→ µ
(N)
t =

1
N

∑
i∈n(t)

δ
M(N)

i (t)
∈M≤1(N)

Weak formulation of equation
For ψ : N→ R test function

d
dt
〈ψ, n(t)〉 =

1
2

∑
h,k∈N≥1

K (h, k)nh(t)nk (t)
(
ψ(h + k)− ψ(h)− ψ(k)

)

Assume

lim
m→∞

K (m, n)
m

= β(n), ∀n ∈ N. (1)

Theorem (Fournier, Giet, 05)
Assume (1), then the sequence of laws {PN}N∈N is tight. Moreover, every limit point
P∗ is concentrated on the set of solutions of the Flory equation with kernel K and
monodisperse initial condition.
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What about higher order pathwise fluctuations?

(CLT)
√

N
(

1
N

L(N)(t)− n(t)
)

t∈[0,∞)

n→∞−−−−→ (Xt )t∈[0,∞),

where X is the solution of some infinite dimensional SDE.

(LDP) For some (µt )t∈[0,T ] ∈ C([0,T ], E), one expects

P
(

1
N

L(N)(·) ≈ µ·
)

= e−NIT (µ)+o(N),

where

IT (µ) =

∫ T

0
L(µt , µ̇t )dt .

• Theory well developed only for jump markov processes with small noise
on finite dimensional space (Freidlin-Wentzell theory).

E is infinite dimensional!
• Partial results: [A., KÖNIG, LANGHAMMER, PATTERSON 2026], [A.,

LANGHAMMER, 2026+]
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The special case of K (m,n) = mn
Multiplicative Smoluchowski equation

• This is the simplest model showing a phase transition (TGEL = 1).

• The Smoluchowski equation starting from monodisperse initial condition
(n(0) = δ1) has an explicit solution for t ∈ [0, 1]: for all k ∈ N

nk (t) =
kk−2

k!
tk−1e−tk .

• It is a function of a time-dependent version of the well-known ERDŐS-RÉNYI
random graph model.

The vector (M (N)

i (t))n(t)
i=1 is in distribution equal to the collection of sizes of all the

connected components of the graph

G(N, 1− e−t/N).

Additional edges
Edges can also appear inside an already existing component. These edges create
surplus, but do not change the vector of component sizes.

They matter only in large components!
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Many results on the Erdős-Rényi random graph!
Exploring a component

Fix a vertex v in G(N, t
N ).

Three sets
At exploration step r :
• explored Er ;
• active Ar ;
• unseen Ur .

In the next step we pick one active vertex
and test its edges to all unseen vertices.

The exploration is almost a branching process as long as the component is small!

When the exploration has only seen o(N) vertices,

Ur = N − o(N).

Hence the number of new neighbours of the active vertex satisfies

Yr ∼ Bin
(

Ur ,
t
N

)
≈ Poi(t).
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Exploring a component

Fix a vertex v in G(N, t
N ).

Three sets
At exploration step r :
• explored Er ;
• active Ar ;
• unseen Ur .

In the next step we pick one active vertex
and test its edges to all unseen vertices.

root

active

test edges from the active vertex
to the unseen vertices

The exploration is almost a branching process as long as the component is small!

When the exploration has only seen o(N) vertices,

Ur = N − o(N).

Hence the number of new neighbours of the active vertex satisfies

Yr ∼ Bin
(

Ur ,
t
N

)
≈ Poi(t).

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Many results on the Erdős-Rényi random graph!
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Local weak limit
Benjamini-Schramm convergence

Let UN be a uniformly chosen vertex of G(N, t/N).

Theorem (Local limit)
For fixed t ≥ 0, (

G(N, t/N),UN
) loc−−−−→

N→∞
PGW(t).

PGW(t)

The offspring distribution is Poi(t)

The gelation time is the branching-process critical point.
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Many more information on the Erdős–Rényi graph at fixed t

Subcritical regime: t < 1
• Let T N

k be the number of tree-like components of fixed size k ≤ N, then

T N
k

N
→

1
k

qk (t),

where qk (t) = P(Tt = k) and Tt is the total progeny of the PGW(t), which has
Borel distribution with parameter t . [BOLLOBÁS 2001].

Size-biased effect: k possible roots for the branching process with size k .

The Borel distribution is such that, for all k ∈ N

1
k
P(Tt = k) =

kk−2

k!
tk−1e−tk

= nk (t)

The solution of the multiplicative Smoluchowski equation with monodisperse initial
condition!

• Finite components are asymptotically tree-like and locally described by PGW(t)
(even in the large-deviation scale [BORDENAVE, CAPUTO, 2015])

• The largest component is logarithmic:

|Cmax| = O(logN) with high probability.
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Subcritical regime: t < 1
• Let T N

k be the number of tree-like components of fixed size k ≤ N, then

T N
k

N
→

1
k

qk (t),

where qk (t) = P(Tt = k) and Tt is the total progeny of the PGW(t), which has
Borel distribution with parameter t . [BOLLOBÁS 2001].

Size-biased effect: k possible roots for the branching process with size k .

The Borel distribution is such that, for all k ∈ N

1
k
P(Tt = k) =

kk−2

k!
tk−1e−tk

= nk (t)

The solution of the multiplicative Smoluchowski equation with monodisperse initial
condition!

• Finite components are asymptotically tree-like and locally described by PGW(t)
(even in the large-deviation scale [BORDENAVE, CAPUTO, 2015])

• The largest component is logarithmic:

|Cmax| = O(logN) with high probability.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Many more information on the Erdős–Rényi graph at fixed t
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Many more information on the Erdős–Rényi graph at fixed t
Supercritical regime: t > 1
• There is a unique giant component:

|Cmax| ∼ ρ(t)N,

where ρ(t) is the positive solution of ρ(t) = 1− e−tρ(t).

• All other components have at most logarithmic size:

|C(2)| = O(logN) with high probability.

• The finite size components are still trees and

T N
k

N
→ nk (t) =

kk−2

k!
tk−1e−tk

,

where n(t) is the solution of the Flory equation.

True also for t > 1, due to the fact that te−t = t∗e−t∗ and t∗ < 1

nk (t) =
t∗

t
1
k
P(Tt∗ = k).

In particular: g∞(t) = 1−
∑

k knk (t) = ρ(t).
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Fluctuations around the typical limit (dynamical)

Finite tree components [JANSON, 1995]
Then, for every fixed subset of indexes k = (k1, k2, . . . , kn),

T N
k (t)− Nnk(t)√

N
=⇒ Vk(t) in D([0,∞),R),

where (Vk(t))k≥1 is a centered continuous Gaussian process with explicit covariance

Cov(Vk (t),V`(u)) = σk`(t , u).

Largest component above criticality [ENRIQUEZ, FARAUD, LEMAIRE,
2025]
Set

u(t) =
1

1− ρ(t)
− t , v(t) =

ρ(t)
1− ρ(t)

.

Then, in D((1,∞),R),(
|Cmax| − ρ(t)N√

N
: t > 1

)
=⇒

(
1

u(t)
B(v(t)) : t > 1

)
,

where B is a standard Brownian motion.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Fluctuations around the typical limit (dynamical)

Finite tree components [JANSON, 1995]
Then, for every fixed subset of indexes k = (k1, k2, . . . , kn),

T N
k (t)− Nnk(t)√

N
=⇒ Vk(t) in D([0,∞),R),

where (Vk(t))k≥1 is a centered continuous Gaussian process with explicit covariance

Cov(Vk (t),V`(u)) = σk`(t , u).

Largest component above criticality [ENRIQUEZ, FARAUD, LEMAIRE,
2025]
Set

u(t) =
1

1− ρ(t)
− t , v(t) =

ρ(t)
1− ρ(t)

.

Then, in D((1,∞),R),(
|Cmax| − ρ(t)N√

N
: t > 1

)
=⇒

(
1

u(t)
B(v(t)) : t > 1

)
,

where B is a standard Brownian motion.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Fluctuations around the typical limit (dynamical)

Finite tree components [JANSON, 1995]
Then, for every fixed subset of indexes k = (k1, k2, . . . , kn),

T N
k (t)− Nnk(t)√

N
=⇒ Vk(t) in D([0,∞),R),

where (Vk(t))k≥1 is a centered continuous Gaussian process with explicit covariance

Cov(Vk (t),V`(u)) = σk`(t , u).

Largest component above criticality [ENRIQUEZ, FARAUD, LEMAIRE,
2025]
Set

u(t) =
1

1− ρ(t)
− t , v(t) =

ρ(t)
1− ρ(t)

.

Then, in D((1,∞),R),(
|Cmax| − ρ(t)N√

N
: t > 1

)
=⇒

(
1

u(t)
B(v(t)) : t > 1

)
,

where B is a standard Brownian motion.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Critical window: zooming around TGEL = 1

The critical window is
tN = 1 +

s
N1/3

, s ∈ R.

Theorem (Critical component sizes [ALDOUS, 97])
In the critical window,

|C(1)|, |C(2)|, . . . are of order N2/3.

More precisely, (
N−2/3|C(i)|

)
i≥1

converges in distribution in `2≥ to a sequence of excursion lengths of a 1-dimensional
Brownian motion with drift (t − s) at time t, reflected in zero.

{
Bt + st −

t2

2

}
t≥0

.

This shows that in this time frame the largest components scale like N2/3 but they do
not have a deterministic limit!
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A second transition: connectedness

The giant component appears at time t = 1, but the graph is still far from connected.

t in G(N, t/N)

1

giant appears
gelation

log N

connectedness
threshold

finite size particles gel + finite size particles one single particle

giant + isolated vertices

one connected component

Different time scales

gelation at t = 1 � connectedness at t ' logN.

The transition on the second time scale is sharp:
• t ' s logN with s < 1: many monomers are still present with probability tending to

1;
• t ' s logN with s > 1: a unique particle is present with probability tending to 1.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



A second transition: connectedness

The giant component appears at time t = 1, but the graph is still far from connected.

t in G(N, t/N)

1

giant appears
gelation

log N

connectedness
threshold

finite size particles gel + finite size particles one single particle

giant + isolated vertices

one connected component

Different time scales

gelation at t = 1 � connectedness at t ' logN.

The transition on the second time scale is sharp:
• t ' s logN with s < 1: many monomers are still present with probability tending to

1;
• t ' s logN with s > 1: a unique particle is present with probability tending to 1.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



A second transition: connectedness

The giant component appears at time t = 1, but the graph is still far from connected.

t in G(N, t/N)

1

giant appears
gelation

log N

connectedness
threshold

finite size particles gel + finite size particles one single particle

giant + isolated vertices

one connected component

Different time scales

gelation at t = 1 � connectedness at t ' logN.

The transition on the second time scale is sharp:
• t ' s logN with s < 1: many monomers are still present with probability tending to

1;
• t ' s logN with s > 1: a unique particle is present with probability tending to 1.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



A second transition: connectedness

The giant component appears at time t = 1, but the graph is still far from connected.

t in G(N, t/N)

1

giant appears
gelation

log N

connectedness
threshold

finite size particles gel + finite size particles one single particle

giant + isolated vertices

one connected component

Different time scales

gelation at t = 1 � connectedness at t ' logN.

The transition on the second time scale is sharp:
• t ' s logN with s < 1: many monomers are still present with probability tending to

1;

• t ' s logN with s > 1: a unique particle is present with probability tending to 1.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



A second transition: connectedness

The giant component appears at time t = 1, but the graph is still far from connected.

t in G(N, t/N)

1

giant appears
gelation

log N

connectedness
threshold

finite size particles gel + finite size particles one single particle

giant + isolated vertices

one connected component

Different time scales

gelation at t = 1 � connectedness at t ' logN.

The transition on the second time scale is sharp:
• t ' s logN with s < 1: many monomers are still present with probability tending to

1;
• t ' s logN with s > 1: a unique particle is present with probability tending to 1.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

∂t nk (t) =
1
2

k−1∑
h=1

h(k − h) nh(t)nk−h(t)− knk (t)
∑
h≥1

hnh(t).

Forest-fire models [RÁTH, TÓTH, 2009]
• graph grows by edge addition;
• large clusters burn after lightning

events;
• the burning mechanism removes

mass;
• the system self-organises near

criticality.

Limited aggregation / SOC models
[MERLE, NORMAND, 2015]
• coagulation is allowed only below a

size threshold;
• oversized clusters are removed or

made inactive;
• the system self-organises near

criticality.

The explicit solution of the multiplicative Smoluchowski equation stays critical for all t > TGEL:∑
k

knk (t) =
1
t
∧ 1

Difference with Flory: ∑
k

knk (t) = 1− ρ(t) <
1
t
.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

∂t nk (t) =
1
2

k−1∑
h=1

h(k − h) nh(t)nk−h(t)− knk (t)
∑
h≥1

hnh(t).

Forest-fire models [RÁTH, TÓTH, 2009]
• graph grows by edge addition;
• large clusters burn after lightning

events;
• the burning mechanism removes

mass;
• the system self-organises near

criticality.

Limited aggregation / SOC models
[MERLE, NORMAND, 2015]
• coagulation is allowed only below a

size threshold;
• oversized clusters are removed or

made inactive;
• the system self-organises near

criticality.

The explicit solution of the multiplicative Smoluchowski equation stays critical for all t > TGEL:∑
k

knk (t) =
1
t
∧ 1

Difference with Flory: ∑
k

knk (t) = 1− ρ(t) <
1
t
.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

∂t nk (t) =
1
2

k−1∑
h=1

h(k − h) nh(t)nk−h(t)− knk (t)
∑
h≥1

hnh(t).

Forest-fire models [RÁTH, TÓTH, 2009]
• graph grows by edge addition;
• large clusters burn after lightning

events;
• the burning mechanism removes

mass;
• the system self-organises near

criticality.

Limited aggregation / SOC models
[MERLE, NORMAND, 2015]
• coagulation is allowed only below a

size threshold;
• oversized clusters are removed or

made inactive;
• the system self-organises near

criticality.

The explicit solution of the multiplicative Smoluchowski equation stays critical for all t > TGEL:∑
k

knk (t) =
1
t
∧ 1

Difference with Flory: ∑
k

knk (t) = 1− ρ(t) <
1
t
.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

∂t nk (t) =
1
2

k−1∑
h=1

h(k − h) nh(t)nk−h(t)− knk (t)
∑
h≥1

hnh(t).

Forest-fire models [RÁTH, TÓTH, 2009]
• graph grows by edge addition;
• large clusters burn after lightning

events;
• the burning mechanism removes

mass;
• the system self-organises near

criticality.

Limited aggregation / SOC models
[MERLE, NORMAND, 2015]
• coagulation is allowed only below a

size threshold;
• oversized clusters are removed or

made inactive;
• the system self-organises near

criticality.

The explicit solution of the multiplicative Smoluchowski equation stays critical for all t > TGEL:∑
k

knk (t) =
1
t
∧ 1

Difference with Flory: ∑
k

knk (t) = 1− ρ(t) <
1
t
.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



And what about Smoluchowski?
Self-organised criticality

Multiplicative Smoluchowski equation

∂t nk (t) =
1
2

k−1∑
h=1

h(k − h) nh(t)nk−h(t)− knk (t)
∑
h≥1

hnh(t).

Forest-fire models [RÁTH, TÓTH, 2009]
• graph grows by edge addition;
• large clusters burn after lightning

events;
• the burning mechanism removes

mass;
• the system self-organises near

criticality.

Limited aggregation / SOC models
[MERLE, NORMAND, 2015]
• coagulation is allowed only below a

size threshold;
• oversized clusters are removed or

made inactive;
• the system self-organises near

criticality.

The explicit solution of the multiplicative Smoluchowski equation stays critical for all t > TGEL:∑
k

knk (t) =
1
t
∧ 1

Difference with Flory: ∑
k

knk (t) = 1− ρ(t) <
1
t
.

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Adding inhomogeneities
Sparse inhomogeneous random graphs

Inhomogeneous random graphs are a natural generalization of the Erdős-Rényi
random graph ([SÖDERBERG 2002], [BOLLOBÁS, JANSON AND RIORDAN 2006]).

- S a metric space: the type space;

- µ ∈M(S) a probability on S;

- xN = (x1, . . . , xN) ∈ SN vector of vertices’ type

µN : =
1
N

N∑
i=1

δxi → µ;

- a symmetric kernel κ : S × S → R+.

The sparse inhomogeneous random graph G(N, xN , κ) is such that there is an edge
between vertices i and j with probability that depends on their types:

i ∼ j with probability
κ(xi , xj )

N
∧ 1.

Sparse since the expected number of edges is proportional to N:

E#{ edges } ' N
∫
S×S

κ(x , y)µ(dx)µ(dy).
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Phase transition in inhomogeneous random graphs

Let GN = G(N, xN , κ), then the phase transition is in terms of the operator

Tκ,µ : L2(µ)→ L2(µ), Tκ,µf (x) =
∫
S

f (y)κ(x, y)µ(dy), (0.1)

and its norm
σ(κ, µ) = ‖Tκ,µ‖L2(µ) = sup

f∈L2(µ) : ‖f‖
L2(µ)

=1
‖Tκ,µf‖L2(µ). (0.2)

Theorem (BOLLOBAS, JANSON, RIORDAN (2006))
(i) If σ(κ, µ) ≤ 1,

size largest component of GN = o(N)
(ii) If σ(κ, µ) > 1, then it has size � N. More precisely,

size largest component of GN . N
∫
S
ρ(x)µ(dx)

with ρ : S → [0,∞) maximal solution of ρ = 1− e−Tκ,µρ.
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