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Spatial coagulation process

Particles with position (in some Polish space S) and mass (in N)

(Xi (t),Mi (t))i ∈ S × N

Coagulation mechanism:

(xi ,mi )

(xj ,mj )

K ((xi ,mi ), (xj ,mj ), dx̄)
(x̄,mi + mj )
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Spatial coagulation process

Particles with position (in some Polish space S) and mass (in N)

(Xi (t),Mi (t))i ∈ S × N

Coagulation mechanism:

(xi ,mi )

(xj ,mj )

K ((xi ,mi ), (xj ,mj ), dx̄)
(x̄,mi + mj )

Examples: coagulation kernel

S ⊆ Rd

K ((x ,m), (y , n), dx̄) =(m n)α ρ(‖x − y‖) δmx+ny
m+n

(dx̄)
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Outline of the course

• Introduction to stochastic models for (spatially homogeneous) coagulation
processes.

• Scaling limits for coagulation processes (generator approach).

• Connections with graph processes and combinatorics.

• Recent developments in inhomogeneous coagulation processes.
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First mathematical model: Smoluchowski coagulation equation (1916)
Spatially homogeneous

Let nk (t) be the proportion of mass in particles of size k ∈ N at time t ≥ 0

d
dt

nk (t) = Q+
k (n)(t)− Q−k (n)(t)

for all k ≥ 1, where

Q+
k (n)(t) =

1
2

k−1∑
h=1

K (h, k − h)nh(t)nk−h(t) gain term,

Q−k (n)(t) = nk (t)
∞∑

h=1

K (k , h)nh(t) loss term.

We denote nk (0) = δ1(k) as the monodisperse initial condition.

Weak formulation
For ψ : N→ R test function

d
dt

∑
k≥1

ψ(k)nk (t) =
1
2

∑
h,k≥1

K (h, k)nh(t)nk (t)
(
ψ(h + k)− ψ(h)− ψ(k)

)
.

Attention: if ψ(k) = k , then
d
dt

∑
k≥1

knk (t) ≤ 0.
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Gelation (phase transition)
Some kernels show a phase transition in time, we define the critical time:

TGEL : = sup{t ≥ 0 :
∑
k≥1

k2nk (t) <∞}.

Gelation occurs if TGEL <∞.∑
k≥1 knk (t) ≡ 1 for t < TGEL;∑
k≥1 knk (t) < 1 for t > TGEL.

Interpretation: strictly positive amount of mass lives in∞-size particle(s).

Gelation criteria for spatially homogeneous coagulation processes

K (m, n) ≥ (mn)α, α >
1
2

[JEON (1998)]

[ESCOBEDO, MISCHLER, PERTHAME (2002)]

[LAURENÇOT (2015)]

K (cm, cn) = cγK (m, n), γ > 1 [A., IYER, MAGNANINI, (2024)]

[FOURNIER (2025)]
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Marcus-Lushnikov model
[MARCUS 1968], [GILLESPIE 1972], [LUSHNIKOV 1978]

Fix N ∈ N, consider the continuous-time Markov process of vectors of particle masses
at time t ∈ [0,∞):

M (N)

1 (t) ≥ M (N)

2 (t) ≥ M (N)

3 (t) ≥ · · · ≥ M (N)

n(t)(t) ≥ 1, s.t.
n(t)∑
i=1

M (N)

i (t) = N.

Here the monodisperse initial condition is M (N)

i (0) = 1, for i = 1, . . . ,N.

Coagulation mechanism
To each pair of particle with masses (m, n) you associate exponential random clocks
(independent) with parameter

KN (m, n) : =
K (m, n)

N
.
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A common framework
Define

L(N)
n (t) : = #{i : M(N)

i (t) = n}, ∀n ∈ N,

then
L(N)(t) ∈ E : = { for each n} .

{L(N)(t)}t∈[0,∞) is a Markov process with infinitesimal generator

A(N) =
∞∑

m,n=1

A(N)
m,n

where, for F : EN → R,

A(N)
m,nF (`) =

1
2N

K (m, n)
(
`m`n − 1(m = n)`m

)(
F (`+ en+m − en − em)− F (`)

)
.

Choose

F (`) : =
1
N

∑
n
ψn`n =

∑
n
ψnfn = 〈ψ, f 〉,

A(N)
m,nF (`) =

N
2

K (m, n)
(
fmfn −

1
N

1(m = n)fm
)(
〈ψ, f +

1
N

en+m −
1
N

en −
1
N

em〉 − 〈ψ, f 〉
)
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.
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A(N)
m,nF (`) =

N
2

K (m, n)
(
fmfn −

1
N

1(m = n)fm
)(
〈ψ, f +

1
N

en+m −
1
N

en −
1
N

em〉 − 〈ψ, f 〉
)

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



A common framework
Define

1
N

L(N)
n (t) : =

1
N

#{i : M(N)
i (t) = n}, ∀n ∈ N,

then

1
N

L(N)(t) ∈ E : =

{
f = (f1, f2, . . . , fn, . . .) :

∑
n

nfn≤1, 0 ≤ fn for each n

}
.

{L(N)(t)}t∈[0,∞) is a Markov process with infinitesimal generator

A(N) =
∞∑

m,n=1

A(N)
m,n

where, for F : EN → R,

A(N)
m,nF (`) =

1
2N

K (m, n)
(
`m`n − 1(m = n)`m

)(
F (`+ en+m − en − em)− F (`)

)
.

Choose

F (`) : =
1
N

∑
n
ψn`n =

∑
n
ψnfn = 〈ψ, f 〉,

A(N)
m,nF (`) =

N
2

K (m, n)
(
fmfn −

1
N

1(m = n)fm
)(
〈ψ, f +

1
N

en+m −
1
N

en −
1
N

em〉 − 〈ψ, f 〉
)

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



A common framework
Define

1
N

L(N)
n (t) : =

1
N

#{i : M(N)
i (t) = n}, ∀n ∈ N,

then

1
N

L(N)(t) ∈ E : =

{
f = (f1, f2, . . . , fn, . . .) :

∑
n

nfn≤1, 0 ≤ fn for each n

}
.

{L(N)(t)}t∈[0,∞) is a Markov process with infinitesimal generator

A(N) =
∞∑

m,n=1

A(N)
m,n

where, for F : EN → R,

A(N)
m,nF (`) =

1
2N

K (m, n)
(
`m`n − 1(m = n)`m

)(
F (`+ en+m − en − em)− F (`)

)
.

Choose

F (`) : =
1
N

∑
n
ψn`n =

∑
n
ψnfn = 〈ψ, f 〉,

A(N)
m,nF (`) =

N
2

K (m, n)
(
fmfn −

1
N

1(m = n)fm
)(
〈ψ, f +

1
N

en+m −
1
N

en −
1
N

em〉 − 〈ψ, f 〉
)

Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



A common framework
Define

1
N

L(N)
n (t) : =

1
N

#{i : M(N)
i (t) = n}, ∀n ∈ N,

then

1
N

L(N)(t) ∈ E : =

{
f = (f1, f2, . . . , fn, . . .) :

∑
n

nfn≤1, 0 ≤ fn for each n

}
.

{L(N)(t)}t∈[0,∞) is a Markov process with infinitesimal generator

A(N) =
∞∑

m,n=1

A(N)
m,n

where, for F : EN → R,

A(N)
m,nF (`) =

1
2N

K (m, n)
(
`m`n − 1(m = n)`m

)(
F (`+ en+m − en − em)− F (`)

)
.

Choose

F (`) : =
1
N

∑
n
ψn`n =

∑
n
ψnfn = 〈ψ, f 〉,

A(N)
m,nF (`) =

N
2

K (m, n)
(
fmfn −

1
N

1(m = n)fm
)(
〈ψ, f +

1
N

en+m −
1
N

en −
1
N

em〉 − 〈ψ, f 〉
)

. . .blackboard!
Luisa Andreis (UniTo) Stochastic models for coagulation processes MINT School, June 15-19, 2026



Recall: some (very) basic limit theorems in probability

1
N

L(N)
k (t) =

1
N

#{i : M(N)
i (t) = k}

Theorem (LLN, CLT and LDP)
Let (Xi ) be i.i.d. R-valued random variables satisfying

ϕ(t) = EetX1 <∞ ∀t ∈ R.

Let Sn =
∑n

i=1 Xi , µ = E(X1) and σ2 = Var(X1). Then, the following holds.

(LLN) 1
n Sn

n→∞−−−−→ µ, a.s..

(CLT)
√

n
(

1
n Sn − µ

)
n→∞−−−−→ Z ∼ N (0, σ2), in distribution.

(LDP) For all a > µ,

lim
n→∞

1
n

log P(
1
n

Sn ≥ a) = − inf
z≥a

I(z),

where
I(z) = sup

t∈R

[
zt − logϕ(t)

]
.
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Back to our case: LLN
1
N

L(N)
k (t) =

1
N

#{i : M(N)
i (t) = k} ∀k , ∀t

{
1
N

L(N)(t)
}

t∈[0,∞)

∈ ([0,∞), E)

{n(t) := (nk (t))k∈N}t∈[0,∞) solves the Smoluchowski equation or a modification of it
(Flory equation).

Theorem (Norris, 99)
Assume that the coagulation kernel has at most linear growth:

sup
m,n≥1

K (m, n)

m + n
<∞.

The sequence of laws {
PN = Law

{
1
N

L(N)(t)
}

t∈[0,∞)

}
N∈N

is tight. Moreover, every limit point P∗ is concentrated on the unique solution of the
Smoluchowski equation with kernel K and monodisperse initial condition.
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And gelling kernels?
Flory: a modified Smoluchowski equation

lim
m→∞

K (m, n)

m
= β(n), ∀n ∈ N. (1)

d
dt

nk (t) = Q+
k (n)(t)−

for all k ≥ 1, where

Q+
k (n)(t) =

1
2

k−1∑
h=1

K (h, k − h)nh(t)nk−h(t) gain term,

Theorem (Fournier, Giet, 05)
Assume (1), then the sequence of laws {PN}N∈N is tight. Moreover, every limit point
P∗ is concentrated on the set of solutions of the Flory equation with kernel K and
monodisperse initial condition.
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What about higher order pathwise fluctuations?

(CLT)
√

N
(

1
N

L(N)(t)− n(t)
)

t∈[0,∞)

n→∞−−−−→ (Xt )t∈[0,∞),

where X is the solution of some infinite dimensional SDE.

(LDP) For some (µt )t∈[0,T ] ∈ C([0,T ], E), one expects

P
(

1
N

L(N)(·) ≈ µ·
)

= e−NIT (µ)+o(N),

where

IT (µ) =

∫ T

0
L(µt |µ̇t )dt .

• Theory well developed only for jump markov processes on finite
dimensional space.
E is infinite dimensional!
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Some results:
• Non-gelling kernels

[KOLOKOLTSOV, 2010], [AMORIM, ARELLANO, JARA, 2026]
• Multiplicative kernel (combinatorial methods)

[BHAMIDI, BUDHIRAJA, SAKANAVEETI, 2024]
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• Theory well developed only for jump markov processes on finite
dimensional space.
E is infinite dimensional!
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