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Notations and structure of the material

The following mathematical notations will be used throughout the text:

rN s If N P N`, we use this notation for the sequence of first N integers.
Explicitly, rN s :“ t1, 2, . . . , Nu

ra, bs Closed interval from a to b, i.e., the collection of real numbers x for
which a ď x ď b

sa, br Open interval from a to b, i.e., the collection of real numbers x for
which a ă x ă b

R The collection of real numbers, denoted also R “ s´8,8r

ra, br, s´8, bs, etc. Obvious variants of the above
Rd Euclidean d-dimensional space. x P Rd can also be denoted by

px1, x2, . . . , xdq where xi P R is the i:th component of x. In par-
ticular, in the physical space d “ 3, we identify its vectors by using
a boldface notation: x P R3 corresponds to x “ px1, x2, x3q

R` Non-negative real numbers r0,8r

N Natural numbers t1, 2, . . .u
N0 Natural numbers including zero, i.e., N0 :“ t0, 1, 2, . . .u
Z Integers t. . . ,´2,´1, 0, 1, 2, . . .u
i Imaginary unit
C Set of complex numbers tx ` iy |x, y P Ru

H Empty set
A Y B Union of A and B, defined as tx |x P A or x P Bu

A X B Intersection of A and B, defined as tx |x P A and x P Bu

AzB Complement of B relative to A or “A minus B”, defined as the set
tx |x P A and x R Bu

A Ă B A is a subset of B, i.e., x P A ñ x P B
1tP u Generic characteristic function of the condition P . Defined by setting

1tP u “ 1 if P is true, and 1tP u “ 0 if P is false. For instance,
1t0ďxď1u as a function of the real variable x, defines a map R Ñ R
which is one on the interval r0, 1s and zero outside of the interval,
i.e., the characteristic function of the closed interval r0, 1s

PµpAq Probability of the event A under the probability measure µ. If the
measure is obvious from the context, its name will be dropped from
the notation

EµrF s Expectation value of a function F : Ω Ñ C under a probability
measure µ on the set Ω. If the measure is obvious from the context,
its name will be dropped from the notation
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Chapter 1

Introduction

(See the PDF slides for the introduction, more motivation can be found from the Introduction of
[1].)

1.1 Tools in probability

In this section, we consider analysis of properties of some given probability measure µ on the
space Ω.1 The structure of probability measures arising for instance from ergodic limits is usually
intractably complex to study in all detail. It is nevertheless often possible to control the salient
features of time-evolution of such measures by suitable choice of random variables and related
observables. Here we present some tools which will be needed later for examples in kinetic theory.

A real-valued random variable X is a measurable function from Ω to R and a complex-
valued random variable is a measurable function from Ω to C. An observable of a collection
X “ pX1, . . . , Xnq of random variables is a function f : Rn Ñ C such that the function2

fpXq : Ω Ñ C is measurable. The observable is integrable if Er|fpXq|s ă 8 and in this case
ErfpXqs P C is always well-defined.

For instance, in the cases considered here, all continuous functions f are observables, as are all
pointwise limits of a sequence of continuous functions. If f is also bounded, it is even an integrable
observable.

1.1.1 One real-valued random variable

Let us first consider analysis of just one real random variable X. Often the distribution of X
is determined by a probability density function Φ : R Ñ R` and the expectation value of an
integrable observable f : R Ñ C is given by the integral

EµrfpXqs “

ż 8

´8

dxΦpxqfpxq . (1.1.1)

The characteristic function of X is defined via the expectation values

φXpsq :“ EµreisX s , s P R . (1.1.2)

1Unless mentioned otherwise, the measures µ we consider here are either defined on a finite Euclidean space
Ω “ Rd for some d ă 8 and have the same σ-algebra as the Lebesgue measure on Rd, or the space Ω has a locally
compact Hausdorff topology and µ is a regular Borel measure on Ω, for instance, obtained by application of the
Riesz–Markov–Kakutani representation theorem [2]. In both cases, all continuous functions on Ω are measurable
w.r.t. µ, as well as any function f : Ω Ñ C which is a pointwise convergent limit of a sequence of continuous
functions on Ω. In particular, if A Ă Ω is open, closed, or a countable union of such, its characteristic function
fpxq :“ 1txPAu is measurable w.r.t. µ and its integral is equal to the probability Ppx P Aq.

2The function “fpXq” here denotes the composite map f ˝ X.
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2 CHAPTER 1. INTRODUCTION

Since fpXq “ eisX is a bounded continuous function of X, it is an integrable observable, and the
formula always defines a map φX : R Ñ C. The full distribution of X can always be recovered
from φX . For instance, for any sufficiently regular function3

ErfpXqs “

ż 8

´8

dpφXp2πpq pfppq , (1.1.3)

where pfppq “
ş

dx e´i2πpxfpxq denotes the Fourier transform of f .
A related concept is the moment generating function Gmom of X which is defined by

Gmompηq :“ EreηX s , (1.1.4)

for those η P R for which the observable eηX is integrable. Unlike the characteristic function, the
moment generating function is not necessarily well defined for all η; in fact, it can happen that it
is only defined at η “ 0.

One case in which the moment generating function becomes a convenient tool, is when the
random variable X has exponential moments. This terminology is not entirely standardized, and
here we say that this occurs whenever one can find some ε ą 0 for which

Ereε|X|s ă 8 .

To check the finiteness of the above integral, it is sometimes easier to check that EreεX s,Ere´εX s ă

8. Namely, if this is the case, then also Ereε|X|s ă 8, since 0 ď eε|X| ď eεX ` e´εX for all X P R.
If the random variable X has exponential moments, the following simplifying properties hold:

1. X has moments of all orders. In other words, each of the observablesXn, n P N, is integrable.

2. The characteristic function and the moment generating function have an analytic continua-
tion near the origin, at least into the ball of radius ε in the complex plane. In addition, for
these analyticly continued functions we have the relation

Gpηq “ φXp´iηq “ EreηX s , |η| ă ε .

3. The n:th moment of X may be obtained by differentiation from both the characteristic
function and the moment generating function. Namely,

dn

dηn
Gmompηq

ˇ

ˇ

ˇ

ˇ

η“0

“ ErXns “ p´iqn
dn

dsn
φXpsq

ˇ

ˇ

ˇ

ˇ

s“0

.

4. Also the cumulant generating function defined by

gcpηq :“ lnGmompηq , (1.1.5)

is then analytic in some neighbourhood of the origin, and the n:th cumulant of X can be
obtained as the value of its derivative at the origin, namely,

κnrXs “
dn

dηn
gcpηq

ˇ

ˇ

ˇ

ˇ

η“0

. (1.1.6)

Cumulants may be defined also without reference to the cumulant generating function in (1.1.5).
We discuss the definition in detail later, in Section 1.1.2. By the results of that Section, in the
case of just one random variable, it suffices that the moment XN is integrable for some N , and
then one can define all cumulants κnrXs up to order n ď N by using the recursion formula

κnrXs “ ErXns ´

n´1
ÿ

j“1

ˆ

n ´ 1

j ´ 1

˙

κjrXsErXn´js . (1.1.7)

3For “sufficiently regular” it is enough that the inverse formula of Fourier transform is absolutely integrable and
works at every point. Hence, f can be any Schwartz test function or a smooth compactly supported function.
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In other words, one begins with κ1rXs “ ErXs, and then uses (1.1.7) to define κn once all κj ,
j ă n, have been fixed. Note that since XN is integrable and |X|n ď 1 ` |X|N for n ď N , also
each Xn, 1 ď n ď N , is integrable.

Example 1.1.1 (Gaussian random variable) If X has a probability density function

Φpxq “
1

?
2πσ2

e´ 1
2σ2 px´x0q

2

, x P R ,

where x0 P R and σ ą 0 are given, then X is a Gaussian random variable, or a normally distributed
random variable, with mean x0 and standard deviation σ. It has exponential moments, since by
completing the square one can explicitly compute that

ż 8

´8

dxΦpxqerx “ ex0r` 1
2σ

2r2 , r P R ,

and hence ErerX s ă 8 for any r P R. Therefore,

Gmompηq “ ex0η` 1
2σ

2η2

, φXpsq “ eix0s´ 1
2σ

2s2 , gcpηq “ x0η `
1

2
σ2η2 ,

which yields the cumulants

κ1rXs “ x0 , κ2rXs “ σ2 , κnrXs “ 0 , n ě 3 .

Also the moments ErXns could be computed by differentiation, either by recognizing a connection
to Hermite polynomials or by iteration. Alternatively, one could use the moment-to-cumulants
formula of Section 1.1.2 and the easy expressions for cumulants. The outcome of these computa-
tions can be found for instance in Wikipedia, but it is not central to our discussion, so we do not
reproduce it here.

1.1.2 Joint properties of finitely many real random variables

Let us next consider the case of a finite collection of random variables Xj , j P J , where J is some
fixed nonempty index set. For their joint probabilistic properties we use here notations which were
found convenient in [3]. We use sequences of indices, I “ pi1, i2, . . . , inq P Jn, to label monomials
of the above random variables, with the following shorthand notation

XI :“ Xi1Xi2 ¨ ¨ ¨Xin “

n
ź

k“1

Xik “:
ź

jPI

Xj . (1.1.8)

We also set XH :“ 1 if I is the empty sequence. Since all Xj commute with each other, we have

XI “ XI1

for any two sequences I, I 1 which differ by a permutation. The results in the previous
subsection can be reproduced by choosing J “ t1u and X1 “ X.

We say that the collection has finite moments up to order n, if the monomials XI are integrable
for all I P Jm with m ď n. Similarly, we say the collection has joint exponential moments if there
is ε ą 0 such that exppε

ř

jPJ |Xj |q is integrable. The validity of this condition is sometimes easier
to check by showing that exppε

ř

jPJ σjXjq is integrable for all sign-combinations σj “ ˘1, j P J .
The joint characteristic function of the collection is defined as

φpsq :“ Eµreis¨Xs , s P RJ , (1.1.9)

where s ¨X :“
ř

jPJ sjXj denotes the scalar product in RJ . Similarly, the joint moment generating
function is defined by

Gmompηq :“ Eµre
ř

j ηjXj s , (1.1.10)
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for those η P RJ for which the integral converges. If the collection has joint exponential moments,
again the joint moment generating function is everywhere defined and all finite polynomials of
Xj , j P J , are integrable. Then all moments are finite and may be computed from the generating
functions analogously to the one-variable case: for any I P Jn with n P N, we have

ErXI s “ BI
ηGmomp0q “ p´iBqIsφp0q , (1.1.11)

where “BI
η” is a shorthand notation for the partial derivative Bηi1

Bηi2
¨ ¨ ¨ Bηin

.
To deal with cumulants, we need to operate not only with such sequences but also with their

subsequences and “partitions”. This will be done by choosing a distinct label for each member
of the sequence and collecting these into a set. How the labelling is done is not important, as
long as one takes care when combining two “labelled” sets. For instance, it is safe to use the
position index in the vector I as a label, i.e., once I P Jn is fixed, it can be replaced by the set
rns :“ t1, 2, . . . , nu, with the tacit understanding that i P rns, refers to the random variable XIi ,
Ii P J . Since elements may be repeated in the sequence I, it is possible that Ii “ Ii1 even if i1 ‰ i.

For the sequence I P Jn, a collection π of the subsets of rns is a partition if each A P π is
non-empty, and every element in rns is included in exactly one of the sets A P π. We denote the
collection of all partitions of a sequence I by PpIq. We do not make any difference in the notation
between A Ă rns and the corresponding subsequence A Ă I. In particular, if π P PpIq and A P π,
then XA :“

ś

iPA XIi can also be written as XA :“
ś

jPA Xj . Similarly, we use the shorthand
notation

XA :“ pXjqjPA ,

for the vector of random variables which is obtained by removing from the original sequence those
random variables Xi for which i R A. This notation will mainly be used for cumulants. Let us
record below various alternative notations for cumulants found in the literature,

κrXI s “ κµrXI s “ ErXi1 ;Xi2 ; ¨ ¨ ¨ ;Xins “ κpXi1 , Xi2 , ¨ ¨ ¨ , Xinq “ ErXI strunc , (1.1.12)

where the last one refers to “truncated moments”. Whenever set operations (union, intersection,
complement, etc.) are used on subsets of I, we refer to those operations performed on their
identifications in the labelling rns.

To avoid separate treatment of expressions involving empty sets and conditions, we employ
here the following standard conventions: if the condition P is false, we define

ÿ

P

p ¨ ¨ ¨ q :“ 0,
ź

P

p ¨ ¨ ¨ q :“ 1, and set also PpHq :“ tHu . (1.1.13)

We define cumulants here using a recursion relation which avoids the assumption of integrability
of exponential moments. Let us assume instead that the collection has finite moments up to order
n. Then for any sequence I P Jm of length m ď n, we require that

ErXI s “
ÿ

E:iPEĂI

ErXIzEsκrXEs , (1.1.14)

where i denotes the last element in the sequence I. There is only one term on the right hand side
which has a cumulant of order m or higher, namely, the term with E “ I. Hence, if we begin
by setting κrXjs “ ErXjs for all j P J , the formula is correct for all sequences of length m “ 1.
We can then define all cumulants of length m “ 2 by using the following formula, equivalent to
(1.1.14)

κrXI s “ ErXI s ´
ÿ

E:iPEĹI

ErXIzEsκrXEs .

This procedure can then be iterated until the final order m “ n has been reached, showing also
that the requirement (1.1.14) determines the cumulants uniquely once the moments have been
fixed.

It is somewhat more straightforward to define cumulants when the collection of random vari-
ables has exponential moments. Then we can the joint cumulant generating function gcpηq :“
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lnGmompηq, η P RJ , to define the cumulants via the formula κrXI s “ BI
ηgcp0q. These numbers

turn out to be identical to the above recursively defined cumulants κrXI s. To see this, consider an
arbitrary I P Jm and compute the first partial derivative corresponding to the last index i in I using
the chain rule in the identity Gmompηq “ exppgcpηqq. This yields BηiGmompηq “ GmompηqBηigcpηq.
The remaining derivatives can be distributed between the two factors using the Leibniz rule, and
once the result is evaluated at η “ 0, we find that (1.1.14) holds. As pointed out above, the
solution to these constraints is unique and this implies that the two definitions must agree.

Although the empty cumulant κrXHs never appears in the above procedure, to be consistent
with derivatives of the cumulant generating function, we set κrXHs :“ 0.

The following known properties of cumulants can then be derived directly from the recursive
definition using induction in m. First, by iterating the defining equation (1.1.14) until only
expectations of empty powers (ErXHs “ 1) remain, one can identify each of the terms in the
remaining sum with a unique partition of the original index set. As a result, we arrive at the
highly useful moment-to-cumulants formula

ErXI s “
ÿ

πPPpIq

ź

APπ

κrXAs , (1.1.15)

where we have used the notations introduced in the beginning of this subsection. Moreover, the
following properties, which are obviously true for monomials, are inherited by the cumulants.

1. The cumulants are permutation invariant: if I 1 is a permutation of I, then κrXI1 s “ κrXI s.

2. The cumulants are multilinear in each of their arguments. More precisely, if a, b P R and
Y, Y 1 are random variables, then

κrX1, . . . , aY ` bY 1, . . . , Xms “ a κrX1, . . . , Y, . . . , Xms ` b κrX1, . . . , Y
1, . . . , Xms .

It should be stressed that this formula needs to be properly applied for cumulants of just
one random variable discussed earlier. Namely, we have κnrXs “ κrX,X, . . . ,Xs, and thus
κn is not usually a linear function of X. Instead, it is a homogeneous function of degree n,
since κnraXs “ anκnrXs by multilinearity.

The main reason why it often is better (and sometimes easier) to study cumulants instead
of moments is in the following two properties which are not true for the corresponding moments
(apart from some degenerate examples):

1. If the joint distribution of the random variables is Gaussian, then all cumulants of order 3
or higher are zero.

2. If any one of the random variables is independent from all the others, then all proper joint
cumulants involving this random variable are zero. For example, if X1 is independent from
X2, . . . , XN , then

κrXI s “ 0 , if 1 P I and there is j P I with j ‰ 1 .

Note that we can still have κrXI s ‰ 0, if I does not contain 1 or if it is a repetition of 1 only.

This makes cumulants a good quantitative tool to analyse random variables which are expected
to be nearly independent and/or Gaussian since then some of their cumulants should be small.

Although seldom used, there is also a formula which expresses cumulants directly in terms of
moments (cumulant-to-moments formula). Namely,

κrXI s “
ÿ

πPPpIq

p|π| ´ 1q! p´1q|π|´1
ź

APπ

ErXAs , (1.1.16)

where |π| denotes the number of clusters in the partition π. The alternating signs and large
factorial prefactors often make this formula of little use in practice.
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Remark 1.1.2 (Statistical independence) Independence in probability relates to factoriza-
tion of the joint measure of the random variables; Wikipedia has a nice summary of statistical
independence of events and random variables, https://en.wikipedia.org/wiki/Independence_
(probability_theory). For example, two real-valued random variablesX and Y are independent
if PpX ď a and Y ď bq “ PpX ď aqPpY ď bq for all a, b. In general, for the type of probability
measures studied here, this occurs if and only if for all bounded continuous functions f, g

ErfpXqgpY qs “ ErfpXqsErgpY qs .

One can prove the above independence statement directly from this property. Namely, if X1

is independent from X2, . . . , XN , then

Ereis¨Xs “ Ereis1X1sErei
řN

i“2 siXis .

Thus the cumulant generating function lnEreis¨Xs is a sum of two terms, the first of which depends
only on s1 and the second does not depend on s1. Hence, any derivative over both s1 and some
other variable yields zero.

1.1.3 Complex-valued random variables(*)

If Ψ : Ω Ñ C is a complex random variable, all of the above method generalize straightforwardly
by using a two-component vector X “ pReΨ, ImΨq of real random variables. Note that then

s ¨ X “ s1ReΨ ` s2ImΨ “ 2Re pz˚Ψq “ z˚Ψ ` Ψ˚z , z :“
1

2
ps1 ` is2q .

So we may equally well consider the complex characteristic function

φpzq :“ Eµ

”

e2iRe xz ,Ψy
ı

“ Eµ

”

eipxz ,Ψy`xΨ ,zyq
ı

, z P CJ , (1.1.17)

for a vector Ψ of complex random variables and using the scalar product xz,Ψy :“
ř

jPJ z˚
j Ψj .

The Wirtinger derivatives for parametrization z “ x ` iy, x “ Re z, y “ Im z, are given by

B

Bz
:“

1

2

ˆ

B

Bx
´ i

B

By

˙

,
B

Bz˚
:“

1

2

ˆ

B

Bx
` i

B

By

˙

. (1.1.18)

Using these definitions, we also find

p´iBz˚ qIφp0q “ ErΨI s , p´iBzqIφp0q “ ErpΨ˚qI s ,

under the same conditions as discussed before for the real random variables. Similarly, mixed
derivatives p´iBz˚ qIp´iBzqI

1

φp0q yield all mixed moments of Ψ and Ψ˚.

1.2 Uniform distribution on the sphere and δ-function con-
straints

The stationary state of the Kac model with N one-dimensional particles and under standard choice
of its parameters and initial data, is the uniform distribution on the sphere SN´1p

?
Nq. Let us

use this case to illustrate the definition of a measure via “δ-function constraints”.
Technically, what we mean by the uniform distribution on the sphere SN´1pRq, R ą 0, is

a singular Radon probability measure on RN . The “uniformity” refers here to rotations on the
sphere, i.e., we assume that the measure remains invariant under any rotation of RN , that is,
under the transformation v ÞÑ Ov where O P RNˆN is an orthogonal matrix. We later use the
notation νN,R for this measure but, for brevity, let us simply denote it by ν in this section.

https://en.wikipedia.org/wiki/Independence_(probability_theory)
https://en.wikipedia.org/wiki/Independence_(probability_theory)
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Remark 1.2.1 (Invariance of a measure) We recall that a measure µ on X is invariant under
a measurable transformation f : X Ñ X if µpfÐAq “ µpAq for all measurable sets A and that this
occurs if and only Eµrg ˝ f s “ Eµrgs for all integrable functions g (see https://en.wikipedia.

org/wiki/Invariant_measure, https://en.wikipedia.org/wiki/Pushforward_measure). For
measures defined by the RMK theorem and continuous transformations f which do not destroy
compactness of the support, it thus suffices to check that Eµrg ˝ f s “ Eµrgs for all testfunctions
g. In particular, this applies for measures on RN if f is a rotation, as above.

In the δ-function notation commonly used in physics literature, one can in fact denote

νpdvq :“
1

ZR
δp|v| ´ RqdNv

where |v|2 “
řN

i“1 v
2
i corresponds to the standard Euclidean norm and ZR ą 0 is a normalization

constant so that µpRN q “ 1. The precise meaning of the above δ-function notation is determined
by replacing it by a suitable sequence of approximants. Although the measure ν is simple enough
to be defined directly via polar coordinates, let us use it to illustrate the approximant procedure.

The goal is to define a Radon probability measure ν on the locally compact space RN via
the RMK representation theorem 1.4.1. To this end, first choose a sequence εn ą 0, n P N, for
which εn Ñ 0. Then, define a sequence of approximants by replacing the δ-function by a Gaussian
function with a standard deviation εn, i.e., we first set for y P R

Gnpyq :“ p2πσ2q´ 1
2 e´ 1

2σ2 X2

, σ :“ εn ,

for which, formally, Gnpyq Ñ δpyq, as n Ñ 8. We then define for any continuous test-function
with a compact support, i.e., whenever f P CcpRN q,

Λnrf s :“

ż

RN

dNv fpvqGnp|v| ´ Rq .

Since f is a bounded continuous function, the above integral is always finite. In addition, if f ě 0,
also Λnrf s ě 0.

We next show that the limit limnÑ8 Λnrf s exists for all f P CcpRN q. Rewriting the integral
in spherical coordinates, we obtain

Λnrf s “

ż 8

0

dr rN´1Gnpr ´ Rq

ż

SN´1

dΩ fprΩq

“
1

?
2π

ż 8

´8

dx e´ 1
2x

2

1txě´R{εnupR ` εnxqN´1

ż

SN´1

dΩ fppR ` εnxqΩq ,

where we have made a change of variables from r to x “ r´R
εn

. Then the x-integrand is bounded by

the n-independent, integrable function e´ 1
2x

2

pR`M |x|qN´1|SN´1|}f}8, where M “ supn εn ă 8,
and as n Ñ 8, it converges to

e´ 1
2x

2

RN´1

ż

SN´1

dΩ fpRΩq ,

for all x P R, using continuity and boundedness of f . Hence, we can use the dominated convergence
theorem to conclude that for all test-functions f ,

lim
nÑ8

Λnrf s “
1

?
2π

ż 8

´8

dx e´ 1
2x

2

RN´1

ż

SN´1

dΩ fpRΩq “ RN´1

ż

SN´1

dΩ fpRΩq .

Indeed, the outcome is what one would expect from the formal integral
ż

RN

dNv δp|v| ´ Rqfpvq ,

https://en.wikipedia.org/wiki/Invariant_measure
https://en.wikipedia.org/wiki/Invariant_measure
https://en.wikipedia.org/wiki/Pushforward_measure
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using the spherical coordinate representation.
We then choose ZR :“ RN´1|SN´1|, and define

Λrf s :“
1

ZR
lim
nÑ8

Λnrf s , f P CcpRN q .

Then the functional Λ satisfies all the assumptions necessary for using the RMK theorem, and we
can conclude that there is a unique positive Radon measure ν such that

Λrf s “

ż

RN

νpdvqfpxq .

Considering a sequence of test-functions gn P CcpRN , r0, 1sq for which gnpxq “ 1 whenever |x| ď n,
we find that Λrgns Ñ 1

ZR
RN´1|SN´1| “ 1. Therefore, ν is a probability measure.

Many properties of such measures defined by δ-constraints are easier to check using the approx-
imant representation for them. For example, it is now straightforward to prove that ν is invariant
under all rotations: Suppose O P RNˆN is an orthogonal matrix for which |Ov| “ |v| for all v P RN .
If f is a test-function, also f˝O is a test-function, and thusEνrf˝Os “ limnÑ8 Λnrf˝Os. However,

Λnrf ˝ Os “

ż

RN

dNv fpOvqGnp|v| ´ Rq “

ż

RN

dNv1 | detO´1|fpv1qGnp|O´1v1| ´ Rq

“

ż

RN

dNv1 fpv1qGnp|v1| ´ Rq “ Λnrf s ,

where we have made a change of variables v1 “ Ov. Taking n Ñ 8 from both sides of the equality
shows that Eνrf ˝ Os “ Eνrf s and thus any orthogonal transformation O leaves the measure ν
invariant, as claimed.

As an corollary, we now also find that the measure ν is label permutation invariant . Label
permutation transformations on RN are defined by permutations π of the label set rN s, i.e., by
bijetions π : rN s Ñ rN s. Given such π, the corresponding transformation is

pTvqi :“ vπpiq , i “ 1, 2, . . . , N .

Clearly, T is a linear map and |Tv|2 “ |v|2, so T is an example of an orthogonal transformation.
Therefore, T˚ν “ ν, as well. We will use the term symmetric for general label permutation
invariant measures on SN´1pRq.

One final matter to clarify is to check that indeed ν is a “measure on the sphere SN´1pRq.”
More precisely, we wish to check that the support of this Borel measure is contained in SN´1pRq.
To do this, we need to show that if x P RNzSN´1pRq, then there is a radius r ą 0 such that the
measure of the ball Bpx, rq is zero.

For this, consider the open set E :“ tv P Rn | |v| ‰ Ru, and define for all j P N` the closed

sets Ej :“
!

v P Rn
ˇ

ˇ

ˇ
||v| ´ R| ě 1

j

)

. Clearly, YjEj “ E, and by Urysohn’s lemma to each j there

exists a continuous function fj such that fjpvq “ 1 if v P Ej , and fjpvq “ 0 if v R E. Now
ş

Rnµpdvq fjpvq “ 1
|SN´1|

ş

SN´1dΩ fjpRΩq. Since fjpRΩq “ 0 for all Ω, it follows that

0 ď µpEq ď
ÿ

j

ż

Rn

νpdvq fjpvq “ 0 .

Therefore, νpEq “ 0 and |v|2 “ R almost surely under ν.

1.3 Cumulants of generic symmetric measures on SN´1p
?
Nq

(NB: Some of the notations used here are defined only later, in Chapter 3.)
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Proposition 1.3.1 Let FN be a symmetric measure on SN´1p
?
Nq with N ě 2. The joint energy

cumulants of order n ď N
2 ` 1 satisfy a bound

|κreJ s| ď 4n´1pn ´ 1q!Nn´lenpJq , |J | “ n . (1.3.1)

where lenpJq denotes the number of distinct labels in J .

Proof Denote by Erϕs the expectation of ϕ with respect to the measure FN .
If n “ 1, the first order cumulant equals expectation value which by symmetry

is equal to Ere1s “ 1
N

řN
i“1Ereis “ 1, since

řN
i“1 ei “ N almost surely. Hence, the

stated bound holds for n “ 1.
We next establish an estimate

0 ď Ere1e2 ¨ ¨ ¨ ens ď 2n´1 , 1 ď n ď
N

2
` 1 . (1.3.2)

The estimate clearly holds for n “ 1, and we claim that for other n it satisfies

0 ď Ere1e2 ¨ ¨ ¨ ens ď 2Ere1e2 ¨ ¨ ¨ en´1s . (1.3.3)

Combining these results proves the claim by induction.
To prove (1.3.3), we first note that

NEre1 ¨ ¨ ¨ en´1s “

N
ÿ

i“1

Ere1e2 ¨ ¨ ¨ en´1eis “ pN ´ pn ´ 1qqEre1 ¨ ¨ ¨ ens ` pn ´ 1qEre21 ¨ ¨ ¨ en´1s

ě pN ´ pn ´ 1qqEre1 ¨ ¨ ¨ ens (1.3.4)

since the measure is symmetric and we have ei ě 0 and
řN

i“1 ei “ N almost surely.
Therefore,

Ere1 ¨ ¨ ¨ ens ď 2Ere1 ¨ ¨ ¨ en´1s , (1.3.5)

using the assumption n ď N
2 ` 1. Hence, (1.3.3) holds.

Let us then assume 2 ď n ď N
2 `1. By symmetry, we only need to prove the bound

(1.3.1) for J “ Jr with r P Cn. Denote k :“ lenpJq for which 1 ď k ď n,
řk

ℓ“1 rℓ “ n,
and r1 ě r2 ě ¨ ¨ ¨ ě rk ě 1. Then, for each ℓ P rks we may use the trivial energy
bound eℓ ď N , which holds almost surely, and the estimate in (1.3.3) to conclude that

0 ď EreJ s ď N
řk

ℓ“1prℓ´1q
Ere1 ¨ ¨ ¨ eks ď Nn´k2k´1 . (1.3.6)

We next use the general iteration relation satisfied by cumulants

EreJ s “
ÿ

p1,J1qPIĎJ

EreIzJ sκreJ s.

Combined with the already established energy moment bounds this yields an estimate

|κreJ s| ď
ˇ

ˇEreJ s
ˇ

ˇ `
ÿ

p1,J1qPIĹJ

ˇ

ˇ

ˇ
EreJzI s

ˇ

ˇ

ˇ
|κreI s|

ď Nn´k2k´1 `
ÿ

p1,J1qPIĹJ

|κreI s|Nn1
´k1

2k
1
´1|n1“|JzI|, k1“lenpJzIq . (1.3.7)

In this sum, 1 ď |I|, n1 ď n ´ 1 and 1 ď k1 ď k, n1. In addition, n1 ` |I| “ n and
k1 ` lenpIq ě k.
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Let us then denote Am,k :“ maxI:|I|“m,lenpIq“k |κreI s|N1´m for 1 ď m ď N
2 ` 1

and 1 ď k ď m. This yields a sequence which, by the above bound, satisfies

An,k ď p2{Nqk´1 `
ÿ

p1,J1qPIĹJ

An´n1,lenpIqN
´k1

2k
1
´1|n1“|JzI|, k1“lenpJzIq . (1.3.8)

Here, n1 “ |JzI| satisfies 1 ď n1 ď n ´ 1 and for each n1 there are at most
`

n´1
n1

˘

terms

with |JzI| “ n1 in the sum. Therefore, Bn :“ max1ďmďn, 1ďkďm

´

Am,k
pN{2q

k´1

pm´1q!

¯

,

satisfy an inequality

Bn ď
1

pn ´ 1q!
` Bn´1

1

2

n´1
ÿ

n1“1

ˆ

n ´ 1

n1

˙

pn ´ n1 ´ 1q!

pn ´ 1q!
, (1.3.9)

for all 2 ď n ď N
2 ` 1. Since B1 “ A1,1 “ 1 we obtain B2 ď 1 ` 1

2 ă 2. For

3 ď n ď N
2 ` 1, it follows that

Bn ď
1

2
p1 ` Bn´1pe ´ 1qq . (1.3.10)

Therefore, by induction, we can conclude that

Bn ď 2n´1 , 1 ď n ď
N

2
` 1 .

Hence, for all such n and whenever |J | “ n and lenpJq “ k, we have

|κreJ s| ď Nn´1An,k ď Nn´k2k´1pn ´ 1q!Bn ď Nn´k2n`k´2pn ´ 1q! .

Since k ď n, (1.3.1) also holds. l

1.3.1 Extreme case: Symmetrized deterministic initial data

In this subsection, we construct an example of initial data on SN´1p
?
Nq which is symmetric but

highly non-chaotic, in the sense that it saturates the power of N in the generic bound in (1.3.1).
Pick v̄ P SN´1p

?
Nq. Define a measure

µ :“
1

N !

ÿ

σPSN

fσ,˚rδv̄s, (1.3.11)

on SN´1p
?
Nq with Borel σ-algebra. The measure fσ,˚rδv̄s is obtained from the Dirac measure at

v̄ by pushing it forward by a component permutation map fσ : S
N´1p

?
Nq Ñ SN´1p

?
Nq:

fσ,˚rδv̄spBq “ δv̄pf´1
σ pBqq (1.3.12)

with

f´1
σ pv1, . . . , vN q “ pvσ´1piqqNi“1. (1.3.13)

Then for any continuous function ϕ P CpSN´1p
?
Nqq “ CcpSN´1p

?
Nqq, we have

ż

SN´1p
?
Nq

µpdvqϕpvq “
1

N !

ÿ

σPSN

ϕpv̄σpiqqNi“1 , (1.3.14)

which also could serve as a definition of the measure µ, by the Riesz–Markov–Kakutani represen-
tation theorem. It is clearly a symmetric measure.
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The expectation of energy with respect to this measure are fixed by symmetry to be 1. Since
the energy observable is continuous, we can also easily compute all moments from (1.3.14). For
example, the non-repeating second moments are given by

Eµpe1e2q “

ż

SN´1p
?
Nq

e1pvqe2pvqµpdvq “
1

N !

ÿ

σPSN

v̄2σp1qv̄
2
σp2q “

1

NpN ´ 1q

N
ÿ

i,j“1;j‰i

v̄2i v̄
2
j ,

(1.3.15)

and the second cumulant, which is equal to covariance, is

κµre1, e2s “
1

NpN ´ 1q

N
ÿ

i,j“1;j‰i

v̄2i v̄
2
j ´ 1 “

1

N

N
ÿ

i“1

v̄2i
1 ´ v̄2i
N ´ 1

.

Similarly, we can compute the variance to be

κµre1, e1s “
1

N !

ÿ

σPSN

v̄4σp1q ´ 1 “
1

N

N
ÿ

i“1

v̄2i
`

v̄2i ´ 1
˘

.

Let us consider a simple example of extreme initial data starting from a case where all the
energy lies in the first particle: set v̄ “ p

?
N, 0, 0, . . . , 0q, and consider the corresponding sym-

metrized measure µ. By the above formula, its covariance is given by κµre1, e2s “ ´1 and variance
by κµre1, e1s “ N ´ 1. Thus the upper bound in (1.3.1) is saturated for large N and n “ 2, apart
from the prefactor 4n´1.

The moment generating function for energy is explicitly given by

Eµree¨ξs “
1

N

N
ÿ

i“1

eNξi “ 1 `
1

N

N
ÿ

i“1

`

eNξi ´ 1
˘

“ 1 ` Xpξq ,

and the cumulant generating function is thus

gcpξq “ lnEµree¨ξs “

8
ÿ

m“1

p´1qm´1

m
Xpξqm .

Here Xp0q “ 0, and we obtain a formula for cumulants with J “ Jr, r P Cn,

κreJ s “

n
ÿ

m“1

p´1qm´1

m

ÿ

I

m
ź

ℓ“1

B
Iℓ
ξ Xp0q .

The sum
ř

I here denotes a sum over all partitions of the sequence J into a sequence containing m

subsequences, I “ pIℓqℓ“1,...,m. If lenpIℓq ą 1, then B
Iℓ
ξ Xp0q “ 0, and if lenpIℓq “ 1 and pℓ “ |Iℓ|,

then B
Iℓ
ξ Xp0q “ Npℓ´1. Denoting k “ lenpJq, we may thus conclude that the non-zero terms in

this sum must have m ě k, and then

m
ź

ℓ“1

B
Iℓ
ξ Xp0q “

m
ź

ℓ“1

Npℓ´1 “ Nn´m .

Hence, the dominant power of N occurs at m “ k, in which case there are k! choices for I which
yield a non-zero contribution. We find that

κreJ s “ p´1qk´1pk ´ 1q!Nn´k ` OpNn´k´1q ,

which shows that the power law of N in the bound in (1.3.1) is saturated for large N also for any
finite n ą 2.
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1.4 Appendix: RMK representation theorem

To put the above discussion on a firm mathematical footing, we will need to following central result
from measure theory (the proof of this theorem can be found from a textbook by W. Rudin: Real
and Complex Analysis [2], Theorems 2.14 and 6.19, and the approximation result is contained in
the proof of Lusin’s theorem, Theorem 2.24).

Theorem 1.4.1 (Riesz–Markov–Kakutani (RMK) representation theorem) Suppose X
is a locally compact Hausdorff space. Let CcpXq denote the collection of all continuous functions
f : X Ñ C which have a compact support. Suppose Λ is a linear functional on CcpXq, i.e.,
Λ : CcpXq Ñ C is a linear map.

1. If Λ is positive (Λrf s ě 0 whenever f ě 0), then there is a unique non-negative Radon
measure µ on X such that

Λrf s “

ż

X

fpxqµpdxq , f P CcpXq . (1.4.1)

If A is a finite measurable set (µpAq ă 8), then its characteristic function can be approxi-
mated by a sequence of test functions: there are gn P CcpX, r0, 1sq, n P N, and a set E Ă X,
such that µpEq “ 0 and limn gnpxq “ 1txPAu for all x R E.

Note that it is possible that
ş

X
µpdxq “ 8. However, if one can find gn P CcpX, r0, 1sq,

n P N, such that limn gnpxq “ 1 for (almost) every x P X and Λrgns Ñ 1 as n Ñ 8, then µ
is a Borel probability measure on X.

2. If Λ is bounded (there is M ą 0 such that |Λrf s| ď M}f}8 for all f P CcpXq, where
}f}8 :“ supxPX |fpxq|), then there is a unique bounded complex Radon measure µ on X
such that (1.4.1) holds. In this case, the characteristic function of any measurable set A can
be approximated by a sequence pgnq of test functions, as in the previous item.

(This item is usually summarized as a duality statement: CcpXq˚ “ MbpXq.)

One application of the theorem is to uniquely define measures µ by merely stating how they
are supposed to act on a restricted class of “nice” functions. Note that once we have the measure
µ, the integrals on the right hand side of (1.4.1) are defined for any non-negative function which
is a pointwise limit of continuous functions (since these are always Borel measurable), including
characteristic functions of open and closed sets. All usual tools from measure theory (dominated
convergence, etc.) are available, as well. For applications, it is good to recall that all open and
closed subsets of Rd are locally compact Hausdorff spaces, and that a continuous function defined
on Rd has a compact support4 if and only if it is zero outside some ball.

Remark 1.4.2 Here “Radon measure” is a technical term for a measure on a topological space
which is “compatible” with the topology. For example, restrictions of the Lebesgue measure on
Borel σ-algebras of any open or closed subset of Rd are Radon measures. The precise definition is
given below.

Definition 1.4.3 (Radon measure) Suppose X is a Hausdorff topological space and consider
its Borel σ-algebra (the smallest σ-algebra containing all open sets). A measure µ on the Borel
σ-algebra is called a Radon measure if it is finite on all compact sets, outer regular on all Borel
sets, and inner regular on open sets. (See e.g. Wikipedia for precise definitions.)

4The support of a function f : X Ñ C is defined here to be the closure of the values where f is not zero, i.e.,
supp f :“ tx P X | fpxq ‰ 0u.



Chapter 2

Evolution hierarchies of cumulants

The second lecture concerns evolution of cumulants for certain class of dynamical systems. To ob-
tain directly a hierarchy which depends only on the cumulants, one needs to have “rate functions”
which depend polynomially on the evolving variables. However, both deterministic and stochastic
evolution are possible.

2.1 General structure

Particularly convenient derivation of the evolution hierarchy is possible if we can use the real
moment generating function Gmom to compute the cumulants. In essence, we will require that
exponential moments exist uniformly on the time-interval we wish to study. Although a restriction,
the assumptions are sufficiently loose to cover, for example, the evolution of the Kac model.

More precisely, we assume that there is a stochastic process such that for every t on some fixed
time-interval TI its trajectories Xptq P RN , t P TI , have the following properties:

1. (uniform exponential moments) There are ε0,M0 ą 0 such that for all t P TI

Ereε0|Xptq|s ď M0 .

Then the function Gmompη; tq :“ Ereη¨Xptqs is well-defined and analytic in the open ball of
CN with |η| ă ε0.

2. (polynomial rate function) There is a function RpX, ηq such that for all t P TI the time-
derivative of Gmom exists and satisfies

BtGmompη; tq “ ErRpXptq, ηqeη¨Xptqs .

We assume that the rate function RpX, ηq is analytic in η and exponentially bounded, in the

following sense: there are C1, δ1 ą 0 such that |RpX, ηq| ď C1e
ε0
2 |X| for all |η| ď δ1 and all

X. In addition, we assume that the derivatives of R at η “ 0 are polynomials of X, i.e., for
any multi-index I, the derivative PIpXq :“ BI

ηRpX, ηq
ˇ

ˇ

η“0
defines a polynomial of X P RN .

Under the above assumptions, we may conclude that the cumulants of X satisfy for all t P TI

the evolution equation

BtκrXptqI s “
ÿ

JĂI

ErPIzJpXptqq :XptqJ :s , (2.1.1)

where :XptqJ : denotes the Wick polynomial of order J of the random variables Xptq. As we
will see soon, this implies that the right hand side of (2.1.1) is a finite order polynomial of the
cumulants κrXptq¨s. Hence, the collection of these equations over all choices of I results in an
evolution hierarchy for the cumulants.

13
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The derivation of this equation is fairly straightforward, assuming sufficient regularity so that,
for example, all partial derivatives commute with themselves and with taking the expectation.
Namely, since gc “ lnGmom, chain rule can be applied, to yield

Btgcpη; tq “
BtGmompη; tq

Gmompη; tq
“ e´gcpη;tq

ErRpXptq, ηqeη¨Xptqs “ ErRpXptq, ηqGwickpXptq; ηqs

using the definition of the generating function of Wick polynomials,

GwickpX; ηq :“ eη¨X´gcpηq ,

where gc is the cumulant generating function of the random variables X. Therefore, by the Leibniz
rule for differentiation of a product, we obtain

BtκrXptqI s “ BI
ηBtgcpη; tq

ˇ

ˇ

η“0
“ BI

ηErRpXptq, ηqGwickpXptq; ηqs
ˇ

ˇ

η“0

“
ÿ

JĂI

ErBIzJ
η RpXptq, ηqBJ

ηGwickpXptq; ηqs

ˇ

ˇ

ˇ

η“0
“

ÿ

JĂI

ErPIzJpXptqq :XptqJ :s .

The above assumptions are one possible choice which would allow everywhere changing the
order of derivatives and integrations above. The reason why analyticity is particularly simple for
this, is the fact that then all derivatives may be expressed as integrals and, hence, changing the
order with other integrals is possible, by relying on Fubini’s theorem.

Remark 2.1.1 The basic tools for completing the details of the above argument from complex
analysis are Morera’s theorem and Cauchy’s integral formula for derivatives. The first says that
a continuous, complex valued function fpzq is analytic on an open subset of the plane, if for
every closed piecewise C1 curve γ inside the open set, the contour integral

ű

γ
dzfpxq “ 0. The

assumption about uniform exponential moments first allows using dominated convergence theorem
to conclude that the map is continuous in η. Furthermore, it can then be used to justify exchanging
the contour integral over any ηi and the expectation E. Since ηi ÞÑ eηiXi is entire, the resulting
integral yields zero, and thus by Morera’s theorem, the function Gmom is analytic in each of its
arguments. Cauchy’s integral formula then implies that for each i and any order ki P N0, we have

Bki
ηi
Gmompη|ηiÑ0q “ ki!

¿

γi

dzi
2πi

Gmompη|ηiÑziq

zki`1
i

where γi is a contour which goes once around a circle centred at the origin and of sufficiently small
radius in the positive direction.

In the derivation of the cumulant hierarchy, one needs to apply the same argument to the
product RpX, ηqGwickpX, ηq. This requires checking analyticity of gcpηq which, however, also
follows from the exponential moment bounds, after possibly reducing the radius ε0 so that always
|Gmompηq ´ 1| ď 1

2 .

2.2 Wick polynomials

(This section is adapted from [3] which also contains more details and discussion about Wick
polynomials.)

Let us first recall the moments-to-cumulants formula which holds for any index sequence I as
long as all moments XA, A Ă I, belong to L1pµq:

ErXI s “
ÿ

πPPpIq

ź

APπ

κrXAs , (2.2.1)

where PpIq denotes the collection of partitions of the set I. For consistency with the notations in
[3], let us for this Section denote the collection of index sequences by I. For a partition π P PpIq,
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let us call the subsets A P π clusters or blocks. Let us also recall that the cumulants are multilinear,
i.e., they are separately linear in each of the variables Xj , j P I.

We next show that it is possible to choose a subset of the indices and remove all its “internal
clusters” from the moments-to-cumulants formula by replacing the corresponding power with a
polynomial of the same order. This will be achieved by using the following recursive definition.

Definition 2.2.1 Suppose that I0 P I is such that Er|XI |s ă 8 for all I Ă I0. We define
polynomials WrXI s :“

ř

EĂI cErXI sXE for I Ă I0 inductively in |I| using the following rule: set
WrXHs :“ 1, and for I ‰ H use

WrXI s :“ XI ´
ÿ

H‰EĂI

ErXEsWrXIzEs . (2.2.2)

The definition makes sense since the W-terms on the right hand side all have an order lower than
|I|. It also implies that indeed each WrXI s is a polynomial of order |I|, with only the term XI

being of the highest order. It is also straightforward to prove by induction that the coefficients
cErXI s can be chosen so that they only depend on ErXAs with A Ă I. Therefore, the definition
of WrXI s is independent of I0 in the following sense: if I0, I

1
0 P I are such that Er|XI |s ă 8 for

every I Ă I0 and I Ă I 1
0, then for all I Ă I0 X I 1

0 we have WrXI ; I0s “ WrXI ; I
1
0s.

The following theorem shows that these polynomials indeed have the promised truncated
moments-to-cumulants expansion. We also see that the polynomials are essentially uniquely de-
fined by this property. What is perhaps surprising is that the coefficients of the polynomial can be
chosen depending only on the moments of its constituent random variables. This implies that the
same polynomial can be used for many different probability distributions, as long as the marginal
distributions for the constituent random variables are the same.

Theorem 2.2.2 Assume that the measure µ has all moments of order N , i.e., suppose that
Er|XI |s ă 8 for all I P I with |I| ď N . Use Definition 2.2.1 to define WrXI s for every such I.

Then replacing XI by WrXI s removes all terms with clusters internal to I: the following
truncated moments-to-cumulants formula holds for every I 1 P I with |I 1| ` |I| ď N

E
”

WrXI sXI1
ı

“
ÿ

πPPpI`I1q

1tAXI1‰H for all APπu

ź

APπ

κrXAs . (2.2.3)

In particular, ErWrXI ss “ 0 if I ‰ H.
In addition, if I P I with |I| ď N{2 and W 1 is a polynomial of order at most |I| such that

(2.2.3) holds for all I 1 with |I 1| ď N ´ |I|, then W 1 is µ-almost surely equal to WrXI s.

As proven in [3], WrXI s are µ-almost surely unique polynomials of order |I| such that (2.2.3)
holds for every I 1 P I. They can also be obtained from a generating function, for example if
exponential moments are available. Namely, given sufficiently small η P RN , we set for all X P RN ,

Gwickpη;Xq “ eη¨X´gcpηq “
exp

´

řN
i“1 ηiXi

¯

Erexp
´

řN
i“1 ηiXi

¯

s

, (2.2.4)

and then for any index sequence I we have

:XI : “ BI
ηGwickpη;Xq

ˇ

ˇ

η“0
, (2.2.5)

which results in a polynomial of X. From now on, we will use the standard notation :XI : for Wick
polynomials.

The next Proposition collects some of the most important properties of Wick polynomials.

Proposition 2.2.3 The following statements hold for any I Ă I0:
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1.

XI “
ÿ

UĂI

:XU :ErXIzU s “
ÿ

UĂI

:XU :
ÿ

πPPpIzUq

ź

APπ

κrXAs . (2.2.6)

2. Wick polynomials are argument permutation invariant: if I 1 is a permutation of I, then
:XI1

: “ :XI :.

3.

:XI : “
ÿ

UĂI

XU
ÿ

πPPpIzUq

p´1q|π|
ź

APπ

κrXAs . (2.2.7)

4. If I 1 :“ pIp1q denotes the sequence obtained by cancelling the first element of I,

:XI : “ Xi1 :X
I1

: ´
ÿ

p1,i1qPV ĂI

κrXV s :XIzV : “ Xi1 :X
I1

: ´
ÿ

UĂI1

κrXpi1q`U s :XI1
zU : . (2.2.8)

5. The Wick polynomials are multilinear, i.e., if α, β are constants such that Xj “ αXi ` βXi1

for some j, i, i1 P J , then, whenever I and k are such that ik “ j, we have

:XI : “ α :X
pIpkq

`piq:`β :X
pIpkq

`pi1
q: .

Example 2.2.4 Written is terms of cumulants, the Wick polynomials of lowest order are

:X: “ X ´ κpXq ,

:X1X2: “ X1X2 ´ κpX1, X2q ´ κpX1qX2 ´ κpX2qX1 ` κpX1qκpX2q ,

:X1X2X3: “ X1X2X3 ´ κpX1, X2, X3q ` κpX1, X2qκpX3q ` κpX1, X3qκpX2q ` κpX2, X3qκpX1q

´κpX1qκpX2qκpX3q ´ κpX1, X2qX3 ´ κpX1, X3qX2 ´ κpX2, X3qX1

`κpX1qκpX2qX3 ` κpX1qκpX3qX2 ` κpX2qκpX3qX1

´κpX1qX2X3 ´ κpX2qX1X3 ´ κpX3qX1X2 .

The following result extends the earlier theorem and shows that multiple application of Wick
polynomial replacements continues to simplify the moments-to-cumulants formula by removing all
terms with any internal clusters.

Proposition 2.2.5 Assume that the measure µ has all moments of order N , i.e., suppose that
Er|XI |s ă 8 for all I P I with |I| ď N . Suppose L ě 1 is given and consider a collection of L` 1

index sequences J 1, Jℓ P I, ℓ “ 1, . . . , L, such that |J 1| `
ř

ℓ |Jℓ| ď N . Then for I :“
řL

ℓ“1 Jℓ ` J 1

(with the implicit identification of Jℓ and J 1 with the set of its labels in I) we have

E

„ L
ź

ℓ“1

:XJℓ :XJ 1

ȷ

“
ÿ

πPPpIq

ź

APπ

`

κrXAs1tAĆJℓ @ℓu

˘

. (2.2.9)

2.3 Deterministic dynamical systems

One case in which the above assumptions used for the derivation of the cumulant hierarchy are
valid, is given by a dynamical system generated by a polynomial vector field. Explicitly, assuming
that

BtXptq “ PpXptqq ,

where each PipXq, i “ 1, 2, . . . , N , is a polynomial in X P RN , implies that

Btpe
η¨Xptqq “ η ¨ PpXptqq eη¨Xptq ,
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and thus we should set
RpX, ηq :“ η ¨ PpXptqq .

Then RpX, ηq is analytic in η, and for any ε0, δ1 ą 0 it can be bounded by

|RpX, ηq| ď C|X|m|η| ď Cm!δ1p2{ε0qme
ε0
2 |X| ,

whenever |η| ď δ1. Here, m is the largest degree of the polynomials PipXq and C does not depend
on X nor on η. In addition, computing the derivatives with respect to η is simple, yielding

PIpXq :“ BI
ηRpX, ηq

ˇ

ˇ

η“0
“

#

PipXq , i P rN s and I “ piq ,

0 , otherwise ,

all of which are polynomials in X.
Then, given some time-interval TI , we need to choose the distribution of the initial data Xp0q

in such a way that the solutions Xptq, t P TI , exist and do not increase too much, so that

sup
tPTI

Ereε0|Xptq|s ď M0

for some M0. This occurs, for instance, if the trajectories are almost surely confined into a fixed
ball. The above bounds imply that |Btpe

η¨Xptqq| ď C1e
ε0|Xptq| for |η| ď ε0

2 , so we may also use the
exponential function as a majorant for application of the dominated convergence theorem which
shows that for all t

BtGmompη; tq “ ErBtpe
η¨Xptqqs “ ErRpXptq, ηqeη¨Xptqs .

Hence, in this case all the assumptions from the first Section are satisfied, and we can conclude
that the cumulants satisfy an evolution hierarchy

BtκrXptqI s “
ÿ

JĂI

ErPJpXptqq :XptqIzJ :s “
ÿ

ℓPI

ErPℓpXptqq :XptqIztℓu:s .

The right hand side can be expanded using the rules of Wick polynomials which results in a
polynomial of the cumulants at most of the order of m. Hence, the order of nonlinearity of the
rate function for the hierarchy remains uniformly bounded, even though one usually needs to look
at the full infinite hierarchy (in I) to close the evolution equations.

Hamiltonian evolution equations given by polynomial Hamiltonian functions with compact
level sets often are amenable to the above treatment. For example, then one could choose initial
data supported on one of these level sets, and it would follow that Xptq are then almost surely
bounded, even for the maximal choice of the time-interval, TI “ R. Without such conservation
laws, the analysis of which initial data distributions satisfy the assumptions is more delicate.

An explicit example of this argument is given by the discrete Nonlinear Schrödinger equation
for which the real and imaginary part of the complex field form an Hamiltonian system with
compact level sets. The details are worked out in Ref. [3].

2.4 Stochastic Kac model

For stochastic evolution corresponding to a Feller process, its generator L is an operator for which

BtErfpXptqqs “ ErpLfqpXptqqs , (2.4.1)

for any observable f in the domain of the generator. If fηpXq “ eη¨X belongs to the domain of L,
this allows defining

RpX, ηq :“ e´η¨XpLfηqpXq ,

and then one needs to check if this function R has all the properties listed above for applying the
earlier general results. Since fη does not vanish at infinity, this is not usually immediately the
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case, but needs a regularization argument using a mollifier. For example, one can sometimes add
a factor e´ 1

2 ε
2X2

, use the generator result, and then take ε Ñ 0 to conclude which “LF” appears
on the right hand side of (2.4.1).

The stochastic Kac model was introduced by Kac in his 1956 article [4]. We discuss here the
usual conventions and choose the parameters of this model based on computational convenience.
Changing some of the parameters may be implemented by straightforward scalings, but some
changes are not so innocuous. For example, some changes to the collision rate function are
expected to speed up the generation chaos time; this will be discussion briefly at the end.

Take a number N ě 2 of particles, which we label by rN s :“ t1, . . . , Nu. At each moment
in time, the particle with label i P rN s is associated with one-dimensional velocity vi P R, and
the collective velocities of all the particles form a velocity vector v “ pv1, . . . , vN q P RN . Each
velocity vector constitutes a configuration of the system. Originally, Kac consider the physical
case with three-dimensional velocities, vi P R3, but this would lead to more complex collision rules
and indexing of the configuration vectors. Here, as in most mathematical work on this model, we
focus on the one-dimensional case. As noted earlier, we do not track the positions of the particles
and accordingly they are assumed to have no influence on the time-evolution of the velocities.

The configurations are updated as follows. Assume that the velocities are at some time given
by v P RN . Collisions occur at times determined by a Poisson process. When the Poisson clock
rings, we update the velocity vector by picking, uniformly at random, two particles i and j, with
j ‰ i, and a “collision” angle θ P p´π, πs, all independent from each other. We then update the
velocity vector to

v˚ :“ Ri,jpθqv P RN .

Here the matrix Ri,jpθq is obtained as a permutation of the following N ˆ N -matrix

R1,2pθq :“

ˆ

cospθq sinpθq

´ sinpθq cospθq

˙

‘ IN´2 , (2.4.2)

where In denotes the n-dimensional identity operator. The non-zero elements of the matrix Ri,jpθq

are given by

pRi,jpθqqℓ,ℓ “ 1, ℓ ‰ i, j

pRi,jpθqqi,i “ cospθq

pRi,jpθqqi,j “ sinpθq

pRi,jpθqqj,i “ ´ sinpθq

pRi,jpθqqj,j “ cospθq .

For any fixed i, j and θ, the matrix Ri,jpθq is orthogonal. Thus the Euclidean norm of the velocity
vectors is preserved,

|Ri,jpθqv| “ |v| . (2.4.3)

Therefore, we can consider the dynamics as taking place on a (hyper-)sphere SN´1prq, with the
radius r specified by the Euclidean norm of the initial configuration.

The above specification of the dynamics on the configuration space lifts to the space observables
ϕ P CcpSN´1prqq in terms of the transition operator, which specifies the conditional expectation
of ϕpv˚q based on the previous configuration:

pQNϕqpvq :“
1

NpN ´ 1q

N
ÿ

i,j“1

1ti‰ju

ż π

´π

dθ

2π
ϕpRi,jpθqvq.

Kac’s stochastic model is now obtained by assuming that the above collision times are given by a
Poisson process. As usual, we want to consider time scales at which the average rate of collisions
experienced by one particle remains order one, i.e., it is bounded from below and above by some
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uniform constants for all relevant N . If the Poisson process has rate one, this can be achieved by
speeding up time by a factor of N . For the sake of convenience, we follow the usual convention
for time-scales in this model and choose the scale in which the average collision rate per particle
is equal to one.

Since each Ri,jpθq is orthogonal and leaves the sphere SN´1prq invariant, the operator QN is a
self-adjoint operator on the Hilbert space L2pSN´1prq, νN,rq, where νN,r is the uniform probability
measure on SN´1prq; recall that νN,r is also invariant under rotations. Since we are interested in
the properties of the system in the thermodynamic limit, we will pick r “

?
N , and νN stands for

the corresponding uniform measure νN,
?
N . This choice yields configurations for which the kinetic

energy per particle, 1
N

řN
i“1 v

2
i , is almost surely equal to one; note that we choose each particle to

have the same mass, equal to two, so that m
2 “ 1.

Implementing the above choices, we can now state the evolution equation for probability den-
sities fN

t pvq, v P SN´1p
?
Nq, t ě 0. Namely, if fN

0 P L2pSN´1p
?
Nq, νN q is non-negative and

integrates to one, we can consider initial data for the stochastic Kac process given by the measure
fN
0 νN . Then, the distribution of vptq, t ą 0, is given by fN

t νN where also fN
t P L2pSN´1p

?
Nq, νN q

and it can be solved from the following Cauchy problem:
#

d
dtf

N
t “ NpQN ´ IqfN

t

fN
t |t“0 “ fN

0 .
(2.4.4)

More details about the derivation of this equation can be found from [5, 6] and the references
therein.

Then for any bounded continuous observable ϕ P CbpSN´1p
?
Nqq we have

d

dt
xϕyFN

t
“ xNpQN ´ Iq˚ϕyFN

t
“ xNpQN ´ IqϕyFN

t
,

using the self-adjointness of the operator QN . Due to the fact that the Kac model initial data
have support on SN´1p

?
Nq, continuity is the only requirement here.

One simplifying feature of the above formulation of Kac model is that it has exponential mo-
ments and a moment generating function which is entire. We will consider both the velocity ran-
dom variables vi and the corresponding kinetic energies ei :“ pviq

2. Since for any v P SN´1p
?
Nq

N
ÿ

i“1

ei “ |v|2 “ N ,

it follows that 0 ď eiptq ď N and |viptq| ď
?
N almost surely for any t ě 0, and thus the functions

ϕ1pv; ηq :“ eη¨v , ϕ2pv; ηq :“ e
řN

i“1 ηipviq
2

,

are bounded and continuous on SN´1p
?
Nq for any η P CN .

Then, explicit computations yield

Rvpv, ηq “
1

N ´ 1

N
ÿ

i,j“1

1ti‰ju

ż π

´π

dθ

2π

´

epRi,jpθq´Iqv¨η ´ 1
¯

, v P RN

for the case of velocity cumulants, and

Rpe, ηq “
1

N ´ 1

N
ÿ

i,j“1

1ti‰ju

ÿ

H‰JĎI

ż π

´π

dθ

2π

´

eηiPθpvi,vjq`ηjQθpvj ,viq ´ 1
¯

, e P RN
`

for the energy cumulants, where

Pθpvi, vjq “ ´ sinpθq2v2i ` 2 cospθq sinpθqvivj ` sinpθq2v2j

Qθpvj , viq “ ´ sinpθq2v2j ´ 2 cospθq sinpθqvivj ` sinpθq2v2i . (2.4.5)
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Although not immediately apparent, after an expansion of the exponential, one notices that all
terms which an odd power of vi have also a prefactor which is odd in θ and thus integrates to
zero. Hence, the formula indeed defines a function of ei only.

In the final lecture we focus on properties of the evolution hierarchy of the cumulants of the
enery variables.



Chapter 3

Generation and propagation of
chaos in the Kac model

The detailed description of these results can be found from [1]. Most of the material here is an
extract from that reference.

3.1 Analysis of the cumulant hierarchy

3.1.1 Symmetric measures and partition classifiers of their cumulants

Our main result will be to control the generation of chaos in the above Kac model in the sense
of asymptotic near-independence of energies of different particles. Similar results could then be
derived for the particle velocities, but for the sake of brevity we do not go into this argument in
detail here. The control will be given as an explicit bound for the difference between the energy
cumulant and its value at equilibrium, i.e., for the uniform distribution on the energy sphere.

Although the bound will be given for fixed system, in particular, for fixed number of particles
N , we aim at bounds which are valid for all large enough N . To stress this, we will carefully track
the dependence of the constants in the upper bounds on N and on the initial data. Although we
do not consider limiting properties of suitably prepared sequences pFN

0 qNě2 of initial probability
measures, as is common in derivations of kinetic equations, the bounds here could be employed to
make also such scaling limit statements.

Given a number of particles N ě 2, the initial data is taken to be essentially arbitrary, apart
from one technically simplifying assumption: we assume that FN

0 is a symmetric Radon probability
measure on SN´1p

?
Nq, as explained earlier. Although this assumption hides some features of

the dynamics, it is not a substantial restriction. For example, given an arbitrary initial Radon
probability measure but only asking for properties of expectation values of label permutation
invariant observables, we can replace the initial measure by its symmetric projection without
changing any of the expectation values of interest.

The symmetry of the probability measure is reflected in the joint cumulants of the energy
variables as an invariance with respect to permutations of the labels of the random variables.
Indeed, if I “ tp1, i1q, . . . , pn, inqu is a sequence of particle labels, then for every permutation
σ P SN , we have

κrep0qI s “ κrep0qσ´1pIqs, (3.1.1)

with σ´1pIq “ tp1, σ´1pi1qq, . . . pn, σ´1pinqqu.1

1It is important to keep in mind that this is distinct from the usual permutation symmetry of the argu-
ments of joint cumulants. The label permutation invariance means that, for instance, κre1p0q, e2p0q, e2p0qs “

κre3p0q, e2p0q, e2p0qs, while κre1p0q, e2p0q, e2p0qs “ κre2p0q, e1p0q, e2p0qs is something that is true even if F0 is not
a symmetric measure.

21
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The time-evolution commutes with label permutations, so this property of label permutation
invariance carries over to the time-evolved cumulants κreptqI s. Therefore, the value of κreptqI s is
determined simply by how many different labels there are in the sequence I “ tp1, i1q, . . . , pn, inqu,
and how many times each such label is repeated in the sequence – no matter what the specific
label is. This motivates the following definition of partition classifiers, which we will use to index
the cumulants after the label permutation symmetry has been factored out.

Definition 3.1.1 (Partition classifier) An n-tuple r “ pr1, . . . , rnq P Nn
0 is called a partition

classifier (or classifier) of order n, in case the following two conditions are met: (i) The components
of the vector sum to n, i.e.

řn
k“1 rk “ n and (ii) the components have been arranged in a decreasing

order, so that r1 ě r2 ě ¨ ¨ ¨ ě rn ě 0.

Given a partition classifier r, we reserve the notation lenprq for the number of its nonzero
components. The collection of all partition classifiers of order n is denoted by Cn, and we often
drop the trailing zeroes when denoting elements r P Cn; note that n is uniquely determined by the
sum of the (non-zero) elements in r. The classifier corresponding to the label sequence with no
repeated labels has a special role in what follows, and we will denote it by 1n :“ p1, 1, . . . , 1q P Nn

0 .
Finally, C 1

n :“ Cnzt1nu denotes the set of all particle classifiers that correspond to a label sequence
with at least one repeated label.

Remark 3.1.2 Each partition classifier of order n corresponds bijectively to a number theoretic
partition of the natural number n – hence the name. The number of different partition classifiers

therefore satisfies |Cn| „ 1
4n

?
3
exp

´

π
b

2n
3

¯

as n Ñ 8.

Any partition classifier defines a multi-index of order n, with the additional special property
that the components are decreasing. We therefore need to note how to use multi-indices to label
joint cumulants. Given any multi-index r P Nn

0 , we may construct one possible compatible label
sequence in the following way. First, we let ∆prq “ p0, r1, r1 ` r2, . . . ,

řn
i“1 riq be a sequence of

increments. After this, we define a sequence Ir by setting

pIrqi “

n
ÿ

j“1

j1tiPp∆prqj ,∆prqj`1su , i “ 1, 2, . . . , n .

For example, with r “ p3, 1, 1, 0, 0q P C 1
5 we thus have Ir “ p1, 1, 1, 2, 3q which corresponds to the

set tp1, 1q, p2, 1q, p3, 1q, p4, 2q, p5, 3qu in the notation used in the beginning of this section.
With this in mind, we define cumulants corresponding to partition classifiers or any other

multi-indices in the following way.

Notation 3.1.3 Let r P Nn
0 be a multi-index. The joint cumulant corresponding to this multi-

index is defined as

κrers :“ κreIr s. (3.1.2)

If r is a partition classifier of order n and s P Nn
0 is a multi-index, we say that r „ s, in case

there exists a permutation σ P Sn such that r “ σpsq

In the following computations, we will encounter situations where certain repetitions of a
random variable are removed when computing a Wick polynomial or cumulant corresponding to
a collection of random variables (determined by a sequence, multi-index or a partition classifier,
dependent on the context). This motivates the following notation:

Notation 3.1.4 (Removing and adding multi-indices) Suppose that r P Nn
0 is a multi-index

(possibly a partition classifier). If ri ě ℓ, we denote by

r ´ pℓ ˆ iq (3.1.3)
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the multi-index whose components are given by pr´pℓˆiqqk “ rk for k ‰ i and pr´pℓˆiqqi “ ri´ℓ.
Note that even if r is a partition classifier, this is usually not a partition classifier.

Similarly, given any r P Nn
0 ,

r ` pℓ ˆ iq (3.1.4)

is the multi-index obtained by increasing the ith component of r by ℓ while keeping other components
the same.

The following notation will become relevant later, when we try to isolate the main contribution
in the time-evolution of cumulants.

Definition 3.1.5 Let r P Cn be a partition classifier. We define breakℓprq to be the set that
consist of those q P Cn, for which there exist ℓ1, ℓ2 P rns, ℓ1 ‰ ℓ2, such that rℓ “ qℓ1 ` qℓ2 ; and in
addition for which the sequence r1 obtained from r by removing the components ℓ, n and shifting,
is identical to the sequence q1 obtained from q by removing the components ℓ1, ℓ2 and shifting.

The set breakprq is the union Yn
ℓ“1breakℓprq.

Example 3.1.6 Let r “ p4, 0, 0, 0q. Now p3, 1, 0, 0q, p2, 2, 0, 0q P break1prq, whereas p2, 1, 1, 0q R

break1prq. Also, p3, 1, 0, 0q R break2prq.

Definition 3.1.7 Fix n P N. Define a relation ą on Cn by setting s ą r, if and only if r P

breakpsq.

Then, set Cn,1 “ t1nu “ tp1, . . . , 1qu, and define iteratively using the above relation for any i
with 1 ă i ď n,

Cn,i “ ts P Cn : there exists r P Cn,i´1 such that s ą ru. (3.1.5)

Remark 3.1.8 The above relation can be extended to be a strict partial order on Cn, but this
fact will not be used in what follows. Clearly tCn,iu

n
i“1 partitions Cn, and s P Cn,k precisely when

it is a partition classifier that has exactly n ´ pk ´ 1q non-zero components. Figure 3.1 illustrates
these sets and their relation to Cn, when n “ 5

3.1.2 Main Results: controlling chaos and equilibriation via the cumu-
lant hierarchy

We will quantify the chaoticity of the energy cumulants by studying their norm in the following
normed spaces, which we will call the α-chaos spaces.

Definition 3.1.9 (α-chaos space) Let α P r0, 1s. We define the normed space pXα
n,N , } ¨ }α,n,N q

to consists of vectors pκrqrPC 1
n

Ă RC 1
n , together with the weighted supremum norm

}κ}α “ }κ}α,n,N “ sup
rPC 1

n

|κr| pN ´ 1qαplenprq´1q. (3.1.6)

We will mainly use these norms with 0 ă α ă 1, but the extremal cases will appear in some of
our estimates. The norms are increasing functions of α: For any r P C 1

n and 0 ď α ď α1 ď 1 we
have }κ}α,n,N ď }κ}α1,n,N .
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p1, 1, 1, 1, 1q

p2, 1, 1, 1q

p3, 1, 1q p2, 2, 1q

p4, 1q p3, 2q

p5q

Figure 3.1: Relations between partition classifiers in C5. In the graph, the nodes are in corre-
spondence with elements in C5, and there is a directed edge s Ñ r in the graph precisely when
r P breakpsq.

Remark 3.1.10 We have excluded the non-repeated label sequence 1n “ p1, 1, . . . , 1q from the
definition of these α-chaos spaces. The reason for this is that the completely non-repeated cumu-
lants will be treated separately, and thus will show up as a source term to the cumulant hierarchy.
However, the conservation law implies that if

sup
rPC 1

n

|κrers| pN ´ 1qαplenprq´1q ď C, (3.1.7)

then

sup
rPCn

|κrers| pN ´ 1qαplenprq´1q ď 4C (3.1.8)

whenever n ď N{2 (see the proof of Proposition 3.1.16).
Therefore, assumptions pertaining to the joint cumulants indexed by C 1

n will imply similar
assumptions for all joint cumulants indexed by Cn with a slightly larger constant.

If the above norm of a vector pκrqrPC 1
n

is bounded by a constant Cn, it follows that the
individual components are bounded by

|κr| ď
Cn

pN ´ 1qαplenprq´1q
. (3.1.9)

Since the elements of Xα
n,N will be given by the nth order energy cumulants with some repetition,

so that κr “ κn,N rers, it follows that such uniform bounds imply

lim sup
NÑ8

ˇ

ˇκn,N rers
ˇ

ˇ ď 1tlenprq“1uCn, (3.1.10)

corresponding to the fact that only cumulants involving one particle can survive to the many-
particle limit of any sequence of probability measures whose cumulants have a norm uniformly
bounded in N .
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When studying the time-evolution of the energy cumulants in the Kac model, we will try to
find good bounds for their Xα

n,N norms. To this end, it should be noted that the operator norm
of an operator A : Xα

n,N Ñ Xα
n,N satisfies

}A}α ď sup
r

ÿ

r1PC 1
n

|Ar,r1 | pN ´ 1qαplenprq´lenpr1
qq, (3.1.11)

a fact that we will need in order to control the linear part of the time-evolution.
We are now ready to state the main theorem of this article. Our results concern the generation

of chaos and convergence towards the equilibrium of the energy cumulant hierarchy. The initial
data is allowed to have different “orders of chaoticity”, and this will affect the corresponding
results.

Assumption 3.1.11 (Chaos bounds) Let c ě 0, N ě 2, and n˚ ě 1 be given. Define γn “

cpn ´ 1q for n ě 1. We say that B ą 0 is a constant for the chaos bound of type γn up to order
n˚ if for every n P rn˚s the joint cumulants are bounded in the α-norm as

}κn,N
0 }α ď Bn´1pn ´ 1q!Nγn . (3.1.12)

A sequence of initial data pFN
0 qNě2 on SN´1p

?
Nq is said to satisfy the chaos bound of type γn

with a constant B if the same B can be used for every N .

Remark 3.1.12 Of course, for any fixed N , c and n˚ such a constant B can be found. However,
B might need be very large, in particular, it could increase as a power law in N . For the results
below to be useful, B should be order one even if N is large. This can always be achieved for
chaos bounds with a constant c “ 1 in the Assumption 3.1.11 by increasing N if needed, at least
when considering joint energy cumulants in a symmetric state up to any finite order. Indeed,
Proposition 1.3.1 shows that the energy joint cumulants will always satisfy a bound

}κn,N }α ď 4n´1pn ´ 1q!Nn´1, n ď N{2 ` 1 . (3.1.13)

Theorem 3.1.13 (Generation of chaotic bounds) Let c ě 0 and α P p0, 1q. Let n˚ P N be a
maximal order of cumulants. Then there exists a N0 “ N0pn˚, α, cq ě 2 such that the following
result holds.

Consider some fixed N ě N0 and some symmetric initial data FN
0 on SN´1p

?
Nq. Denote

the corresponding joint cumulants at order n P rn˚s and at time t ě 0 by κn
t rers “ κreIr ptqs. Let

B ě 1 be a constant such that the initial values of the cumulants satisfy

max
1ďnďn˚

max
rPCn

´

|κn
0 rers|Nαplenprq´1q´cpn´1q{pn ´ 1q!

¯1{n

ď B. (3.1.14)

In other words, assume that the initial data satisfies assumption 3.1.11. Then there exists a
constant C, depending only on B, such that for all n ď n˚, the time-evolved cumulants satisfy

}κn,N
t }α ď Cn2

n!
´

Nγne´ 1
4 t ` 1

¯

. (3.1.15)

We should point out that we have not tried to optimize the bounds in n, the order of the cumulants.
Most likely their asymptotic increase is much less than Cn2

n!, perhaps even as good as Cn´1n!.

Remark 3.1.14 Under conditions that guarantee that odd joint cumulants involving velocities of
particles vanish, one could use Möbius inversion techniques to recover chaotic bounds for the joint
cumulants of the velocities of the particles. For example, Theorem 2 in Bauer et al. [8] can be

used to express κ2n,N
t pvIq in terms of certain energy cumulants κn,N

t peJq, and it remains to check
what kinds of energy cumulants appear on the right hand side of the identity. Some combinatorial
losses seem inevitable, however.



26 CHAPTER 3. GENERATION AND PROPAGATION OF CHAOS IN THE KAC MODEL

Theorem 3.1.15 (Convergence to stationarity) Let c ě 0 and α P p0, 1q. Let γn “ cpn ´ 1q

and fix n˚ P N as the maximal order of cumulants. Then there exists N0 “ N0pn˚, α, cq ě 2 such
that the following result holds.

Consider some fixed N ě N0 and some symmetric initial data FN
0 on SN´1p

?
Nq. Denote

the corresponding joint cumulants at order n P rn˚s and at time t ě 0 by κn
t rers “ κreIr ptqs and

the stationary cumulants at order n, those corresponding to the uniform probability distribution
on SN´1p

?
Nq, by κ̄nrers “ κ̄nreIr s. Let B ě 1 be a constant such that the initial values of the

cumulants satisfy

max
1ďnďn˚

max
rPCn

´

|κn
0 rers|Nαplenprq´1q´cpn´1q{pn ´ 1q!

¯1{n

ď B. (3.1.16)

Then there exists a constant C, depending only on B, such that the time-evolved energy cumulants
satisfy the following bound for all n ď n˚ and t ě 0

}κn,N
t ´ κ̄n,N }α ď n!Cn2

Nγne´ t
4 . (3.1.17)

We have excluded the completely non-repeated cumulants from the α-chaos spaces, since we
will treat them as source terms. Fortunately for us, their time-evolution solves a closed hierarchy,
so we can first describe their time-evolution and then take it as known when proving results
pertaining to the time-evolution of the other cumulants. The following stronger results holds for
the non-repeated energy cumulants.

Proposition 3.1.16 (Generation of chaos for non-repeated cumulants) Let α P p0, 1q and
choose some c ě 0 and a maximal order of cumulants n˚ P N. Then there is N0 “ N0pn˚, α, cq ě 2
such that the following result holds.

Consider some fixed N ě N0 and some symmetric initial data. Denote the corresponding
non-repeated cumulants at order n P rN s and time t ě 0 by κn,nr

t :“ κre1ptq, e2ptq, . . . , enptqs. Let
B ě 1 be a constant such that the initial values of the non-repeated cumulants satisfy

max
1ďnďn˚

´

|κn,nr
0 |N pα´cqpn´1q{pn ´ 1q!

¯
1
n

ď B . (3.1.18)

Then there is a constant C ě 1, which depends only on B, such that the time-evolved non-
repeated cumulants satisfy

Nαpn´1q |κn,nr
t | ď Cnpn ´ 1q!pe´ n

4 tN cpn´1q ` 1q , (3.1.19)

for all n P r1, n˚s and t ě 0.

3.2 Implications for the kinetic theory of the Kac model

Having fixed the number of particles N and a symmetric initial data FN
0 we obtain the measures

FN
t , t ě 0, from the Kac process. Suppose we first wait a time t0 ě 0 and then use the first marginal

of FN
t0 to define an initial measure µ0 for the Boltzmann–Kac equation for which T “ t ´ t0 ě 0

serves as the time parameter. We can then use these measures to define the symmetric product
measures F̃N

T :“ bN
i“1µT on RN , and ask the question: How close are the energy cumulants of F̃N

T

to those of FN
t0`T ? The following result shows that then up to any finite order and for all large

enough systems, the two cumulants remain very close to each other, if the Boltzmann equation
is started with initial data from a chaotic state, i.e., with suitable large enough t0. As shown in
the theorem, any t0 for which N cpn˚

´1qe´ 1
4 t0 ď 1, is sufficient for cumulants of order n ď n˚. If

c “ 0, we can use t0 “ 0; hence the name “chaotic initial data” for these. If c ą 0, we can set
t0 “ 4cpn˚ ´ 1q lnN which is OplnNq as N Ñ 8.

Without going into details, let us also point out that these estimates imply concrete upper
bounds also for expectation values of much larger class of observables g. For example, if g is any
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function which can be approximated by polynomials of energies of a fixed number of particles,
we would still have EFN

t0`T
rgs « EF̃N

T
rgs if N is large enough, with an explicit bound for the

error obtained by applying moments-to-cumulants formula to the expectation of the polynomial
approximation.

Theorem 3.2.1 (Accuracy of the “Boltzmann–Kac” hierarchy) Let c ě 0 and α P p0, 1q.
Let n˚ P N be a maximal order of cumulants. Consider N ě N0 and some symmetric initial data
FN
0 on SN´1p

?
Nq, and suppose N0 ě 2 and B ě 1 are constants for which Theorem 3.1.13 holds.

Denote the corresponding joint cumulants at order n P rn˚s and at time t ě 0 by κn
t rers “ κreIr ptqs.

Pick some t0 ě 0 for which N cpn˚
´1qe´ 1

4 t0 ď 1. Let µ0 be the first first marginal of FN
t0 , and let

µT denote the corresponding weak solution to the Boltzmann–Kac equation. Denote the cumulants
of the product measure bN

i“1µT on RN by κ̃n,N
T rers. Then, for all T ě 0, we have

|κn,N
t0`T rers ´ κ̃n,N

T rers| ď 2pN ´ 1q´αCn2

n! “ OpN´αq. (3.2.1)

3.3 Some details of the proof

Most of the structure of the proof is given on the slides of the last lecture, and all the details can
be found from [1]. However, to illustrate the structure and highlight one trick which is particular
to the energy cumulants of the Kac model, let us look look at closure of the fully non-repeating
hierarchy separately here.

If s “ ps1, . . . , snq is a partition classifier, then the earlier derived cumulant hierarchy may be
computed as

d

dt
κtress “ T break

t psq ` T fuse
t psq ` T ex

t psq, (3.3.1)

where we first set L “ Lpsq :“ lenpsq ď n and then define

T break
t psq “

1

N ´ 1

L
ÿ

i“1

N
ÿ

j“L`1

si
ÿ

ℓ“1

ˆ

si
ℓ

˙
ż π

´π

dθ

2π
x:es´pℓˆiq:Pθpvi, vjqℓy

`
1

N ´ 1

L
ÿ

j“1

N
ÿ

i“L`1

sj
ÿ

ℓ“1

ˆ

sj
ℓ

˙
ż π

´π

dθ

2π
x:es´pℓˆjq:Qθpvj , viq

ℓy , (3.3.2)

T fuse
t psq “

1

N ´ 1

L
ÿ

i“1

L
ÿ

j“1

1tj‰iu

si
ÿ

ℓ“1

ˆ

si
ℓ

˙
ż π

´π

dθ

2π
x:es´pℓˆiq:Pθpvi, vjqℓy

`
1

N ´ 1

L
ÿ

j“1

L
ÿ

i“1

1tj‰iu

sj
ÿ

ℓ“1

ˆ

sj
ℓ

˙
ż π

´π

dθ

2π
x:es´pℓˆjq:Qθpvj , viq

ℓy , (3.3.3)

T ex
t psq “

1

N ´ 1

L
ÿ

i,j“1

1ti‰ju

si
ÿ

ℓ“1

sj
ÿ

ℓ1“1

ˆ

si
ℓ

˙ˆ

sj
ℓ1

˙
ż π

´π

dθ

2π
p´1qℓ

1

x:es´pℓˆiq´pℓ1ˆjq:Pθpvi, vjqℓ`ℓ1

y .

(3.3.4)

Note that for any s P Cn we have si ě 1 if i ď Lpsq, and si “ 0 if Lpsq ă i ď n. The names
of these terms stem from the type of partition classifiers that contribute to the linear operator
arising from each term: for the first term, the contribution comes from classifiers where one of the
components has been “broken” into two pieces, for the second term, the contribution comes from
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“fused” components, and for the third term, the contribution comes for classifiers where some
components have “exchanged” particles with each other.

To compute the contributions from each term on the evolution of the cumulants, we recall
the explicit form of Pθ and Qθ given in (2.4.5). For any m P N, we can employ the multinomial
theorem and conclude

Pθpvi, vjqm “

m
ÿ

a,b,c“0

1ta`b`c“mu

m!

a!b!c!
p´1qapsinpθqq2aeai 2

bpcospθqqbpsinpθqqbvbi v
b
jpsinpθqq2cecj .

Therefore,

ż π

´π

dθ

2π
Pθpvi, vjqm “

m
ÿ

k,h“0

1tk`hďm,h evenu

m!

k!h!pm ´ k ´ hq!
p´1qk2he

k` h
2

i e
m´k´ h

2
j Im´ h

2 ,
h
2
,

(3.3.5)

where we have defined

Ia,b :“

ż π

´π

dθ

2π
psinpθq2qapcospθq2qb , a, b P N0 . (3.3.6)

Clearly, 0 ď Ia,b ď 1, and these integrals can also be evaluated explicitly in terms of factorials.
Similar computation for Qθpvj , viq yields

ż π

´π

dθ

2π
Qθpvj , viq

m “

m
ÿ

k,h“0

1tk`hďm,h evenu

m!

k!h!pm ´ k ´ hq!
p´1qk2he

k` h
2

j e
m´k´ h

2
i Im´ h

2 ,
h
2
.

(3.3.7)

Let us then look at the fully non-repeating case which has s “ 1n “ p1, 1, . . . , 1q. In the integral
over the random angle θ, any odd function of θ evaluates to zero. In particular, this is the case
for the trigonometric term 2 cospθq sinpθq, and thus the first term in the sum may be simplified to

1

N ´ 1

N
ÿ

i,j“1

1ti‰ju

n
ÿ

k“1

1tk“iu

ż π

´π

dθ

2π
x:e1n´p1ˆkq:Pθpvi, vjqy

“
1

N ´ 1

n
ÿ

i“1

N
ÿ

j“1

1ti‰ju

ż π

´π

dθ

2π
x:e1n´p1ˆiq:Pθpvi, vjqy

“
1

N ´ 1

n
ÿ

i“1

N
ÿ

j“1

1ti‰ju

ż π

´π

dθ

2π

`

p´ sinpθq2qx:e1n´p1ˆiq:eiy ` sinpθq2x:e1n´p1ˆiq:ejy
˘

. (3.3.8)

In the remaining sum, we distinguish between two different cases. If n ă j ď N , we can use the
symmetry to conclude that x:e1n´p1ˆiq:ejy “ κtre1ns since we can swap the labels for i and j.
Since also x:e1n´p1ˆiq:eiy “ κtre1ns, these values of j will not contribute to the sum.

If 1 ď j ď n, j ‰ i, we will get a cumulant involving a repetition of the index j. We use the
symmetry to reorder the label sequence so that i is moved to the end (position n) and j is moved
to the beginning (position 1). This yields x:e1n´p1ˆiq:ejy “ κtre1, e1n´1

s.

We recall that
şπ

´π
dθ
2π sinpθq2 “ 1

2 which allows to conclude that the right hand side of (3.3.8)
is equal to

´
npn ´ 1q

2pN ´ 1q

`

κtre1ns ´ κtre1, e1n´1
s
˘

. (3.3.9)

Similar evaluation of the remaining terms yields

d

dt
κn,nr
t “ ´

3npn ´ 1q

4pN ´ 1q
κn,nr
t `

npn ´ 1q

4pN ´ 1q
κtre1, e1, e2, . . . , en´1s ` Nănptq. (3.3.10)
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As indicated in the introduction, this evolution equation is linear for the order n cumulants and
has a non-linear source term involving the lower order cumulants. However, we can simplify the
linear part further, by using the conservation law.

Namely, by the permutation symmetry of FN
t , we have

κtrN, e2, . . . , ens “

N
ÿ

i“1

κtrei, e2, . . . , ens

“ pn ´ 1qκtre1, e1, . . . , en´1s ` pN ´ pn ´ 1qqκn,nr
t . (3.3.11)

Any joint cumulant involving a constant random variable and some other random variables van-
ishes. In particular, κtrN, e2, . . . , ens “ 0 above. Therefore, we have the following relationship
between the completely non-repeated energy cumulants and energy cumulants with one repeated
particle label:

κtre1, e1, . . . , en´1s “ ´
N ´ pn ´ 1q

n ´ 1
κn,nr
t . (3.3.12)

Plugging this into (3.3.10), we obtain

d

dt
κn,nr
t “ ´Dn,Nκn,nr

t ` Nănptq, 2 ď n ď N , (3.3.13)

where the dissipation constant is given by

Dn,N “
n

4
`

2n2 ´ n

4pN ´ 1q
, 2 ď n ď N (3.3.14)

To solve the system of equations (3.3.13), we define a family of new dynamic variables by setting

hα
nptq “ hα,N

n ptq :“ p´1qn´1 pN ´ 1qαpn´1q

pn ´ 1q!
κn,nr
t . (3.3.15)

Our goal is to prove (3.1.19) which is equivalent to the statement

|hα
nptq| ď Cn´1pe´ n

4 tNγn ` 1q , (3.3.16)

in the new variables.
Evaluating also the nonlinear terms explicitly shows that

d

dt
hα
nptq “ ´Dn,Nhα

nptq `
n

2pN ´ 1q1´α

n´1
ÿ

m“1

hα
mptqhα

n´mptq. (3.3.17)

This results implies the Duhamel formula

hα
nptq “ e´Dn,N thα

np0q `
n

2pN ´ 1q1´α

n´1
ÿ

m“1

ż t

0

e´Dn,N pt´sqhα
mpsqhα

n´mpsqds .

The final part of the proof consists of using the “goal” (3.3.16) as an induction assumption, then
checking that the constant C can be adjusted so that the assumption propagates.
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