Chapter 1

Introduction

Kinetic theory provides a mesoscopic description of many-particle systems, bridging the gap be-
tween microscopic particle dynamics and macroscopic continuum models. Rather than following
every particle individually, one introduces a distribution function describing the statistical state
of the system in phase space. This framework plays a central role in plasma physics, rarefied
gas dynamics, collective behaviour, and many other applications. Particular emphasis will be
placed on the Vlasov—Poisson and Vlasov—-Maxwell systems, which serve as guiding examples
throughout these notes.

The state of the system is encoded in the distribution function f(t,z,v), where x € R™ is
the position variable, v € R™ is the velocity variable, with n = 1, 2, or 3. More precisely,

f(t,x,v)dxdv = number of particles in the phase-space volume dx dv.
The distribution function satisfies the following transport equation:
hf+Vae-(vf)+Vy - (F(t,z,v) f)=0.
When the force field satisfies V,, - F' = 0 (as is the case for the Lorentz force), this simplifies to
hf+v-Vuf +F(t,x,v) V,f =0.

The principal macroscopic observables are defined as velocity moments of f:

p(t, x) 11}
pulta) | = [ oo | s,
e(t,x A

2

representing the particle density, momentum density, and kinetic energy density, respectively.

1.1 Electrostatic interactions

One of the most important examples of a kinetic model arises when particles interact through
an electric field generated by their own charge distribution. The resulting coupling between
transport and Poisson’s equation leads to the Vlasov—Poisson system, which is a cornerstone of
plasma physics and galactic dynamics.

Consider particles of charge ¢ and mass m. The Coulomb force acting on a particle is

F(t,l’) = qE(t,fL‘) = _qvx¢(tvx)a

where the electrostatic potential ¢ is determined self-consistently by the particle distribution
through Poisson’s equation:

q
—Azp = —py.
€0
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Combining these with the transport equation yields the Viasov-Poisson system:

Of+v-Vof — LV,6-V,f =0,

m

q
€0

where the charge density is
pr(t,x) = A f(t,x,v)dv.
The Vlasov—Poisson system enjoys the following fundamental properties:
e Positivity. If fi* >0, then f(t) > 0 for all ¢ > 0.
e Preservation of LP norms (1 < p < o). Since the phase-space divergence vanishes,
Vi (v, E(t,)) =0,
the flow is incompressible in phase space and therefore

1F@)le = 1f"e,  VE20.

e Conservation of energy. The total energy

) =2 |2 f(t, z,v) dvdx + 60/ V2ot 2)|? da
2 Td x R4 2 Td

is conserved for all ¢ > 0.

e Velocity moments. For p > 1, the p-th order velocity moment is

mp(t) = /Td y [v[P f(t,z,v) dx dv.
X

1.2 Electromagnetic interactions

The electrostatic approximation becomes insufficient when magnetic effects play a significant
role. In that case, particles evolve under the full Lorentz force and the self-consistent fields
satisfy Maxwell’s equations. This leads to the Vlasov—Maxwell system, one of the fundamental
models of collisionless plasma dynamics.

The Lorentz force acting on a particle of charge ¢ and velocity v is

F=q(E+vxDB).
Coupling this with Maxwell’s equations yields the Viasov—Mazwell system:

atf+v-vxf+%(E+uxB)-vvf:u

V-B=0, 0B+VxE=0,
q 1

V'E:fpf, ﬁatE—VXB:—/Lquf,
€0 C

where the charge and current densities are

pf:/ fdv, Jf:/ v fdv.
R”l n
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1.3 The aggregation equation

Transport equations also arise in many contexts outside plasma physics. Aggregation models
describe the collective motion of interacting agents, particles, or organisms. Depending on the
interaction kernel, these models may exhibit clustering, pattern formation, or the emergence of
coherent structures.

The aggregation equation arises in granular media models, swarming models for animal
collective behaviour, equilibrium problems in self-assembly, and mean-field games in socioeco-
nomics, among other applications:

Op+ V- (Klplp) =0,
Klpl(t, z) = . K(z,a') p(t,a') da,

where the kernel K encodes the pairwise interaction law. A common and physically motivated
choice is
K(z,y) = =V, W(z —y),

where W : R” — R is an interaction potential. Here K (z,y) represents the force exerted on a
particle at x by an infinitesimal mass located at y.
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Chapter 2

Transport equations

Transport equations form the mathematical foundation of kinetic theory. Their solutions are
propagated along characteristic curves determined by an underlying velocity field. Understand-
ing these characteristic trajectories provides both an intuitive interpretation of the dynamics
and a powerful analytical tool. In this chapter we introduce the method of characteristics and
derive several fundamental properties that will be repeatedly used later.

2.1 The free transport equation

We begin with the simplest transport model, corresponding to particles moving freely without
external forces. Although elementary, this equation already contains the essential geometric
ideas of transport theory and serves as a useful prototype for more general kinetic equations.
Consider the Cauchy problem
Of+v-Vaf =0,

with initial datum f(0,z,v) = f®(x,v). The characteristic curve of this equation passing
through the point y € R™ at time ¢ = 0 is the straight line v(¢) = y + tv, and the solution is
constant along each characteristic:

A0, 0) =0,

Theorem 2.1.1. For fi* € €1 (R" x R"), the Cauchy problem
Of+v-Vof =0, f(0,2,0) = f"z,v)
has a unique solution f € €1 (R, x R?") given by
f(t,z,v) = f(z — tv, v).
Proof. We first prove uniqueness, and then verify that the formula defines a solution.

Uniqueness. Let f be a € solution and fix y,v € R™. Along the characteristic (t) = y + tv,

%f(t,y—ktv, v)=0f+v-V,f =0.

Hence .
[t y+to,v) = f(0,y,v) = f*(y,v).
Setting x = y + tv gives f(t,z,v) = f®(x — tv,v), which is uniquely determined by f™".

Existence. Define .
f(t,fL',’U) = fm(:l" - t’U,’U).

Clearly f(0,z,v) = f(x,v), and a direct computation gives

Of +v-Vof =—v- (Vaf ™) (@ —tv,0) + v (Vo f") (& —tv,0) =0. O
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2.2 Non-conservative equation

We now consider a more general transport equation in which the transported quantity is not
necessarily conserved along the flow. Such equations naturally appear after changes of variables,
linearization procedures, or when source terms are incorporated into the dynamics.

Setting z = (z,v) € R? and letting V(¢,2) € R? be a time-dependent vector field, we
consider the Cauchy problem

Of+V(t,z)-V.f=0,
£(0,2) = fi(2).
We impose the following assumptions on the velocity field:
(H1) V € €([0,T] x R%RY).
(H2) V.V € €([0,T] x R%; RI*4),
(H3) Linear growth: there exists x > 0 such that

IVt < sL+l2ll),  V(t,2) €0,T) x RY.

Definition 2.2.1 (Characteristic curves). Given (t,z) € [0,T] x R?, the characteristic curve of
the vector field V issued from z at time t is the solution s+ y(s) of

{ Y(s) = V(s,7(s)),
V() = 2.
We denote this solution by Z(s,t,z) := (s).

Theorem 2.2.2 (Cauchy—Lipschitz for characteristics). Under assumptions (H1)—-(H3), for
each (t,z) € [0,T] x RY there exists a unique solution

s Z(s,t,2) € €10, T]; RY).
Moreover, Z € €1([0,T]? x R%RY).

Proof. The velocity field V satisfies assumptions (H1)—(H2), so by the Cauchy—Lipschitz the-
orem there exists a unique maximal ¢! solution defined on some interval I(¢,z) C [0,7]. For
any s € I(t, z), integrating the ODE gives

Z(s,t,2) — » _/ Vi, Z(r.t, 2)) dr,
t
hence s
|Z(s,t,2)| < |z] +/ \V (7, Z(7,t,2))|dr.
t

Applying assumption (H3) yields
S
|Z(s,t,2)| < |z + Ii/ (1+|Z(7,t,2)|) dr.
t

Gronwall’s lemma then gives the global bound

|Z(s,t,2)| < (J2] + £T) e,

which shows that the solution cannot blow up, so I(t, z) = [0,T]. Continuous and differentiable
dependence on the parameters (t, z) follows from another application of the Gronwall inequality
to the variational equation. O
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The flow map satisfies the following additional structural properties.
Theorem 2.2.3. The flow Z(s,t,z) satisfies:
(i) Flow (semigroup) property: Z(ts,to, Z(ta,t1,2)) = Z(ts,t1,2) for all ty,te,t3 € [0,T].

(ii) Diffeomorphism: Z(s,t,-) is a €'-diffeomorphism of RY with inverse Z(s,t,-)™1 =
Z(t,s,").

(iii) Jacobian: the determinant J(s,t,z) = det(D,Z(s,t,z)) satisfies
0sJ = (V- V) (s,Z(s,t,2))J, J(t,t,z)=1,

which integrates to
J(s,t,z) = exp </ (Vy-V)(1,Z(7,t,2)) dT) .
t

Proof. (i). For fixed t1,ts € [0,T] and z € R?, both maps
tg > Z(ts, b2, Z(t2,t1,2)) and 13— Z(t3,11,2)

are integral curves of the vector field V' that pass through Z(ts,t1,2) at time t9, resp. through
z at time t;. Both pass through the same point at t3 = to: indeed Z(to,t1,2) in the first case,
and Z(ta,t1,2) in the second. By uniqueness of the ODE, the two curves coincide.

(it). Setting t3 = t; in (i):

Z(tl, tQ, Z(tg, tl, Z)) = Z(tl, tl, Z) = Zz.
Hence z + Z(tg, 11, 2) is invertible with inverse Z(t1,t2,-), which belongs to €*(R?) by Theo-
rem 2.2.2.

(iii). Define J(s,t,z) = det(D,Z(s,t,z)). Since differentiation and taking the determinant
commute smoothly, we use the identity for the differential of the determinant: for A € GL4(R),

B+ (Ddet A) - B = det(A) tr(A™'B).

Differentiating J with respect to s and using 05(D,Z) = D,(0sZ) = D,(V (s, Z(s,t,z))), we
obtain

0sJ (s,t,2) = J(s,t,2) tr((DZZ)_l(s,t, 2) V.,V (s, Z(s,t,2)) D, Z(s,t, z))
= J(s,t,2) tr(D,V (s, Z(s,t,2)))
=J(s,t,2) (V.- V) (s, Z(s,t,2)),
where we used the cyclic property of the trace. The initial condition J(¢,¢,z) = 1 follows from

D.Z(t,t,z) = I,. 0

Remark 2.2.4. The Jacobian J(s,t,z) = det(D,Z(s,t, z)) measures the local volume distortion
of the flow. When V.-V = 0 we have J = 1: the flow is incompressible and the non-conservative
equation coincides with the conservative form

8tf + Vz : (V(t7 Z) f) = 07
£(0,2) = f™(2),

which implies conservation of total mass:

/Rd f(t)dz = /Rd findz.

When J # 1 the flow is compressible and mass is not preserved.
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We now use the flow to construct the solution of the non-conservative equation.

Theorem 2.2.5. Under assumptions (H1)—(H2), the unique €"* solution of the non-conservative
transport equation s

f(t,z) = f"(Z(0,t,2)),
and satisfies || f(t)|roe = [If™ £
Proof. We follow the same strategy as in the free transport case.

Uniqueness. Let f(t,z) be a €' solution. For any (¢,z) € R x R,

L, 260.2) = (Of +0.2(s.0,2)| _, - V=1) (1, Z(1,0,2))

dt
= Of+V-V.[)(t 2(,0,2) =0,

since f is a solution. Hence f(t,Z(t,0,2)) = f(0,z) = f(z). Setting y = Z(¢,0,2) and
inverting via z = Z(0,t,y) yields

f(ty) = F™(Z(0,t,y)),
which proves uniqueness.

Ezistence. The formula f(t,z) = f(Z(0,t,2)) defines a €' function. We verify that it solves
the PDE by differentiating and using the identity

hZ(s,t,z)+ (V(t,z) - V) Z(s,t,z) = 0.
To establish this identity, we differentiate the flow property provided in Theorem 2.2.3(i), as
Z(ts, ta, Z(ta, t1,2)) = Z(ts, t1, 2)
with respect to to:
(0 + V(te, Z(ta,t1,2)) - V) Z(ts, ta, Z(ta2,t1,2)) = 0.

Setting to = t; =t and t3 = s yields the claimed identity. O

2.3 Conservative equation

Conservative formulations play a central role in applications because they directly express the
conservation of mass or probability. They are particularly well adapted to weak formulations
and numerical discretizations based on conservation principles.

Let V(t,2) € R? be a time-dependent vector field and consider the Cauchy problem

Op+ V- (V(t,z)u) =0,
(0, 2) = p™ ().

When #™ is only a positive Radon measure or an L' (R?) function, we resort to a notion of weak
solution. In the context of kinetic theory, it is natural to work with measure-valued solutions,
since the distribution functions of particle systems are nonnegative by definition.

Definition 2.3.1 (Weak solution). A weak solution of the Cauchy problem for the conservative
transport equation is an element u € ([0, T]; w-M(R?Y)) that satisfies the initial condition
w(0) = ™ and, for every test function p € €L((0,T) x R?),

AT /Rd (atQO * V(t’ Z) ' vz(p) (t7 Z) N(t7 dZ) dt = 0.
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Definition 2.3.2 (Push-forward of measures). Let p be a positive Radon measure on R and
let ® : RY — R be a measurable map. The push-forward of u by ® is the measure Sy defined

by
(®4p)(B) = (@ '(B))

for every Borel set B C R, Equivalently, for any bounded measurable function 1,

/ b(y) (D) (dy) = / $(®(x)) p(de).
R4 Rd

Theorem 2.3.3. Let V =V (t, 2) satisfy (H1)—(H2), and let u™ € M (R?) be a positive Radon
measure on R®. Then the unique weak solution in the sense of Definition 2.3.1 is

w(t) = Z(t,0, )4 1™,

that is, for every test function o € € (R%),

/ o(2) plt, dz) = / o(Z(2,0,)) 1" (dy).
Rd

R4

Proof. Existence. Set u(t) = Z(t,0,)4u™. Since Z(t,0,-) is a measurable map, u(t) € M (R9).

If 4™ has finite total mass, then
[tz = [ o)
Rd Rd

by the definition of push-forward. Now let ¢ € €1((0,T) x RY) and define

I(t) = /Rd o(t, Z(t,0,y)) ™ (dy).

Differentiating under the integral sign (justified by the compact support of ¢):

GO = [ @4V Va0 (. 20.0,0) ()
= [ @t £Vt Vaplt,2) it ),

Since ¢ is compactly supported in time, integrating over [0, 7] gives

T
0=I(T) - 7(0) = /0 /R (Do +V V) (1,2) ut, d2)

so 1 is a weak solution.

Uniqueness. Let p be any weak solution and define

v(t) == Z(0,t, ) ().

Fix ¢ € €}(R?). For any x € €>°(0,T), we compute

_/OTxl(t) < e w(ﬂc)u(t,dx)> dt = _/OT X (1) </Rd »(Z(0,t, y))u(t,dy)) dt.

Using the key identity
(O +V(t,z) - V) ¥(Z(0,t,2)) =0
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obtained from Theorem 2.2.5), and the fact that u is a weak solution, one obtains

A @) vt dz) =0 in D0, T).
dt R4

Hence v(t) = v(0) = p™, which gives u(t) = Z(t,0,-)xpu™.

To justify the differentiation and the integration by parts, we need the support of (¢,y) —
¥(Z(0,t,y)) to be compact. This follows from the linear growth bound (H3): for all s,t € [0, 7]
and y € R?,

Z(s,t,y)| < (lyl + RT) e,

which ensures that the support remains bounded. ]

We finally characterise smooth solutions when the initial datum is a function.

Theorem 2.3.4. Let V satisfy (H1)-(H3) and let f € €'(R?). Then the conservative trans-
port equation

8tf+vz(v(taz)f):07 f‘t:():fin
has a unique €1 solution given by
f(t,z) = f™(Z(0,t,2)) J(0,t, 2),
where J(s,t,z) = det(D,Z(s,t,z)) is the Jacobian of the flow.

Proof. Uniqueness. Let g be a solution with zero initial datum and set u(t) = g(¢, Z(¢,0,y)).
Differentiating and using the transport equation in conservative form gives

u'(t) = —u(t) (div, V)(t, Z(t,0,y)), u(0)=0.

This is a linear ODE with a damping/amplifying coefficient and zero initial datum, so u(t) =0
for all ¢, hence g = 0.

Eristence. Set f(t,z) = f(Z(0,t,2)) J(0,t, z). Differentiating and using the evolution equation
for J from Theorem 2.2.3 (7ii) shows that f satisfies the PDE. O



Chapter 3

From Particle Systems to Mean
Field PDEs

3.1 Introduction and motivation

Many important models in physics and applied mathematics describe the collective behavior
of a large number of interacting particles. When the number of particles N tends to infinity,
it is often fruitful to pass to a mean-field limit, in which the discrete system is approximated
by a continuous evolution governed by a partial differential equation (PDE) for the empirical
density. This passage from a microscopic, finite-dimensional description to a macroscopic,
infinite-dimensional one is both mathematically rich and physically significant: it underlies
kinetic theory, plasma physics, stellar dynamics, and the modeling of collective phenomena
such as flocking or chemotaxis.

The fundamental idea is the following. When N is large and the particles are approximately
“indistinguishable” (in the sense that the initial data is exchangeable, or more precisely chaotic),
each individual particle feels only the average influence of all others. This average, or mean
field, replaces the N-body interaction by a single effective external field, reducing the problem
to a nonlinear PDE in one-particle phase space.

The goal of this chapter is to present a rigorous and general formalism for such limits in the
context of classical mechanics. We focus on systems where the interaction between particles
is given by a kernel K that satisfies Newton’s third law (skew-symmetry). This framework
encompasses important examples such as:

e Point vortex dynamics: in two-dimensional incompressible fluid mechanics, point
vortices interact via the Biot—Savart kernel, and the mean-field limit yields the two-
dimensional Euler equation in vorticity form.

e Vlasov—Poisson system: in plasma physics, charged particles interact via the Coulomb
potential, and the mean-field limit yields the Vlasov—Poisson system. The same model
(with an attractive sign) governs gravitational dynamics in stellar systems.

e Cucker—Smale flocking: models for the collective alignment of self-propelled agents.

We will derive the mean-field PDE, introduce the associated characteristic flow, establish well-
posedness via a Picard iteration argument, prove stability via Dobrushin’s estimates, and finally
justify the convergence of the N-particle system to the mean-field limit.

The chapter is organized as follows. Section 3.2 sets up the general formalism and introduces
the empirical measure. Section 3.3 constructs the mean-field characteristic flow and proves its
well-posedness. Section 3.4 presents Dobrushin’s stability estimate, which is the cornerstone of
the convergence proof.

11
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3.2 A general formalism for mean field limits in classical me-
chanics

3.2.1 The N-particle system

Consider a system of IV particles whose states at time ¢ are described by phase-space coordinates
7:’1(75), - ,ﬁN(t) S Rd.

Here d depends on the model: for point vortices in two dimensions, d = 2 and Z2; is the position
of the i-th vortex; for the Vlasov—Poisson system, d = 6 and %; = (x;,v;) encodes both the
position and the velocity of particle 7. The interaction between particles ¢« and j is encoded in
a kernel K : R? x R — R4,

The N-particle dynamics are governed by the system of ODEs

@(t) _1 iK(g.(t) 2:(t)) i=1,...,N. (3.1)
dt N ]:1 (2 ) ] ) ) )
i

The factor % normalizes the interaction so that the total force on each particle remains of order
O(1) as N — oo; this is sometimes called the mean-field scaling.

3.2.2 Newton’s third law and simplification

A crucial structural assumption is that the interaction respects Newton’s third law:
K(z,2')=-K(¢,2), Vz, 2 € R (3.2)

This is a skew-symmetry condition. Setting z = 2’ in (3.2) immediately gives K(z,2) = 0,
meaning that particles do not exert a force on themselves. Thanks to this vanishing of the
diagonal, the self-interaction term (j = i) contributes nothing, and the system (3.1) simplifies
to

N
() = %ZK(zi(t),zj(t)), i=1,...N. (3.3)
j=1

This simplification is crucial: it allows us to include the j = ¢ term in the sum without changing
the dynamics, which will later make the empirical measure formula cleaner.

3.2.3 The mean-field limit

In the mean-field regime (N — o0), if the particles are distributed according to a probability
measure f(t,dz), the empirical average converges formally to an integral:

N
DRG0 50) = [ Ko ) 0.0
j=1

The heuristic behind this limit is the law of large numbers: when the z; are approximately
independent and identically distributed according to f(¢,dz), the empirical average concentrates
around its expectation.

This leads to the mean-field characteristic equation

Ly = [ KC.2) 1) = Kl 20). (3.4)
R4
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Each particle now moves under the influence of the collective field KC[f] generated by the whole
distribution f. The distribution f in turn evolves by the transport (or continuity) equation

Of+V,- (]C[f] f) =0, (35)

where the nonlinear velocity field is

K[f](t, z) :== » K(z,2') f(t,d2"). (3.6)

Equation (3.5) is nonlinear in f: the velocity field K[f] depends on f itself. This self-consistent
structure is the hallmark of mean-field equations.

The PDE (3.5) is understood in the weak (distributional) sense: a locally finite measure f
is a weak solution if, for every test function ¢ € €} (R%) and a.e. t,

d

o | o) ftde) = | KIfI{t.2) - Vé(2) f(t,d2). (3.7)
Rd R4

This formulation requires only one derivative on ¢, and makes sense even for measure-valued

solutions f, which is important since the empirical measure pz, of the particle system is such
a measure.

3.2.4 Assumptions on the kernel

We now impose precise regularity assumptions on the kernel that will be used throughout:
(HK1) Skew-symmetry: K(z,2') = —K(Z/,z2) for all 2,2 € R%

(HK2) Lipschitz regularity: K € C'(R? x R% R?) with bounded first derivatives, i.e. there
exists a constant L > 0 such that

sup|V.K(z,2)| < L and sup|V. K (z,2)| < L.
2/ z

These conditions have several immediate consequences:

1. From (HK1), K is Lipschitz in each variable uniformly in the other, with Lipschitz constant
L:
|K(z,2') — K(w,2")| < L|z —w|, |K(z,2")— K(z,w')| < L|z — |
2. From (HK1) and K(z, z) = 0, together with (HK2), K grows at most linearly:
K (2,2')] < L(J2] + |2]).

3. Consequently, the associated integral operator K[-] extends naturally to the space of prob-
ability measures with finite first moment

P = {n e PEY)| [ Jluds) <o),

and the resulting velocity field IC[u] grows at most linearly in z for any u € Py (R%).
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3.2.5 The empirical measure

A central object connecting the microscopic and macroscopic descriptions is the empirical mea-
sure.

Definition 3.2.1 (Empirical measure). To an N-tuple Zy = (21,...,2x) € (RDY, one asso-
ctates the empirical measure
N

1
Han = 3 E 0 € P(RY).
=

Intuitively, pz, places a point mass of weight % at each particle’s location. For any contin-
uous function ¢, we have

1 N
o(z )IU’ZN (dz) Z ( Z]
Rd N

which is precisely the empirical average. The key observation, made precise in Theorem 3.2.2
below, is that ji, ;) satisfies the mean-field PDE (3.5) exactly, as a measure-valued solution,
whenever Zy(t) satisfies the ODE system (3.3).

With the assumptions above, one arrives at the following existence and uniqueness result
for the N-body ODE system and its associated empirical measure.

Theorem 3.2.2. Assume (HK1)-(HK2). The Cauchy problem for the N-particle ODE system

N

dl 1

: ZK t), i=1,...,N,
le

zi(0) = zi ,

has a unique global €' solution on R. Moreover, the empirical measure Kzy(t) @8 a weak solution
of the mean-field PDE

Op+ V- (Klp] 1) =0,
pli=o = 1" = g,

in the sense of (3.7).

Proof. The right-hand side of the ODE is a ¢! function of (21, ..., zy). Moreover, assumption
(HK2) gives the linear growth bound

[K (2, 2")] < L(|2] + |2]),

so that the vector field satisfies the hypotheses of the Cauchy—Lipschitz theorem with linear
growth, as developed in Chapter 2. Specifically, the right-hand side satisfies

=l

1 N N 1 N
NZK(Z%ZJ < Z |2i| +[25]) < L ‘ZiH‘NZ’Zj’ )
j=1 j=1 j=1

and one checks that the growth in (z1,...,2y) is indeed at most linear. This implies both local
existence and uniqueness, and global existence (no finite-time blow-up).
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For the second part, let ¢ € €1(R?) be a test function. We compute the time derivative of
fgoduZN(t) directly:

N
i Lo @) = 52 ot
L
= N Z Vip(zi(t)) - Zi(t)
1 1;1 1 N
=% Z V(zi(t)) - N Z K (zi(t), (1))
i=1 Jj=1
= /. Vo(2) - Klpzyw)(2) bzy @ (dz),

where in the last step we recognized the double empirical sum as a double integral against
Hzy () @ Hzy(t), and used the definition (3.6) of K. This is exactly the weak formulation (3.7),
SO iz, (1) 1s @ weak solution of the mean-field PDE.

Alternatively, one observes that 11z, () is the pushforward of 1 zip under the flow map

AR R? — RY,
and the weak solution property follows from the chain of equalities:
[ ey (tds) = [ o), @)
Rd R
which holds since each particle follows the characteristic flow. ]
Remark 3.2.3. Theorem 3.2.2 says that the empirical measure provides an ezact solution of the
mean-field PDE, with no approximation error. The approximation comes later: we compare

Pzy () With a smooth solution f(t) of (3.5) when the initial data fizgip is close to f™ in the
Monge-Kantorovich distance.

3.3 The mean field characteristic flow

The goal of this section is to construct a global solution to the mean-field PDE (3.5) via
the method of characteristics. The idea is to solve the characteristic ODE (3.4) for all initial
conditions simultaneously, yielding a family of trajectories that together encode the full solution.
The main difficulty is the self-referential nature of the problem: the velocity field IC[u(t)] depends
on the solution p(t), which is itself defined as the pushforward of u® by the very flow we are
trying to construct.

We address this by a fixed-point (Picard iteration) argument in a suitable function space,
which is a natural variant of the classical proof of the Cauchy—Lipschitz theorem.

Theorem 3.3.1. Assume (HK1)-(HK2). For each initial position (™ € R? and each initial
measure i’ € P1(RY), there exists a unique €' solution

t Z(t, ¢, i) e RY
of the coupled mean-field characteristic system
0 Z(t, ¢, 1) = Klp@®)(Z(t,¢™, 1™)),
pt) = Z(t, -, u™)up™, (3.8)
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Here Z(t,-, ™) xu™ denotes the pushforward of '™ by the map ¢ — Z(t, ¢, u'™).

Remark 3.3.2. The second equation in (3.8) expresses the self-consistency condition: pu(t) is the
distribution of particles at time ¢, obtained by transporting '™ along the flow Z. This turns
(3.8) into a nonlinear ODE for Z as a function of the initial label .

Proof. Let ¢ € R? and p™ € P1(R?). Denote the first moment of the initial measure by

Cy ::/ 2| ™ (dz) < o0.
R4

The strategy is to rewrite the coupled system (3.8) as a fixed-point equation for the function
¢ — Z(t,(¢) in a suitable Banach space, then apply the Banach fixed-point theorem via a Picard
iteration.

Step 1: Function space. Define the Banach space

X := v e E(R%RY) such that [Jv]|x := sup [v(=) <00 .
z€Rd 1+ |Z|

Elements of X are continuous functions that grow at most linearly. The norm || - || x measures
the linear growth rate. We look for the flow map Z(t,-) € X for each fixed .

Step 2: Lipschitz estimate for the interaction operator. By assumption (HK2) on the
interaction kernel K, for each v, w € X and each z € R%:

K(v(2),v(z) p™(d') = | K(w(z),w(z')) 1" (d2')
R4 Rd

< L/Rd (lo(2) = w(@)| + [v(2") = w(Z)]) u™(d=')

< Lijv = wllx (1 +[2]) + Lllv = wl[x /d(l + 12 )u™(dz')
R

— Lo — wllx(1+ ]z + 1+ )
< Lljo —w|[x(2+ C1)(1 + |2,

where in the third line we used that |v(z) —w(z)| < ||v —w||x(1+]z|) and [(1+ [2/|)ui™(d2") =
1+ C1. Dividing by (1 + |z]), this gives the operator Lipschitz bound

E((),v(z")p™(d) = | K(w(),w(z)u™(dz)
Rd Rd

SLER+G)|v-wlx. (3.9
X

Step 3: Picard iteration. Define a sequence (Z,),>0 of approximate flows by the iteration:

Zunt0) =t [ [ K(Zu(5,0. Zuls ) i) s, 510

ZO(ta C) = C

The zeroth iterate Zy(t,() = ( is constant in time: each particle stays at its initial position.
Fach subsequent iterate Z,, 11 is obtained by integrating in time the interaction force computed
along the previous iterate Z,.

Using (3.9), one checks by induction that for each n € N:

((2+Cy)L|t)"
n!

||Zn+1(t7 ) - Zn(t7 )HX < ||Z1(t7 ) - ZO(tv )”X
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Indeed, for the base case n = 0: the difference Z;(¢,() — Zo(t,{) = Z1(t, () — ¢ satisfies

Z4(t,¢) — /ch J(dC') ds
|t\
// (I¢]+ I¢]) i (dc’) ds
= L(lcl + Ol

L1+ C) (1 + [P,

so that || Z1(t, ) — Zo(t,-)||x < L(1+ Ch)|t|, which is finite. The induction step then follows by
applying (3.9) at each level.

Step 4: Convergence. Summing the geometric-like bound over n:

((2+C)Lit)"

, L(1+ Cy)t]| ePTOVH < o0,
n:

> N Znsalt,) = Zalt,)llx < L(1+ C)lH Z
n=0

n=0

50 (Zn(t,-))n>0 is a Cauchy sequence in X for each fixed t. Moreover, the convergence is uniform
on every bounded time interval [—7,7]. The limit

Z(t,)) = lim Z,(t,-) € X
satisfies the integral equation
t
2060 =C+ [ [ K(2(.0).20.0) (') ds (3.11)

for all t € R and all ¢ € R?, obtained by passing to the limit in (3.10).

Step 5: Uniqueness. If Z and Ze % (R; X) both satisfy the integral equation (3.11), then
their difference satisfies

2.0-2000 = [ [ (K(Z(:.0. 2(5.¢)) = K(Z(5.0).Z(5.C) " (') ds
Applying (3.9):

1Z(t,-) = Z(t,)lx < L2+ C1) /0 1Z(s.) = Z(s,-)llx ds| -

By Gronwall’s inequality, this implies || Z(¢,-)— Z(t,)||x = 0 for all t, hence Z = Z. Uniqueness
is established.

Step 6: %' regularity. Since Z € ¢(R; X) and K € €1(R? x R4, R?) satisfies (HK2), and
p" € Pr(RY), the integrand

S — K(Z(87C)?Z(Svgl)):uin(dcl)

R4

is continuous on R for each ¢. By the fundamental theorem of calculus, differentiating (3.11)
with respect to ¢ shows that ¢ — Z(t, () is of class ! on R and satisfies the ODE

02(t.0) = [ K(Z(.0). 2(.¢) " (dC),
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Step 7: Identification with the mean-field system. Substituting 2’ = Z(¢,{’) in the
integral (i.e., performing the change of variables from the label {’ to the current position 2’):

» K(Z(t,¢), Z(t,¢)) u™(d¢') = y K(Z(t,¢),2") (Z(t,-)gu™)(d2") = Klu()(Z(2,)),

where u(t) = Z(t,)xu™. This confirms that Z solves (3.8). O

Remark 3.3.3. The flow Z(t,(™, ') lives in the single-particle phase space RY, not in the
N-particle phase space (RY)YN. For any solution Zx(t) of the N-particle system one has the
consistency relation

zi(t):Z(t,zf”,uZ%L), i=1,...,N.

This is because the N-particle empirical measure p i serves as a valid initial measure for the
mean-field flow, and each particle simply follows the corresponding characteristic.

3.4 Dobrushin’s stability estimate

We now turn to the key quantitative stability result for the mean-field flow. This estimate,
due to Dobrushin [?], will simultaneously imply well-posedness of the mean-field PDE and
convergence of the particle system.

The right metric on the space of probability measures for this problem is the Monge—
Kantorovich (or Wasserstein-1) distance, which we now define.

3.4.1 The Monge—Kantorovich distance

Given u, v € P1(R?), let TI(u, v) denote the set of transport plans (or couplings) between p and
v: these are Borel probability measures 7 € P(R? x R?) with marginals p and v, i.e.

/ (6() + () 7(da dy) = / o) ulde) + / b(y) v(dy)
RIxR4 R4 Rd

for all bounded continuous ¢, .

Definition 3.4.1. For each i, v € P1(RY), the Monge-Kantorovich distance disty (i, v) between
w and v is defined by

disty(p,v) := inf / |z — y| m(dx dy). (3.12)
FEH(MJ/) R4 xRd

By the Kantorovich—Rubinstein duality theorem (see Villani [?]), this equals

disti(pu,v) =  sup
$<€Lip(R?)
Lip(¢)<1

¢(2) p(dz) = [ ¢(z)v(dz)|.
R4

R4

The intuition behind (3.12) is as follows: a coupling 7 specifies a joint distribution of pairs
(z,y) with z ~ p and y ~ v; the cost [|z — y|dr measures the expected distance between
paired points. The infimum over all couplings finds the most efficient pairing (the optimal
transport plan), and disty (i, ) is the minimal expected distance. The dual formulation gives
a characterization in terms of integration against Lipschitz-1 test functions: two measures are
close in dist; if and only if they give similar values to all 1-Lipschitz observables.
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3.4.2 Dobrushin’s key computation

The mean field characteristic flow contains all the relevant information about both the mean
field PDE and the N-particle ODE system. Dobrushin’s approach is based on proving stability
of the mean field characteristic flow Z(t, ™", u™) jointly in the initial position (** and the initial
distribution ™. The Monge-Kantorovich distance is precisely the right tool to measure this
stability.

Let ¢i", ¢ € RY, and pi", pi* € P1(RY). Let 7™ € T(ui", ui") be any coupling of the two
initial measures. Denote Z;(t, () = Z(t, C,uz-”) for j = 1,2, and p;(t) = Z;(t, -)#,uj.".

Starting from Duhamel’s formula (i.e., the integral formulation (3.11)):

1:= Z(ta Cla :u’in) - Z(t7 <2a MZQn)

t
=0 -G+ /0 < Rd K(Zl(sa Cl)ﬂ Z/),LLl(S, dzl) - K(ZQ(Sa C2)7 Z/)M2<37dzl)> ds.

Rd

The key step is to rewrite both integrals over p;(s) = Z;(s, -)#uz-” as integrals over ,u;-", and
then combine them using the coupling 7"

IT=0C—G (3.13)

+/0 /RW (K(Zl(saﬁ)’zl(svd))—K(ZQ(S,CQ),ZQ(S,CQ)DWin(dgd(é)ds,

This last equality is the key observation in Dobrushin’s argument: by integrating against the
coupling 7" simultaneously, the differences between the two flows appear in a form directly
amenable to the Lipschitz bound (HK2). The coupling 7" allows us to compare trajectories
starting from ¢] under pi" with trajectories starting from ¢} under u%*, for “matched” pairs

(€15 C2)-

We introduce the average distance between the two flows, integrated against the coupling:
DIE)(s) i= [ 1Z3(6:60) = Zals, )l w"(dGiG3),
Rd xRd

Taking absolute values in (3.13) and applying (HK2):

t t .
uhﬂg—@+L[]aw¢n—@@@»w+g4Dhﬂ@m&

Integrating both sides against 7" (d(; d¢z):

t t
DE")t) < DIs"(0) + L | Dir"))ds+ L [ Dlx")(s)ds
= D)) +2L [ Dlr")(s) s

Note that the two L-terms come respectively from the difference in the “base point” (; and
from the difference in the “background measure” ,u?-"; both contribute with the same rate L,
yielding the factor 2L.

By Gronwall’s inequality:

D[x™|(t) < D[x™](0) 2. (3.14)

3.4.3 Dobrushin’s stability theorem

We can now state and prove the main stability result.
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Theorem 3.4.2 (Dobrushin’s estimate). Assume (HK1)-(HK2). Let pi", ui* € P1(R), and
let

pi(t) = Z(t, i pni, G =12

be the corresponding mean-field solutions. Then for all t € R,
disty (101 (t), pa(t)) < €M1 disty (3", "), (3.15)

Proof. We use the coupling approach. For any 7" € II(ui", u%*), consider the pushforward
coupling A
m(t) == Qppm™,  where ©4((1,(2) == (Z1(t, C1), Z2(t, (2))-

Since 7" has marginals ,u;-” and Z;(t, -)#uén = (), it follows that m(t) € II(p1(t), u2(t)).

By definition of dist; and using 7 (¢) as a (not necessarily optimal) coupling:

disty (1 (1), (1)) < / G — Gl 7(8)(dCr dGo)

R4 xR

= [, 12(.6) - 2. 7 (ds ) = DI ()
RIx R4

Taking the infimum over all 7" € II(ui", ui*), we get
distr (u1 (1), p2(t)) < inf  Dr'"(t)
mm el (™)
<einf D[]0
min eI (pi" ug")

= M disty (37, i),

where we used (3.14) in the second inequality, and recognized the last infimum as distq (", ui")
by definition. This concludes the proof. O

Remark 3.4.3. The bound (3.15) has several important consequences:

1. Uniqueness of the mean-field PDE: if pi" = pi, then dist (u1(t), u2(t)) = 0 for all
t, so p1(t) = pa(t). This gives uniqueness of weak measure-valued solutions.

2. Stability: solutions depend continuously (in fact, Lipschitz continuously in time) on the
initial data in the dist; metric.

3. Mean-field limit: applying (3.15) with u{® = '™ (a smooth density) and pi® = fizgin
(the empirical measure of initial particle positions) gives the quantitative convergence
estimate for the mean-field limit.

Using the fact that the empirical measure is an exact measure solution to the mean-field
PDE (Theorem 3.2.2), and combining it with Dobrushin’s estimate (Theorem 3.4.2), one can
now prove the mean-field limit: the empirical measure iz, (1) converges to the solution wu(t) of
the mean-field PDE as N — oo, at a rate controlled by distl(,uZ]i\;L, u'™). This convergence is
the content of the next section.
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