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Recall on transformers
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Example
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The data

Each sentence is mapped to a sequence
d of the order of hundreds
n of the order of the length of a paragraph, a book etc
One can also use it in images
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The Transformer
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Chat GPT2 code

https://github.com/openai/gpt-2/blob/master/src/model.py

[Radford et al. Language Models are Unsupervised Multitask Learners]
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Chat GPT2

Recall that we had (x1, ..., xn) ∈ Rnd .

Attention

Vt
n∑

j=1

e⟨Bt xi ,xj ⟩xj
n∑

k=1
e⟨Bt xi ,xk ⟩

MLP

Wtσ(Utx + bt)

We have a controlled discrete dynamical system
Vt ,Bt ,Wt ,Ut ,bt are parameters to be chosen

y t
i = x t

i + Vt
n∑

j=1

e⟨Bt xi ,xj ⟩xj
n∑

k=1
e⟨Bt xi ,xk ⟩

x t+1
i =

y t
i + Wtσ(Uty t

i + bt)

∥Wtσ(Uty t
i + bt)∥2
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Can we obtain a differential equation?

y t
i = x t

i + Vt
n∑

j=1

e⟨Bt xi ,xj⟩xj
n∑

k=1
e⟨Bt xi ,xk ⟩

x t+1
i =

y t
i + Wtσ(Uty t

i + bt)

∥Wtσ(Uty t
i + bt)∥2

Set Vt = ∆tṼt and Wt = ∆tW̃t + Taylor + ∆t → 0

Lie-Trotter splitting of an ODE!

ẋi(t) = P⊥
xi (t)

V (t)
n∑

j=1

e⟨B(t)xi (t),xj (t)⟩xj(t)
n∑

k=1
e⟨B(t)xi (t),xk (t)⟩

+ W (t)σ
(
U(t)xi(t) + b(t)

)
where

P⊥
x (v) = v − ⟨v , x⟩x

[Lu et al. 2019]
[Geshkovski, Letrouit,Polyanskiy, Rigollet 2023]
[Collective behaviour literature: Carrillo, Ha, Tadmor, Trélat, ...]
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Differential equation

ẋi(t) = P⊥
xi (t)

V (t)
n∑

j=1

e⟨B(t)xi (t),xj (t)⟩xj(t)
n∑

k=1
e⟨B(t)xi (t),xk (t)⟩

+ W (t)σ
(
U(t)xi(t) + b(t)

)
W (t) = 0 Self-attention dynamics

ẋi(t) = P⊥
xi (t)

V (t)
n∑

j=1

e⟨B(t)xi (t),xj (t)⟩xj(t)
n∑

k=1
e⟨B(t)xi (t),xk (t)⟩


V (t) = 0 Neural ODE on the Sphere

ẋi(t) = P⊥
xi (t)

(
W (t)σ

(
U(t)xi(t) + b(t)

))
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Neural ODEs

Residual Neural Networks, for t = 0, ...,T :{
x(t + 1) = x(t) + ∆tW (t)σ(U(t)x(t) + b(t))
x(0) = x0

∆t → 0. Connection via discretizations of the Neural ODE{
ẋ(t) = W (t)σ(U(t)x + b(t))
x(0) = x0

Representation with infinitely many layers
Now the parameters are functions of time
W ,U ∈ L∞((0,T );Rd×d) and b ∈ L∞((0,T );Rd×d)

[Weinan E 2017]
[Chen et al 2018]
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Neural ODEs
Neural ODEs are parameterized flow maps in Rd .{

ẋ(t) = W (t)σ(U(t)x + b(t))
x(0) = x0

The solution map is a (parameterized) function

fθT : Rd → Rd

fθT (x0) = x(T )

Flow maps

Neural ODEs are parameterized flow maps in Rd

[Li, Lin, Shen 2022]
[R-B,Zuazua 2023]
[Cheng, Li, Lin, Shen 2024]

Domènec Ruiz-Balet Block 3 Aug’29 12 / 42



The problem
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The input of the transformer
The size of the sequence

Each input may have a different length
n can be very large, like a paragraph or a book.

Modeling it via measures can be the right setting

(x1, x2, ..., xn) −→
1
n

n∑
j=1

δxj

We could even think that is an AC measure
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The output of the transformer

The output measure has very few atoms

µ1 =
m∑

j=1

αi
jδzj n ≫ m
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Practical objective

Q1: Can we match N inputs to N outputs with a Transformer?

µi
0 =

1
n

n∑
j=1

δx i
j
−→ µi

1 =
m∑

j=1

αi
jδz i

j
i = 1, ...,N
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The transformer for general measures

Since the order does not matter

(x1, x2, ..., xn) −→
1
n

n∑
i=1

δxi

And more generally we can write a parameterized mean-field equation

∂tµ+ div (vθ[µ(t)](x , t)µ) = 0

where

vθ[µ](x , t) = P⊥
x
(
V (t)AB(t)[µ(t)] + W (t)σ

(
U(t)xi(t) + b(t)

))

AB(t)[µ(t)] =
∫

e⟨B(t)x ,y⟩yµ(dy , t)∫
e⟨B(t)x ,z⟩µ(dz, t)
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Flow maps in P(Sd−1)
Since the Cauchy problem{

∂tµ+ div (vθ[µ(t)](x , t)µ) = 0
µ(0) = µ0

is well posed, we have a parameterized flow map in P(Sd−1).
The solution map is a (parameterized) function

Φθ
T : P(Sd−1) → P(Sd−1)

Φθ
T (µ0) = µ(T )

Flow maps

Neural ODEs are parameterized flow maps in Rd

Transformers are parameterized flow maps in P(Sd−1)

[Sander, Albin, Blondel, Peyré 2022]
[Geshkovski, Letrouit,Polyanskiy, Rigollet 2023]
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Matching ensembles of measures
Q1: Can we match N inputs (discrete) to N outputs (discrete) with a Transformer?

This is a question in transport theory

Given initial and target probability measures

{µk
0}k∈[N] ⊂ P(Sd−1) {µk

T}k∈[N] ⊂ P(Sd−1)

Interpolation problem (informal)
Can we find ΦT

θ : P(Sd−1) → P(Sd−1) s.t.ΦT
θ (µ

k
0) ≈ µk

T k = 1, ...,N

By lifting to general measures, we address large n

The map ΦT
θ is the same for all k !

In other words, θ is the same for all k =⇒ Simultaneous/ensemble control

Universal approximation: Furuya-de Hoop-Peyré 2024
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Furuya-de Hoop-Peyré theorem

1. Proof by Stone-Weierstrass
2. No quantification, everything implicit
3. Also results for masked attention models
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Why the non-linearity?
Why not to consider a linear continuity equation{

∂tµ+ div(V (x , t)µ) = 0 (x , t) ∈ Sd−1 × (0,1)
µ(0) = µ0

The solution can be written as

µ(1) = T#µ0

where the map T : Sd−1 → Sd−1 is computed solving the ODE{
ẏ(t ; x) = V (y(t ; x), t) t ∈ (0,1)
y(0; x) = x

and then

T(x) = y(1; x)
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Why the non-linearity?

Assume that

supp(µ1
0) ∩ supp(µ2

0) ̸= ∅ supp(µ1
T ) ∩ supp(µ2

T ) = ∅

Then, the problem is unfeasible, since the transport map would have to
be multivalued in supp(µ1

0) ∩ supp(µ2
0) !

Ensemble matching cannot be done with a linear continuity equation!

BUT TRANSFORMERS ARE NONLINEAR IN µ!!
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Results
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Theorem
Theorem

Suppose d ≥ 3. Assume that
For any 1 ≤ i ≤ N, there exists Ti ∈ L2(Sd−1;Sd−1) such that Ti

#µ
i
0 = µi

1.
Then for any T > 0 and ε > 0, ∃θ piece-wise constant s.t. for any
1 ≤ i ≤ N, the solution µi ∈ C 0([0,T ];P(Sd−1)) satisfies

W2

(
µi(T ), µi

1

)
≤ ε.

On the assumption
The assumption is minimal! We cannot split a Dirac mass in two

µ0 = δx0 , µ1 =
1
2
δx1 +

1
2
δx2

(the vector field of the transformer is Lipschitz)
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A simpler and quantified statement
Theorem
Suppose d ≥ 3 and m ∈ N and consider for every i = 1, ...,N

µi
0 =

1
n

n∑
j=1

δxj (or µi
0 AC) and µi

1 =
1
m

m∑
j=1

δzj

with n ≫ m and n multiple of m. Then for any T > 0 and ε > 0, ∃θ
piece-wise constant s.t. for any 1 ≤ i ≤ N, the solution satisfies

W2

(
µi(T ), µi

1

)
≤ ε.

#disc(θ) = O(mN) (independent of n!)

Estimating the number of parameters is key
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Hints on the proofs
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Technical (removable) assumption
Assume that there exist ω0, ω1 ∈ Sd−1 such that

ω0 /∈
⋃

1≤i≤N

supp(µi
0) and ω1 /∈

⋃
1≤i≤N

supp(µi
1)
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Idea of the proof
Split the time interval in three

[0,T ] =

[
0,

T
3

]
∪
[

T
3
,

2T
3

]
∪
[

2T
3

,T
]

and we seek to build three flow maps

Φt
θ1
,Φt

θ2
,Φt

θ3
: P(Sd−1) → P(Sd−1)

such that
1 Φt

θ1
and Φt

θ3
are such

supp(ΦT
θ1
(µi

0)) ∩ supp(ΦT
θ1
(µj

0)) = ∅

supp(ΦT
θ3
(µi

1)) ∩ supp(ΦT
θ3
(µj

1)) = ∅
(Disentangle supports)

2 Φt
θ2

can approximately match disentangled measures

W2

(
(ΦT

θ2
◦ ΦT

θ1
)(µi

0),Φ
T
θ3
(µi

1)
)
≤ ε

(Matching disentangled measures)
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Idea of the proof
1 Φt

θ1
and Φt

θ3
(Disentangle supports)

2 Φt
θ2

(Matching disentangled measures)
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Idea of the proof
Then the solution at the final state

µ(T )i =
(
(ΦT

θ3
)−1 ◦ ΦT

θ2
◦ ΦT

θ1
)
)
(µi

0)

satisfies that

The Lipschitz vector field, and the continuous time, gives us
automatically that the flow map is invertible.

Lie-Bracket analogy in nonlinear control

Remains to build the maps ΦT
θ1
,ΦT

θ2
,ΦT

θ3

Disentangle supports via Self-Attention dynamics

Matching disentangled measures via Neural ODEs
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Clustering
Clustering
Set W = 0,
If supp(µ0) is contained in Half-sphere.
Then the solution with V = Id (Self-attention) satisfies

lim
t→+∞

W2(µ(t), δz) = 0

for some z ∈ supp(µ0).

[Geshkovski, Letrouit, Polyanskiy, Rigollet 2023]
Domènec Ruiz-Balet Block 3 Aug’29 31 / 42



Disentanglement

Set W = 0
If we had clustering with known limit locations, e.g. V = Id , B = βId

lim
t→+∞

W2(µ
i(t), δzi )

for some z i ̸= z j we would be done. But we don’t in general.
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The average is all you need
Set N = 2. We consider µ1

0, µ
2
0 ∈ P(Q1) and

∂tµ(t) + div(PxV (t)Eµ(t)[x ]µ(t)) = 0

Suppose Eµ1
0
[x ] is not colinear with Eµ2

0
[x ].

Take

V (t) =
d−1∑
j=1

αjα
⊤
j 1[Tj ,Tj+1](t)

with αj ’s being an orthonormal basis of

(spanEµ1
0
[z])⊤

Then, there is some j for which〈
Eµ1

0
[z], αj

〉
= 0,

〈
Eµ2

0
[z], αj

〉
̸= 0
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The average is all you need

Then compute

d
dt

⟨Eµi (t)[z], αj⟩ = ⟨Eµi (t)[z], αj⟩
(

1 −
∫
⟨y , αj⟩2µi(t , dy)

)

1 ⟨Eµi (t)[z], αj⟩ does not change sign
2 ⟨Eµi (t)[z], αj⟩ = 0 for i = 1 and for µ = δ±αj

Therefore for any x(t) ∈ supp(µi(t)) we have that

d
dt

⟨x(t), αj⟩ =
〈
αj ,Eµ(t)[x ]

〉 (
1 − ⟨αj , x(t)⟩2

)

1 µ1(t) = µ1
0 for all t ≥ 0

2 µ2
0 moves to ±αj (αj /∈ Q1)
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Matching disentangled measures

The key ingredients are
Quantize the target (disentangled) measure (if needed).
Cluster the input measure in m atoms
Interpolation (simultaneous control) of M = mN to M = mN points
in Sd−1.

Clustering
Clustering will allow to reduce the problem to an interpolation problem
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Estimates

The strategy gives a straightforward way to estimate the number of
discontinuities

#DiscTotal = #DiscSep. +#DiscClus. +#DiscInterp.

Which, in the worst case scenario gives
1 #DiscSep. = O(N)

2 #DiscClus. = O(Nm), m number of atoms of the target
3 #DiscIntrp. = O(Nm)

Remark
If the input measures are discrete, with n >> 1 atoms, or n multiple of
m, the estimates are independent of n!
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Backpropagation / Adjoint
method
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Training: Backpropagation/Adjoint method

Assume that we have a differential equation

x(t)′ = f (x(t), θ(t))
x(0) = x0

and we want to minimize

min J(u) = minΦ(x(1)) +
ε

2

∫
θ(t)2
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Differentation

Differentiate the equation in the direction δθ

ẋ ′(t) = ∂x f (x(t), θ(t))ẋ(t) + ∂θf (x(t), θ(t))δθ (1)

Now let us differentiate the functional J

DJ(θ)[δθ] =
∫ 1

0
⟨θ, δθ⟩dt +∇xΦ(x(1))ẋ(1) (2)

Introduce the adjoint equation (magic at first)

− p′(t) = ∂x f (x(t), θ(t))p(t)
p(t) = ∇xΦ(x(1))
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Manipulations

DJ(θ)[δθ] =
∫ 1

0
⟨θ, δθ⟩dt +∇xΦ(x(1))ẋ(1)

Plug the adjoint

DJ(θ)[δθ] =
∫ 1

0
⟨θ, δθ⟩dt + p(x(1))ẋ(1)

Then

DJ(u)[δθ] =
∫ 1

0
⟨θ, δθ⟩dt +

∫ 1

0
(p(x(t))ẋ(t))′ dt + p(x(0))ẋ(0)︸ ︷︷ ︸

=0
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More manipulations

Then plugging the expressions we obtain

DJ(θ)[δθ] =
∫ 1

0
⟨θ, δu⟩dt +

∫ 1

0
(p′(x(t))ẋ(t) + p(t)ẋ ′(t))dt

Hence

DJ(θ)[δθ] =
∫ 1

0
⟨θ + ∂θf (x(t), θ(t)), δθ⟩dt

Therefore we can see that the gradient is equal to

∇J(θ) = θ + ∂θf (x , θ)p (3)
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Gradient descent

Set a learning rate ε
Solve

d
dt

xk (t) = f (xk (t), θk (t))

xk (0) = x0

and

− d
dt

pk (t) = ∂x f (xk (t), θk (t))p(t)

pk (1) = ∇xΦ(xk (1))

Update θ

θk+1 = θk − ε
(
θk + ∂θf (x , θk )pk

)
(4)
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Matching disentangled measures

On the propagation of the assumption

Lemma
If

For any 1 ≤ i ≤ N, there exists T̃i ∈ L2(Sd−1;Sd−1) such that
T̃i
#µ

i
0 = µi

1.

Then

For any 1 ≤ i ≤ N, there exists T ∈ L2(Sd−1; Sd−1) (common for all i !)
such that T#Φ

T
θ1
(µi

0) = ΦT
θ3
(µi

1).
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Inequality linking with Universal approximation

Lemma

Suppose µ ∈ P(Sd−1) and T1,T2 : Sd−1 → Sd−1 measurable, with T1

bijective. Then

W2

(
T1
#µ,T

2
#µ

)
≲

∥∥∥T1 − T2
∥∥∥

L2(µ)
.

Universal approximation
So, if we are able to approximate the common transport map T (in
L2(µ)) with the flow of a Neural ODE (for instance) we are done!

Remark
When µ is AC, and T1 and T2 are the OTM between µ and ν1, and µ and ν2,
The upper bound is know as the linearized optimal transport distance

[Delalande, Merigot, 2023]
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Universal approximation

Lemma

Let ε > 0 and µ ∈ P(Sd−1). For every T ∈ L2(Sd−1; Sd−1) there exist a
diffeomorphism Tε : Sd−1 → Sd−1 induced by the solution map of the
Transformer (Neural ODE part), namely,

Φt
θε(µ) = (Tε)#µ

for some piecewise constant parameters θε, such that

∥T − Tε∥L2(µ) ≤ ε.

Domènec Ruiz-Balet Block 3 Aug’29 3 / 10



Universal approximation

The universal approximation will be based on
Approximate first T by a piece-wise constant map Ψε

∥T −Ψε∥L2(µ) ≤
ε

2

Now we approximate Ψε

The key ingredients are
Clustering
Interpolation (simultaneous control) of M to M points in Sd−1.

Clustering
Clustering will allow to reduce the problem to an interpolation problem
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Clustering
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Clustering
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Lemma

Consider two open balls B0,B1 ⊂ Sd−1 s.t. B0 ∩ B1 ̸= ∅. For any
ε > 0 and T > 0, there exist W ,V ∈ Md×d(R) and b ∈ Rd s.t. for any
µ0 ∈ P(Sd−1), the solution µ ∈ C 0([0,T ];P(Sd−1)) satisfies

µ(T ,B0 ∩ B1) ≥ (1 − ε)µ0(B0).

Moreover µ(T ) = ΦT
#µ0 for a diffeomorphism Φt : Sd−1 → Sd−1 which

satisfies (Φt)|Bc
0
≡ Id for t ≥ 0.

ẋ(t) = P⊥
x(t)Wσ(Ux(t) + b)

Ux + b is a hyperplane cutting the sphere
W allows to choose a direction ω

Thanks to the projection to the sphere, there is clustering to ω for
the "activated" points.
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Clustering
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Interpolation
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Interpolation

Λ = (Ψ1)
−1 ◦Ψ2 ◦Ψ1

satisfies
Λ(xM

0 ) = yM Λ(x i
0) = x i

0

Domènec Ruiz-Balet Block 3 Aug’29 10 / 10


	Recall on transformers
	The problem
	Results
	Hints on the proofs
	Backpropagation / Adjoint method
	Appendix

