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Model

Problem
We consider the following nonparametric autoregressive model

Vi = S(X)Vk-1+ 8k, 1<k<n,
where S(-) € L,|a, b] is unknown function, the design points

X, =a-+ kbia
n
Yo is a constant and the noise (&), are i.i.d. unobservable random
variables with E¢; = 0 and IEéf = 1. We denote by p the distribution of
Gy

Goal : Estimate the autoregressive function S at any point.
Assumption : S belongs to the stability set

Ou={ScC'lat] | ISln<1-c and S| <L}
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Model
Previous works about autoregressive models

@ [Borisov, V.Z. et Konev, V.V. (1977)] : parametric model, sequential
estimation.

@ [Belitser (2000)] : nonparametric model, recursive estimator, Lipschitzian
class, quadratic risk.

@ [Moulines et al. (2005)] : nonparametric heteroscedastic model,
recursive estimator, convergence rate for the minimax risk and Hélderian
class.

@ [Arkoun (2011)] : nonparametric model, sequential estimator, optimal
convergence rate for the minimax risk in the adaptive case and
Hoélderian class.

@ [Arkoun and Pergamenchtchikov (2016)] :
non adaptive case — robust efficiency;
adaptive case — optimal rate of convergence.

2
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Model

Risks

To measure the performance of an estimator §,, of the drift S, we use
@ the quadratic risk defined as

- e b
Ry(Sn S) = Bl S, — SI2. [IS|2 = / S?(x)dx

where and E, s is the expectation with respect to the distribution
law IP,, s of the process (¥ );<x<n given the coefficient S;
@ the robust risk defined as

R*(S, S) = supR,(S,S),
peP

where P is a family of distributions;
@ and then the minimax risk defined as

inf sup R*(S,, S)
Sp Sewk

where WX is some Sobolev ball. N2
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Plan

e Sequential pointwise estimation
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Sequential pointwise estimation

Kernel estimators

For the pointwise estimation, i.e. for the estimation of the S(z) at some
fixed point a < z < b usually one uses the least quares estimator :

Q(Y) Yi—1 Y

Q(Uj) }/12_1
j=1
and
X; — Z
J
up = "

Here Q is the kernel function 1;_4 1), with the bandwidth / > 0 which

0.
goestozeroas n — o
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Sequential version

Key idea [Borisov, V.Z. et Konev, V.V. (1977)]

Replace the random denominator by some non random threshold
H > 0 through the truncated sequential estimator

QY ¥j_1

r-!(n)
N
I

.M"‘ !‘Mw‘

Q(Uj) y/2_1
1

J

where

k
t=inflk>1:) Qy)y2, >H}An.
j=

N
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Sequential version
On the set T = {7t < n} we can obtain the following decomposition

8:(2) = 8(2) + By(2) + 11u(2),

where the approximative term

-
2
N
=

~.
Il
R

By(z) = = Aj(z) = S(x;) — S(z)
Z% Qy) ¥,
=
and T
Z Q(Uj) Yj-16;
nu(z) == |
.Z Q(Uj) }’12_1
J=1 NE.
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Correction version

Similarly to [Arkoun (2011)] on the set T = {t < n} we correct the
sequential procedure by introducing some special coefficient for the
last term, i.e.

i U) Y1 ¥+ Ve QUy) Yeq Ve
§T<Z): = H )

where the corrected coefficient ¥ €]0, 1] is chosen as
Z °  +xQu) y2  =H.

N
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Correction version

The decomposition for the correction sequential procedure

~

5:(2) = 5(2) + By(2) +11(2),

where the approximative term

T—1
Aj(Z)Q(Uj) }’]2_1 + ﬁAj(z)Q(UT) y$_1
By(z) = =
H
and T
ZQ }’/1514'\[}’1 107
Tn(z) == o
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Plan

e Regression model
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Regression model

A new grid on |a, b]

Similarly to [Arkoun and Pergamenchtchikov (2016)], in order to
estimate in the quadratic metric, we use the following partition
(Z))1<)<q defined as

z,—a+(lj(b—a)
where d = d, =2 [\/n/2] +1.

For each point z, we construct an estimator of S(z,) using the
truncated sequential kernel estimator defined above :

7,1
Y Q) Yy v+ VG Qur) Vo1 Ve,
~ j=1

ST/(Z/) =

H

where 7, = 7(H,) and H, > 0 is the threshold depending on z,. o
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. Fegesinmodel
Choice of the threshold

3 steps :
@ We can show that : 7, ~ (1 — S?(z))) H,.
@ Separate the sample in two parts and use an auxiliary estimator
S, of S(z)).

@ Project §l/ onto] —1+¢1—¢[:S

!

Koy —1

=1l
&

Sequential estimation procedure :

b—a
2d

(§T(H,)(z/)' ), with  h =

v
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- ekl
Transition to the regression model

d
Setting T = ({7, < ky,} and
I=1
Y, = ST,(ZI)]ll"'
we obtain the following regression model on the set I :

Y, =S(z) + ¢
where
01 =By (2) +14(2) =B +1.

N
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Asymptotic properties

Proposition
Forany v >0
lim n'~7 sup sup E,s max Bl2 =0.
n—oo peP SO, T 1<I<n
Proposition
Forany b >0
lim nPsup sup P,s () =0.
n—roo PEP S€O, |

N
_ Nonparametric Autoregression Valenciennes, June 23-24, 2025 17/37



Plan

° Model selection
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Model selection

We use the model selection procedure proposed by

[Galtchouk and Pergamenchtchikov (2011)] for heteroscedastic
regression.

Let (¢;)1<j<q be an orthonormal family with respect to the empirical
inner product, i.e.

Q

(@ ¢

¢i(2))9;(2) = 1y -

For example, we can take the trigonometric basis of L,[a, b]. For this
basis we obtain

E i a¢i(2) and ej,d:(s,qv)d

2
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Model selection procedure

To estimate the function S we have to estimate the Fourier coefficients
(0;9)1<j<q-

Ga=(Y.0)) Y=V V)
We obtain immediately the following regression scheme

- - ~ ~ b—a _
g =0 g+ Cig. Where Gig= (0, ¢j)g=Bjq+

, g lid
with

~ b a ~ b—
By = Z B ¢j(z) and 7;4= 277/4’/ z)).

Note that by the Bounyakovskii-Cauchy-Schwarz inequality we obtain that

1Bjgl < [1Bllgll¢;lla=11Bla-

)
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Model selection procedure

We estimate the function S on the sieve by the weighted least squares
estimator

d o~
Si(z) = Y ANba(z)1r, 1<1<d,

where the weight vector A = (A(1), ..., A(d))’ belongs to some finite
set A C [0,1]¢.

Wesetforanya<t<b

=

Si(t) =Y. Si(z)1 {7 (<t<z} -

—
Il

1

v it
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Model selection procedure

In order to obtain a good estimator, we have to write a rule to choose a
specific weight vector A € A.

We define the empirical squared risk as
d = 2
Errg(A) = mHSA - Sl

We can rewrite this risk as

d d d
Erg(A) = Y. A2()02, —2 ) A()8q6,0 + ) 674
j=1 j=1 J=1

N
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Model selection procedure

Since the coefficient ¢, , is unknown, we need to replace the term
67jyd 0; 4 by one of its estimators which we choose as

- b—a b—a d 1
Note that
o2 <(b—a maxl::(f — 0
jd — 1<I<d HI n—co

N
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Cost function
Finally, we define the cost function of the form

ZAQ )6 —2 ZA 0.0 + 0Pg(A),
where the penalty term is defined as

4 d
2y 22(j)?
j=1

Pa(2) =

Minimizing the cost function

A = argmin Jy(A),
AEA

yields the model selection procedure
S, =S;. RE.
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Q Oracle inequalities
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Oracle inequalities

Theorem (A., B., Pergamenchtchikov (2019))
For any function S, foranyn> 3,pe P and0 < <1/12

1+45 | U,(S
B, ol8, ~ I3 < 1520 min B, 518, - 815+ v 22
. - Un(S)
where v = #A and U, (S) is such that for any v > 0, lim T 0
n—oo
Theorem (A., B., Pergamenchtchikov (2019))
For any function S € ®, ;, anyn> 3 and0 <46 <1/12
A . a U,(S)
* < * n
R*(S,.S) < (1+ G(5))/r\nE|R R*(S,,S)+ v i

where lim G(6) = 0 and U,,(S) is such that for any v > 0, lim n(S) =0.
5—0 n—oo N7 3
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© FEfficiency
@ |Lower bound

@ Upper bound
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Minimax framework

For S belonging to some space W, we consider the minimax risk :

inf sup v(S) R*(Sn, S)
Sp Sew

Goal 1 : Find the convergence rate ¢, and a constant ¢ > 0 s..

liminf @ninf sup v(S) R*(S,,S) > c.
n—oo Sp SeWw

Goal 2 : Find an asymptotically efficient estimator Ssit.

lim sup ¢ sup 1(S) R*(S,8) < c.

n—co Sew

N
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The Sobolev ball

We consider the Sobolev ball
k .
W= W, = {3 €0 | Y ISV < r} '
j=0

which can be represented as

W, {S€®€L|2a92§r}

where
& (2
- ZH‘P/ ”2'
i=0
and

b
0,=(S.¢;) = /a S(x) ¢;(x)dx ox
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Lower bound
We set the normalizing coefficient

W(S) = 1.(8) Y, where 1,(8)= [ (1-8%w)) au

Theorem (A., B., Pergamenchtchikov (2024))

The robust minimax risk normalized by the coefficient is bounded from
below as

lim inf 2K/ Gk inf sup v(S) R*(S,,S) > ¢,
n—co Sn SeW,, '

where ket { k(b—a) 2k/(2k+1)
cer = ((2k+1)N)"! +>( ) .

(k+1)

s
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Efficiency Upper bound

Specification of weights

To obtain the efficiency property we take the weights proposed in
[Pinsker (1980)]. For some fixed k* > 1 and ¢ > 0 we defined the
following set

A:{‘l_,,,k*}x{r1,...,l’m},

where r; = ie and m = [¢2]. For a couple « = (¢, r;) € A, we introduce
the weight sequence

Ay = (Ae(D)1<j<a
with the elements

Mali) = Vajagy + (1= G/00)") Vg gjeay

Now we define the set A as

A={A,,aecA}.
M2
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Optimal weights

In this case v = card(A) = k*m, i.e. v is the function of n such that

lim %:O forany v >0.

n—oo N

Theorem
For any function S € ©.;, n> 3 and0 < <1/12

R*(S,.9) < (1+ G((S))}rpei/rl R*(S,,S) + v ré(nS) ,

where G(6) — 0 as & — 0 and the term U,(S) is such that

U,(S)
Y

lim sup

=0 forany v>0.

s
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Choice of 4

We choose now in the model selection procedure the parameter 6 = J,,
as a slowly decreasing function of n, i.e.

lim 6, =0 and lim n"6, =+oco forany ¢ >0.
n—oo n—oo

For example, 6, = (12 + In(n))~".

For any k > 1 the oracle inequality implies

nzs R*(S,,8) < (1+0(1)) nzkir min R*(S,,S)+ o(1).
S

v
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Upper bound

Theorem (A., B., Pergamenchtchikov (2024))

The model selection procedure estimator §* constructed with the
previous choices of § and A satisfies

lim sup n?%/ k1) sup 1(8) R*(S,, S) < Ci r-
n—oo SeW,, '

o

Finally, §* is an asympiotically efficient estimator of the autoregressive
function S':

@ for the robust integral quadratic risk,
@ and over the Sobolev ball W, ..

N
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N e =
Perspectives

Consider the p-order autoregressive model for p > 1,
Yie=S1(X Vi1 T So(Xi ) Vot + Sp(X ) Vk—p TGk k=1,....n

where x, = £, S:[0,1] — RP and & is the noise.

@ Pointwise estimation, absolute error, Hoderian classes
@ Adaptive case

@ Quadratic risk, Sobolev classes

Thank you for your attention !

v
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