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Model

Problem
We consider the following nonparametric autoregressive model

yk = S(xk )yk−1 + ξk , 1 ≤ k ≤ n ,

where S(·) ∈ L2[a,b] is unknown function, the design points

xk = a + k
b − a

n
,

y0 is a constant and the noise (ξk )k≥1 are i.i.d. unobservable random
variables with Eξ1 = 0 and Eξ2

1 = 1. We denote by p the distribution of
ξ1.

Goal : Estimate the autoregressive function S at any point.
Assumption : S belongs to the stability set

Θϵ,L =
{

S ∈ C1[a,b] | ∥S∥∞ ≤ 1 − ϵ and ∥Ṡ∥∞ ≤ L
}
.
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Model

Previous works about autoregressive models

[Borisov, V.Z. et Konev, V.V. (1977)] : parametric model, sequential
estimation.

[Belitser (2000)] : nonparametric model, recursive estimator, Lipschitzian
class, quadratic risk.

[Moulines et al. (2005)] : nonparametric heteroscedastic model,
recursive estimator, convergence rate for the minimax risk and Hölderian
class.

[Arkoun (2011)] : nonparametric model, sequential estimator, optimal
convergence rate for the minimax risk in the adaptive case and
Hölderian class.

[Arkoun and Pergamenchtchikov (2016)] :
non adaptive case → robust efficiency ;
adaptive case → optimal rate of convergence.

O. Arkoun & J.-Y. Brua Nonparametric Autoregression Valenciennes, June 23-24, 2025 5 / 37



Model

Risks
To measure the performance of an estimator Ŝn of the drift S, we use

the quadratic risk defined as

Rp(Ŝn,S) = Ep,S∥Ŝn − S∥2 , ∥S∥2 =
∫ b

a
S2(x)dx ,

where and Ep,S is the expectation with respect to the distribution
law Pp,S of the process (yk )1≤k≤n given the coefficient S ;
the robust risk defined as

R∗(Ŝn,S) = sup
p∈P

Rp(Ŝn,S) ,

where P is a family of distributions ;
and then the minimax risk defined as

inf
Ŝn

sup
S∈W k

r

R∗(Ŝn,S)

where W k
r is some Sobolev ball.
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Sequential pointwise estimation

Kernel estimators
For the pointwise estimation, i.e. for the estimation of the S(z) at some
fixed point a < z < b usually one uses the least quares estimator :

Ŝn(z) =

n

∑
j=1

Q(uj) yj−1 yj

n

∑
j=1

Q(uj) y2
j−1

and

uj =
xj − z

h
.

Here Q is the kernel function 1[−1,1], with the bandwidth h > 0 which
goes to zero as n → ∞.
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Sequential pointwise estimation

Sequential version

Key idea [Borisov, V.Z. et Konev, V.V. (1977)]

Replace the random denominator by some non random threshold
H > 0 through the truncated sequential estimator

Ŝτ(z) =

τ

∑
j=1

Q(uj) yj−1 yj

τ

∑
j=1

Q(uj) y2
j−1

,

where

τ = inf{k ≥ 1 :
k

∑
j=1

Q(uj) y2
j−1 ≥ H} ∧ n .
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Sequential pointwise estimation

Sequential version
On the set Γ = {τ < n} we can obtain the following decomposition

Ŝτ(z) = S(z) + BH(z) + ηH(z) ,

where the approximative term

BH(z) =

τ

∑
j=1

∆j(z) y2
j−1

τ

∑
j=1

Q(uj) y2
j−1

, ∆j(z) = S(xj)− S(z) ,

and

ηH(z) =

τ

∑
j=1

Q(uj) yj−1ξj

τ

∑
j=1

Q(uj) y2
j−1

.
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Sequential pointwise estimation

Correction version

Similarly to [Arkoun (2011)] on the set Γ = {τ < n} we correct the
sequential procedure by introducing some special coefficient for the
last term, i.e.

Ŝτ(z) =

τ−1

∑
j=1

Q(uj) yj−1 yj +
√

κ Q(uτ) yτ−1 yτ

H
,

where the corrected coefficient κ ∈]0,1] is chosen as

τ−1

∑
j=1

Q(uj) y2
j−1 + κ Q(uτ) y2

τ−1 = H .
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Sequential pointwise estimation

Correction version

The decomposition for the correction sequential procedure

Ŝτ(z) = S(z) + BH(z) + ηH(z) ,

where the approximative term

BH(z) =

τ−1

∑
j=1

∆j(z)Q(uj) y2
j−1 +

√
κ ∆j(z)Q(uτ) y2

τ−1

H
and

ηH(z) =

τ

∑
j=1

Q(uj) yj−1ξj +
√

κyτ−1ξτ

H
.
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Regression model

A new grid on [a,b]
Similarly to [Arkoun and Pergamenchtchikov (2016)], in order to
estimate in the quadratic metric, we use the following partition
(zl)1≤l≤d defined as

zl = a +
l
d
(b − a)

where d = dn = 2
[√

n/2
]
+ 1.

For each point zl we construct an estimator of S(zl) using the
truncated sequential kernel estimator defined above :

Ŝτl
(zl) =

τl−1

∑
j=1

Q(uj) yj−1 yj +
√

κl Q(uτl
) yτl−1 yτl

Hl
,

where τl = τ(Hl) and Hl > 0 is the threshold depending on zl .
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Regression model

Choice of the threshold

3 steps :
We can show that : τl ≈ (1 − S2(zl))Hl .
Separate the sample in two parts and use an auxiliary estimator
Ŝιl

of S(zl).

Project Ŝιl
onto ]− 1 + ε;1 − ε[ : S̃ιl

Hl =
k2,l − ιl

1 − S̃2
ιl

.

Sequential estimation procedure :

(Ŝτ(Hl )
(zl) , τl) ,with h =

b − a
2d

.
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Regression model

Transition to the regression model

Setting Γ =
d⋂

l=1

{τl < k2,l} and

Yl = Ŝτl
(zl)1Γ,

we obtain the following regression model on the set Γ :

Yl = S(zl) + ζl

where

ζl = BHl
(zl) + ηHl

(zl) := Bl + ηl .
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Regression model

Asymptotic properties

Proposition

For any γ > 0

lim
n→∞

n1−γ sup
p∈P

sup
S∈Θϵ,L

Ep,S max
1≤l≤n

B2
l = 0 .

Proposition

For any b > 0
lim

n→∞
nb sup

p∈P
sup

S∈Θϵ,L

Pp,S (Γc) = 0 .
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Model selection

We use the model selection procedure proposed by
[Galtchouk and Pergamenchtchikov (2011)] for heteroscedastic
regression.
Let (ϕj)1≤j≤d be an orthonormal family with respect to the empirical
inner product, i.e.

(ϕi , ϕj)d =
b − a

d

d

∑
l=1

ϕi(zl)ϕj(zl) = 1{i=j} .

For example, we can take the trigonometric basis of L2[a,b]. For this
basis we obtain

S(zl) =
d

∑
j=1

θj,d ϕj(zl) and θj,d =
(

S, ϕj

)
d
.
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Model selection

Model selection procedure
To estimate the function S we have to estimate the Fourier coefficients
(θj,d )1≤j≤d .

θ̂j,d =
(

Y , ϕj

)
d
, Y = (Y1, . . . ,Yd )

′ .

We obtain immediately the following regression scheme

θ̂j,d = θj,d + ζ̃j,d , where ζ̃j,d = (ζ , ϕj )d = B̃j,d +

√
b − a

d
η̃j,d

with

B̃j,d =
b − a

d

d

∑
l=1

Bl ϕj (zl ) and η̃j,d =

√
b − a

d

d

∑
l=1

ηl ϕj (zl ) .

Note that by the Bounyakovskii-Cauchy-Schwarz inequality we obtain that

|B̃j,d | ≤ ∥B∥d ∥ϕj∥d = ∥B∥d .
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Model selection

Model selection procedure

We estimate the function S on the sieve by the weighted least squares
estimator

Ŝλ(zl) =
d

∑
j=1

λ(j) θ̂j,d ϕj(zl) 1Γ , 1 ≤ l ≤ d ,

where the weight vector λ = (λ(1), . . . ,λ(d))′ belongs to some finite
set Λ ⊂ [0,1]d .

We set for any a ≤ t ≤ b

Ŝλ(t) =
d

∑
l=1

Ŝλ(zl)1{zl−1<t≤zl}
.
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Model selection

Model selection procedure

In order to obtain a good estimator, we have to write a rule to choose a
specific weight vector λ ∈ Λ.

We define the empirical squared risk as

Errd (λ) =
d

b − a
∥Ŝλ − S∥2

d .

We can rewrite this risk as

Errd (λ) =
d

∑
j=1

λ2(j)θ̂2
j,d − 2

d

∑
j=1

λ(j)θ̂j,d θj,d +
d

∑
j=1

θ2
j,d .
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Model selection

Model selection procedure

Since the coefficient θj,d is unknown, we need to replace the term
θ̂j,d θj,d by one of its estimators which we choose as

θ̃j,d = θ̂2
j,d − b − a

d
σ2

j,d with σ2
j,d =

b − a
d

d

∑
l=1

1
Hl

ϕ2
j (zl) .

Note that

σ2
j,d ≤ (b − a) max

1≤l≤d

1
Hl

:= σ∗ −−−→n→∞
0 .
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Model selection

Cost function
Finally, we define the cost function of the form

Jd (λ) =
d

∑
j=1

λ2(j)θ̂2
j,d − 2

d

∑
j=1

λ(j) θ̃j,d + δPd (λ) ,

where the penalty term is defined as

Pd (λ) =
b − a

d

d

∑
j=1

λ2(j)σ2
j,d .

Minimizing the cost function

λ̂ = argmin
λ∈Λ

Jd (λ) ,

yields the model selection procedure

Ŝ∗ = Ŝλ̂ .
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Oracle inequalities

Oracle inequalities
Theorem (A., B., Pergamenchtchikov (2019))
For any function S, for any n ≥ 3, p ∈ P and 0 < δ ≤ 1/12

Ep,S∥Ŝ∗ − S∥2
d ≤ 1 + 4δ

1 − 6δ
min
λ∈Λ

Ep,S∥Ŝλ − S∥2
d + ν

Un(S)

δn
,

where ν = #Λ and Un(S) is such that for any γ > 0, lim
n→∞

Un(S)

nγ
= 0 .

Theorem (A., B., Pergamenchtchikov (2019))
For any function S ∈ Θϵ,L, any n ≥ 3 and 0 < δ ≤ 1/12

R∗(Ŝ∗,S) ≤ (1 + G(δ))min
λ∈Λ

R∗(Ŝλ,S) + ν
Ũn(S)

δn
,

where lim
δ→0

G(δ) = 0 and Ũn(S) is such that for any γ > 0, lim
n→∞

Ũn(S)

nγ
= 0 .
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Efficiency Lower bound

Minimax framework

For S belonging to some space W , we consider the minimax risk :

inf
S̃n

sup
S∈W

ν(S) R∗(S̃n,S)

Goal 1 : Find the convergence rate φn and a constant c > 0 s.t.

lim inf
n→∞

φn inf
S̃n

sup
S∈W

ν(S) R∗(S̃n,S) ≥ c.

Goal 2 : Find an asymptotically efficient estimator Ŝ s.t.

lim sup
n→∞

φn sup
S∈W

ν(S) R∗(Ŝ,S) ≤ c.
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Efficiency Lower bound

The Sobolev ball
We consider the Sobolev ball

W = Wk ,r =

{
S ∈ Θϵ,L |

k

∑
j=0

∥S(j)∥2
2 ≤ r

}
,

which can be represented as

Wk ,r =

{
S ∈ Θϵ,L |

∞

∑
j=1

aj θ2
j ≤ r

}

where

aj =
k

∑
i=0

∥ϕ
(i)
j ∥2

2,

and

θj = (S, ϕj) =
∫ b

a
S(x) ϕj(x)dx .
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Efficiency Lower bound

Lower bound
We set the normalizing coefficient

ν(S) = η∗(S)−2k/(2k+1), where η∗(S) =
∫ b

a

(
1 − S2(u)

)
du.

Theorem (A., B., Pergamenchtchikov (2024))
The robust minimax risk normalized by the coefficient is bounded from
below as

lim inf
n→∞

n2k/(2k+1) inf
S̃n

sup
S∈Wk ,r

ν(S) R∗(S̃n,S) ≥ ck ,r ,

where

ck ,r = ((2k + 1)r )1/(2k+1)
(

k(b − a)
π(k + 1)

)2k/(2k+1)

.
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Efficiency Upper bound

Specification of weights
To obtain the efficiency property we take the weights proposed in
[Pinsker (1980)]. For some fixed k∗ ≥ 1 and ε > 0 we defined the
following set

A = {1, . . . , k∗} × {r1, . . . , rm} ,
where ri = iε and m = [ε−2]. For a couple α = (ℓ, ri) ∈ A, we introduce
the weight sequence

λα = (λα(j))1≤j≤d

with the elements

λα(j) = 1{1≤j<j∗}
+

(
1 − (j/ωα)

ℓ
)

1{j∗≤j≤ωα}
.

Now we define the set Λ as

Λ = {λα , α ∈ A} .
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Efficiency Upper bound

Optimal weights
In this case ν = card(Λ) = k∗m, i.e. ν is the function of n such that

lim
n→∞

ν

nγ
= 0 for any γ > 0 .

Theorem
For any function S ∈ Θϵ,L, n ≥ 3 and 0 < δ ≤ 1/12

R∗(Ŝ∗,S) ≤ (1 + G(δ))min
λ∈Λ

R∗(Ŝλ,S) + ν
Ũn(S)

δn
,

where G(δ) → 0 as δ → 0 and the term Ũn(S) is such that

lim
n→∞

sup
S∈W k

r

Ũn(S)

nγ
= 0 for any γ > 0 .
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Efficiency Upper bound

Choice of δ

We choose now in the model selection procedure the parameter δ = δn
as a slowly decreasing function of n, i.e.

lim
n→∞

δn = 0 and lim
n→∞

nγ δn = +∞ for any γ > 0 .

For example, δn = (12 + ln(n))−1.

For any k ≥ 1 the oracle inequality implies

n
2k

2k+1 R∗(Ŝ∗,S) ≤ (1 + o(1)) n
2k

2k+1 min
λ∈Λ

R∗(Ŝλ,S) + o(1) .
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Efficiency Upper bound

Upper bound

Theorem (A., B., Pergamenchtchikov (2024))

The model selection procedure estimator Ŝ∗ constructed with the
previous choices of δ and Λ satisfies

lim sup
n→∞

n2k/(2k+1) sup
S∈Wk ,r

ν(S) R∗(Ŝ∗,S) ≤ ck ,r .

Finally, Ŝ∗ is an asymptotically efficient estimator of the autoregressive
function S :

for the robust integral quadratic risk,
and over the Sobolev ball Wk ,r .
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Perspectives

Perspectives

Consider the p-order autoregressive model for p > 1,

yk = S1(xk )yk−1 + S2(xk )yk−2 + · · ·+ Sp(xk )yk−p + ξk , k = 1, . . . ,n

where xk = k
n , S : [0,1] → Rp and ξk is the noise.

Pointwise estimation, absolute error, Höderian classes
Adaptive case
Quadratic risk, Sobolev classes

Thank you for your attention !
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