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Notation

▶ g – simple Lie algebra,

▶ Ω =
∑

a xa ⊗ xa ∈ g⊗ g – Casimir element,

▶ Ωij =
∑

a 1⊗ · · · ⊗ xa
i
⊗ · · · ⊗ xa

j
⊗ · · · ⊗ 1 ∈ Ug⊗n – split

Casimir element, living in i , j-th tensor factors,

▶ Vλ – finite-dimensional irreducible representation of highest
weight λ.



Gaudin model

Gaudin Hamiltonians:

Hi (z) =
∑
j ̸=i

Ωij

zi − zj
∈ Ug⊗n,

where z ∈ Cn, zi ̸= zj .

▶ Hi pairwise commute and commute with diagonal g

▶ Therefore {Hi (z)} act in
Hom(Vµ,Vλ1 ⊗ · · · ⊗ Vλn) =: (Vλ1 ⊗ · · · ⊗ Vλn)

µ
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Deligne-Mumford space and its coverings

It is possible to extend the parameter space of Gaudin
Hamiltonians to Deligne-Mumford moduli space M0,n+1.

Points in M0,n+1 look like a collection of CP1 which are attached
to each other as cacti (cannot loop), with n + 1 marked points.
Example (n=8):
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Deligne-Mumford space and its coverings

Example: M0,4
∼= CP1:

2
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∞

H3(
2

1 3
∞ ) = limz1→z2(

Ω13
z3−z1

+ Ω23
z3−z2

) = 1
z3−z1

(Ω13 +Ω23)

H1(
2

1 3
∞ ) = limz1→z2(

Ω12
z1−z2

+ Ω13
z1−z3

) ≡

limz1→z2(Ω12 +
z1−z2
z1−z3

Ω13) = Ω12
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Deligne-Mumford space and its coverings

In some cases Hi (z) act in (Vλ1 ⊗ · · · ⊗ Vλn)
µ with simple joint

spectrum for z ∈ M0,n+1(R).

⇓

Unramified covering of eigenlines over M0,n+1(R). Denoted by Eµ
λ .

Question
Describe the monodromy representation of this covering.

Remarks
▶ Taking real z ∈ M0,n+1(R) ensures that Hi (z) are Hermitian,

therefore diagonalizable.

▶ In general one should consider higher Gaudin Hamiltonians to
get simple joint spectrum.
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Cactus group

Sn acts on M0,n+1 by permuting all points except ∞. The cactus
group is Cactn := πSn

1 (M0,n+1(R)).

Take basepoints of the form
∞ 1

2
...n-1
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Paths tk :
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Proposition

tk generate Cactn.
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Gaudin algebra over caterpillar points

Suppose that W ⊗ Vλi
is multiplicity-free for any irreducible W .

Then the eigenbasis of Gaudin in (Vλ1 ⊗ · · · ⊗Vλn)
µ over the point

∞ 1

2
...n-1

n

has the following description.

1. Decompose into irreducibles Vλ1 ⊗ Vλ2 =
⊕

Vµ2 ,

2. Decompose Vµ2 ⊗ Vλ3 =
⊕

Vµ3 for each µ2,
. . .

The eigenbasis is encoded by the sequences (λ1, µ2, . . . , µn−1, µ).

Example: g = sp2n. Highest weights are Young diagrams of length
≤ n. Take Vλi

= V = C2n, i.e. λi = □.

Tensor product rule: Vλ ⊗ V =
⊕

µ=λ±□

Vµ.

Basis ↔ oscillating tableaux.
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Results

Let g = sp2n, Vλi
= V = C2n.

▶ The monodromy along tk acts locally: it does not change µj

for j ̸= k, and depends only on µk−1 and µk+1.

▶ If µk−1 ̸= µk+1, there are at most 2 possibilities for µk . If
there are 2, tk exchanges them.

▶ The action preserves the standard tableaux. The restriction of
tk on SYT is a special case of the Bender-Knuth involution.
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Bender-Knuth involutions on oscillating tableaux

If µk−1 = µk+1, we order the tableaux as follows.

▶ If µk = µk−1 +□ and µ′
k = µk−1 −□, then µk > µ′

k ,

▶ The set of µk = µk−1 +□ is ordered by the inverse number of
row of the added box (upper row is the greatest),

▶ The set of µk = µk−1 −□ is ordered by the number of row of
the deleted box.

The monodromy along tk reverses this order.

Remark
This order is given by the eigenvalues of Hk .
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Cactus group and crystals

Another generating set of Cactn is given by spq:
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Relations come from codimension 2 cells:

s2p,q = 1
sp1,q1sp2,q2 = sp2,q2sp1,q1 if [p1, q1] ∩ [p2, q2] = ∅
sp1,q1sp2,q2sp1,q1 = sp1+q1−q2,p1+q1−p2 if [p1, q1] ⊃ [p2, q2].
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Cactus group and crystals

▶ Crystal commutors do not satisfy the braid relation in general.
Instead:

▶ σpq : B1 ⊗ · · ·Bp · · ·Bq · · · ⊗ Bn → B1 ⊗ · · ·Bq · · ·Bp · · · ⊗ Bn

are well-defined and satisfy the cactus group relations

Theorem [HKRW17]

There exists a natural structure of crystal on the fiber of Eλ such
that Eλ ∼= Bλ1 ⊗ · · · ⊗ Bλn , and the monodromy action of spq
coincides with the commutor action σpq.

The relation between tk and the cactus group were studied in
[BK96].
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