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Crystals

Let g be a symmetrizable Kac-Moody Lie algebra.
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-
Crystals

Let g be a symmetrizable Kac-Moody Lie algebra.

Definition
A crystal B is a set together with maps

wt: B — P, pjei:B—7 U{-}, e,fi: B— B U{0},Viel

satisfying the following properties.
® pi(b) = ci(b) + (wt(b), o),
o e(b)=b < b="1b,
o wt(ej(b)) = wt(b) + «j, ¢€i(ei(b)) =¢€i(b) —1,
e pi(b) = —o0, ei(b) = fi(b) = 0.
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Tensor product of crystals

Normal Crystals:
ei(b) = max{k| e/ (b) # 0}
pi(b) = max{k | £¥(b) # 0}
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Tensor product of crystals

Normal Crystals:

ei(b) = max{k| ef(b) # 0}

wi(b) = max{k| f¥(b) # 0}

Definition:

For by ® by € By ® By, define the maps wt, ¢;, f; as follows

wt(by ® by) = wt(by) + wt(by);

' _ Jeb) @ b2 if pi(by) > ei(br),
€i(by © ba) = {bl ® ej(b2) if pi(b1) < €i(b2)
fi(b1) ® by if pi(b1) > €i(b2),
by ® fi(ba) if pi(b1) < €i(b2).

)

fi(b1 ® bp) = {
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Demazure Crystals

For i € | and S C B, define
T:S = {ffb|be S, k> 0}\{0} C B.

For w=s;j ---sj in W, define T,(S)=T;,---T;S.
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Demazure Crystals

For i € | and S C B, define
T:S = {ffb|be S, k> 0}\{0} C B.

For w=s;j ---sj in W, define T,(S)=T;,---T;S.
@ B()) - generated by by with weight A.
@ B(c0) - generated by b, with weight 0.
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Demazure Crystals

For i € | and S C B, define
T:S = {ffb|be S, k> 0}\{0} C B.

For w=s;j ---sj in W, define T,(S)=T;,---T;S.
@ B()) - generated by by with weight A.
@ B(c0) - generated by b, with weight 0.
e By(\) = T,{b)} - Demazure crystal.
@ By(00) = Ty{b} - Limiting Demazure crystal.
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Extremal subsets

For i € I and b € B(\) with ei(b) = 0, the i-string for b is

S = {f{(b)i k > 0}\{0}.
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N
Extremal subsets

For i € I and b € B(\) with ei(b) = 0, the i-string for b is

S = {f{(b)i k > 0}\{0}.

Definition:

For A\ € P U {oc} a non-empty subset X of B(])) is said to be extremal
if for any i-string S with highest weight vector b, we have

SNX=0,5,{b}.

Remark: [2, K] - Demazure crystals are extremal subsets but not all
extremal subsets are Demazure crystals.
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Problem

For \,;u € P* and v,w € W, consider the tensor product of Demazure
crystals
By(A\) ® Bu())
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N
Problem

For \,;u € P* and v,w € W, consider the tensor product of Demazure
crystals

B.(A) ® Bu(})

Question: [1, A]

When the tensor product of Demazure crystals is a disjoint union of
Demazure crystals?

Integrable combinatorics IMJ-PRG summei

Divya Setia (IMPAN) Demazure crystals 7/18



Notations

For \,u€ Pt and be B
o Wy ={w e W|w\ = A} - Stabilizer of X in W.

OWA

. - minimal length representative of the coset wiWV)y.
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Notations

For \,u€ Pt and be B
o Wy ={w e W|w\ = A} - Stabilizer of X in W.
° Wiy
@ b is primitive if e;(b) =0, Vi.
B(p)* = {b € B(u)| by ® b is primitive in B(\) ® B(u)}.
Buw(p)* = B(1)* N B ()
If w = e then Be(A\) = {br}

- minimal length representative of the coset wW,.
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Decomposition of B(\) ® B(u)

Theorem: [3, PL]
For \,u € PT,
BN @B = J[ F(ba®b)
beB(u)*
where F(by ® b) = B(\ + wt(b)).
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|
Decomposition of Be(\) ® B, ()

Theorem: [1, A]

For A€ P*, p € Pt U{}, and w € W, then
Q@ B.(\) ® By(1) is isomorphic to a disjoint union of Demazure crystals.
@ For all b € By (p)* there exist y,, , € W such that

Be(A) ® Bu(t) = H Tyx (b ®b)
bEBu ()

Byﬁ,b()\ + wt(b)), if u < oo,

Byﬁ,b(OO; A+ wt(b)), if u = oo.

where Tyﬁ,b(bA ® b) &

Note: B, (1) is a finite set.
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Main results

Theorem: [4, S]

For \,;u € P* and v,w € W, the following statements are equivalent.
Q B,()\) ® By(p) is isomorphic to a disjoint union of Demazure crystals.
@ VA, € ({5 {wp,a)) < 0}),
@ B,()\) ® B, (p) is an extremal subset of B(\) ® B(u).
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Decomposition of B,(A\) ® B, (1)

Theorem: [4, S]

Let A\, u € P, and v,w € W. Assume that v\, € ({s; [{wpu,a)) < 0}),

then for all b € B,,()* there exist u(b,v) € W such that

BN @Bu(pn)= [ Bupw(X+ wt(b)).
bEBw(N/)/\
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Main results

Theorem: [4, S]
For A € P and v, w € W, the following statements are equivalent.

Q B,()\) ® By(o0) is isomorphic to a disjoint union of Demazure
crystals.

@ v, € ({sil I(siw) < I(w)}).
@ B,()\) ® By () is an extremal subset of B(\) ® B(o0).
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Decomposition of B,(\) ® B, (o)

Theorem: [4, S]

Let A € PT, and v,w € W,. Assume that v\, € ({s;| I(siw) < I(w)})
then for all b € B,,(c0)* there exist u(b,v) € W such that

By(A)®Bu(0) = [ Busw)(o0; A+ wt(b)).
bEBy (00)*
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-
Applications

o Key Polynomials.
@ Specialized non-symmetric Macdonald polynomials at t = 0.

@ Product of Demazure characters.
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Thank You
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