Symmetries of Discrete and UltraDiscrete
Integrable Systems

Rei Inoue (Chiba University, Japan)



§0 Introduction

§1 Various box-ball system and descriptions
§2 Crystal

§3 Computations in crystal (Exercise class)

§4 Tropicalization

References:
I-Kuniba-Takagi: arXiv:1109.5349 (review)

Plan



§0 Introduction
e Box-ball system [Takanashi-Satsuma 1990]
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a soliton = a series of balls; velocity = length of the series
scattering of solitons ~» phase shift ~» nonlinearity



(Ex 1)
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integrals of motion: A = (44 2 A2 > --+ = Ag) € (Z.0)?
© g solitons 1=(4,2,1)

~» sign of integrability

The system whose initial value problem is solved by finite
number of arithmetic operations (+, —, X, +), derivation,
integration, inverse function, algebraic equation, etc.

Problem How to solve the initial value problem of BBS?



§1 Various BBS and descriptions

o Carrier [Takahashi-Matsukidaira 1997]
m-carrier: a carrier of capacity m (= 2) ~» time evolution T,
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To: t= 0 ---122211121111111111111 -
111222112111 111111111 -
11111222121 1111 111111 -+
1111111221221 11111111 - -

S 111111111211222111111 - -

A WODN-—=O

Ti: t= 0 ---122211121111111111111 -
c- 1122211121111 11111111 -
2 ...111222111211111111111 .-
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Tmes: t= 0 ---12221112111111111111 ...
1 ..-11112221211111111111 -
2 . A1111112122211111111 -
3 ---11111111211122211111 - .-

velocity is m at most; T, recovers the original BBS when m — oo
soliton, scattering rule, IM are the same as in case of T



Vertex model description  [Hikami-I-Komori 99][Fukuda-Okado-Yamada 00]
Tg:

~> the rule is localized:

[k] : a carrier stacking k balls; 1 < k <m
1 2 1 2
KTk = 1] [k = 1]—~[k] [0]~[0] [m}}~[m]
2 1 1 2

These are nothing but combinatorial R of sly-crystal (— §2)



Piecewise-linear eq.

(i) Eulerian description
UL € {0, 1} (# balls in k-th box at time t).

k—1

. gt t gt "

U =min|1-U, E (U/' Uj ) [Tokihiro et al 1996]
j:—oo

\ # of balls in co-carrier
(ii) Lagrangian description

Q}. W} € Zsq : the length of the k-th series of 2, 1 at time t
g: # of solitons ~» Wj = W = o
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t+1 _ At t t+1
Wk - Qk+1 + Wk - Qk

QLH = min

They are the ultradiscretization (tropicalizaion) of discrete
KdV and Toda lattice (— §4)



e Periodic BBS [vura-Tokihiro 2002]
L : period, M < % :#of balls

0 112221121111
1 111112212211
2 211111121122
3 122211112111

~p=(2,1,1)

A=A 22222): M 2=(3,1) =4



o Numbered balls [HHIKTT 2001]

1: an empty box, k: k-ball, k =2,3,...,N
Move the balls in order from N to 2 in the same manner.

(Ex 2)

t= 114432211111322111111111111111111111
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111111111111111111144211111332221111
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a soliton = a non-increasing series; velocity = length
soliton scattering changes internal structure

This is related to sly-crystal.
(Cf. BBS for g-crystal [Hatayama-Kuniba-Takagi 2000])



§2 Crystal
sl,-crystal B;:
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(Ex 3)

111 113 123 112 111 113 111 111

111 111

~> EH =2
~> (Em)m21 = (273939)
~ (Ne)ez1 = (1,1,0,--+)



(Ex 4)

OO, WN—=O
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1143321111111221311111111111111111111
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1111111111433211123211111111111111111
1111111111111143312132211111111111111
1111111111111111141321133221111111111



§4 Tropicalization

F= min[2Y Y + min[gX, (g —1)X + Cy-1,..., X + Cq, Co], XL, L]
Cj:Z_j+1/ll (j=0,...,9-1).
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