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<~ Introduction to Noncommutative geometry

-~ Deformed Minkowski space-time

-~ Nonunimodular group and KMS weight
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uantum gravity:
Quatum gravity Q & Y
Quantum Field f /Gh —
Theory -~ gPIanck = 25_ ~ 10 35m
[< | General relativity, -
|G Cosmology = Eplanck = \/% ~ 10%8eV
Addazi and all.
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Introduction

uantum gravity:
Quatum gravity Q & y

Quantum Field h _
Theory CPianck = \/ S8 ~ 107%°m
} | General relativity,

Cosmology ) — }ICL ~ 10%8eV

Introducion of a minimal lenght

(DSR): Doubly/Deformed special relativity: two observer-independent
quantities

(LIV): Lorentz invariance violation (broken or deformed)

(GUP): Generalised uncertainty principle AzAp > 2(1+(%,p% + O(p*))
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Quantization of space-time

General relativity: Space-time is a dynamic quantity

Quantum mechanics: Dynamic quantities must be quantize
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Quantization of space-time

General relativity: Space-time is a dynamic quantity

Quantum mechanics: Dynamic quantities must be quantize

Space-time i

Differential
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Operators

Quantum i
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Algebraization of geometry
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Generalisation of differential geometry: Topology

M

How to find an equivalent of a manifold in an algebraic language?

Maris.V. (LPENSL/IJCLab) Introduction to NCG 5/24



Algebraization of geometry: Commutative picture

Gel"fand
(6 NENNETZ

. Characters
Bl (Spectrum of A)

Continuous Commutative
functions C'-algebra: A
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x-algebra

x-algebra

Algebra (A, +, %) equipped with an antihomomorpshim {: A — A,

(2f +wg)!
(fxg)f

zfT +wg'  (antilinear)
gT
(fi=f (idempotent)

% T (antimorphism)

Vf,ge A, z,weC

Maris.V. (LPENSL/IJCLab) Introduction to NCG 7/ 24



C*-algebra

Cx-algebra
A Banach space(A4, ||.||) (i.e. a complete normed vector space ) such
that

It is an x-algebra for a given product x and involution

Its norm satisfies || fg|| < |[f]| llgll, Vf.g€B

t is an isometry for the norm: [|fT[| = || /]|

A Banach x-algebra is called a C*-algebra if

1T =IF112, vfeA

Maris.V. (LPENSL/IJCLab) Introduction to NCG 8 /24



Examples

Let M be a locally compact Hausdorff space and consider
(Co(M, C), +, -, 1, [].1]) with

- the pointwise multiplication, { complex conjugation

A1) = supzerl f ()]

For example with M = [0, 1]:

[

| R

-
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Algebraization of geometry: Commutative picture

Spectrum/Characters of the algebra

A(A) = Non zero *-homomorphism x : 4 — C
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Algebraization of geometry: Commutative picture

Spectrum/Characters of the algebra

A(A) = Non zero x-homomorphism x : A — C

For A = Cy(M), each x € M define a linear map x, : A — C,
Xz(f) = f(l‘)
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Algebraization of geometry: Commutative picture

Spectrum/Characters of the algebra

A(A) = Non zero *-homomorphism x : 4 — C

For A = Cy(M), each x € M define a linear map x, : A — C,
Xm(f) o= f(l‘)

Gelfand Naimark theorem

There is a one to one correspondence between the spectrum A(A)
and M a topological locally compact Hausdorff space.

[ Every characters of A(A) are of the form x,
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Algebraization of geometry: Commutative picture

Gel'fand
(6 Naimark

; Characters
Manifold (Spectrum of A)

Continuous Commutative
functions C'-algebra: A

Manifold, M <= Commutative algebra, A= (C*(M),-,1,|| ||
Points, x € M, <= Characters, ¥ € A(A)
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Algebraization of geometry: Noncommutative picture

Quantum version

Commutative algebra = Noncommutative algebra (A, *, 1, || - ||)

Let (#, (-, -))be Hilbert space and consider (B(H), +,0, T, ||.||(,y) the set
of bounded linear operators on H.
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Commutative algebra = Noncommutative algebra (A, *, 1, || - ||)

Let (#, (-, -))be Hilbert space and consider (B(H), +,0, T, ||.||(,y) the set
of bounded linear operators on H.

A(A) = { (pure) states } = { positive linear form of norm one }

((Any ¢ €7, 19l =1, give state: wy(f) = WIfY), Vf€BGH) ]
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Algebraization of geometry: Noncommutative picture

Quantum version

Commutative algebra = Noncommutative algebra (A, *, 1, || - ||)

Let (#, (-, -))be Hilbert space and consider (B(H), +,0, T, ||.||(,y) the set
of bounded linear operators on H.

A(A) = { (pure) states } = { positive linear form of norm one }

((Any ¢ €7, 19l =1, give state: wy(f) = WIfY), Vf€BGH) ]

Elements a € A are quantum observables.

Elements ¥ € A(A) are quantum states.
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Noncommutative geometry and link with canonical
quantization

Generalise coordinate to noncommutative functions z#(z) = z#:

[xH, a¥] = at xz¥ — ¥ x M #£ 0
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Noncommutative geometry and link with canonical
quantization

Generalise coordinate to noncommutative functions z#(z) = z#:
[xH, a¥] = at xz¥ — ¥ x M #£ 0

Noncommutative geometry as canonical quantization of phase space

Quantum mechanic with Moyal product

2i
T

1
(fx9)(a,p) = — /d//d/'dxd,\'ff(qu1/,p+4')g(q+~',p+7‘)e (ut — vs)

(wh)

[9(q:p), p(q,P)]x = q*xp —p*q=ih
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Noncommutative spaces

Deformed Minkowski space-time (and associated Poincaré symmetry
(Hopf) algebra)

Well known examples: & /p-Minkowski
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Noncommutative spaces

Deformed Minkowski space-time (and associated Poincaré symmetry
(Hopf) algebra)

Well known examples: & /p-Minkowski
Classification of Poisson structures of the Poincaré group

Deformed Minkowski space-time
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Noncommutative spaces

Deformed Minkowski space-time (and associated Poincaré symmetry
(Hopf) algebra)

Well known examples: & /p-Minkowski

Classification of Poisson structures of the Poincaré group

Deformed Minkowski space-time

Lie algebraic deformations:

[, @) =i (P =P ) —i¢" (P — "), (1)
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[Maris,Pozar,Wallet,2025]

-~ Convolution algebra and Weyl quantization map: [von Neumann, 1931],
[Hersent,Mathieu,Wallet,2018]
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Construction of x-algebra

Convolution algebra and Weyl quantization map:

~—

_ Q(f xg9) = Q(f)Q(g)
g =G :>(L1(G)a Ov*) éQ(f) - 7T(Ff) = Q(f]‘) _ Q(f)*

where g is a lie algebra, (i is locally compact lie group, 7 : L'(G) — B(H)
representation of the convolution algebra and F' Fourier transform of f € L'(G)
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Convolution algebra and Weyl quantization map (1)

General structure of Lie groups :

[ G=HxR", n>1, (2)]

where H C GL(n,R) one parameter abelian subgroup.
(a,p) € G = H x R* = (pM, ) € R x R™ such that a := a(p™)
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Convolution algebra and Weyl quantization map (1)

General structure of Lie groups :

[ G=HxR", n>1, (2)]

where H C GL(n,R) one parameter abelian subgroup.
(a,p) € G = H x R* = (pM, ) € R x R™ such that a := a(p™)

(a1, p1)(az, P2) = (a1a2, P1 + a1p2), €)
(a,p)"' = (a"!,—a"'p), Ig = (I, 0) (4)
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Convolution algebra and Weyl quantization map (II)

Right and left Haar measures and modular function for s € G:

dug((a,p)) = d*p dug(a) |det(a)| "
dvg(s) = Ag(s™")dug(s) Ag((a,p)) = Ap(a) | det(a)| ™ (5)

=l
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Convolution algebra and Weyl quantization map (II)

Right and left Haar measures and modular function for s € G:

dug((a,p)) = d*p dug(a) |det(a)| "

dvg(s) = Ag(s™")dug(s) Ag((a,p)) = Agr(a) | det(a)| ™ Q)
=l

Convolution algebra, (L'(G), o, *)

(FoG)(s) = / dI/g(t)F(St_l)G(t)% frg=F Y(FfoFg) (6)
g

Inverse

F*(s) = F(s Y Ag(s) == f1 = F7H(FF) (7)

Inverse

F,.Ge£YG), Ff=F
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Explicit star product

Star product and involution:

dpkl dy]\[ M, M ]\f s

(f % g)(@™, 7) = / e Al el )

M g, M .
)= [ B e Ty, o)
i

(8)

where x = (zM 7)) € R x R3
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Explicit star product

Star product and involution:

dpkj dy]\j M, M 1\1 s

(f % g)(@™, 7) = / e Al el )

doMdu™ o :
A7) = [ Fae M T o))
s

)
where x = (zM 7)) € R x R3

Construction of 10 such x-algebra M) = (A, *,1)
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Commutators

Commutators of lie algebra of coordinates g reads:

2™ can be a:

timelike coordinate
spacelike coordinate

lightlike coordinate
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Commutators

Commutators of lie algebra of coordinates g reads:

[ [:17‘”,x“]* =aMxzt — " %™ = —i [apma(pM)\pM:O}u 27, (9) ]

2™ can be a:

timelike coordinate
spacelike coordinate

lightlike coordinate

Rescaling p™ — Ap™ and thus (9) become

[;z;“’,xﬂ = —iA [apMa(/\pM”pM:O]M oz”
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A(p) = det(a()\po)) — e ™0 Jy — Adp

G nonunimodular = i = g (10)

tr(fg) =tr((o>g)f), tr:=[dv

Poulain,Wallet
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Nonunimodular group and twisted trace

A(p) = det(a(Apo)) = e~y = Ady

G nonunimodular = oM = 20 (10)

tr(fg) =tr((o>g)f), tr:=[dv

where the twist o € Aut(M,) reads:

[ (o> g)(2°, %) = (eim80 > 9)(2°, Z) = g(2° + in)\, ) (11) ]

note that such twist already appear in x Minkowski
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With (11) we can define a one-parameter group of *-automorphisms of M y:

{o¢ := "D} g, (€)
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KMS weight

With (11) we can define a one-parameter group of #-automorphisms of My:

[ {Jt o= eitn/\OO }tG]R,

(12) ]

{0+ }+er modular group for the KMS weight given by the twisted trace
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KMS weight

With (11) we can define a one-parameter group of #-automorphisms of My:

[ {00 := €™ P} cn, (12) ]

{0+ }+er modular group for the KMS weight given by the twisted trace
KMS weight

A KMS weight w on a * algebra A for a modular group of x-automorphism {o+ }+cr

A weight w : A — R densely define and lower semi-continuous

{0t }+er normed-continuous and admit analytic extension {0, }.cc
KMS conditions

woo=uw, w(f * f) = w(oi2(f) * (03)2(f ))T)
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KMS weight

With (11) we can define a one-parameter group of x-automorphisms of
My

[ {0y := ™D} g, (13) ]

{o+} modular group for the KMS weight given by the twisted trace

Link with Tomita-Takesaki modular theory with Tomita operator given by
AT = e—i’ﬂ,)\ao

Tomita flow can be used to define a global time which can be interpreted as
the "physical time" =—> Thermal time hypothesis
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Conclusion and Outlook

Construction of several x-algebras

KMS weight appears for only timelike deformed space-times and gives
a natural time flow.

Next: Construct an associated symmetry Poincaré deformed algebra.
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