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HoLoGrAPHY

PROMISING ROUTE TOWARDS QUANTUM GRAVITY
@ “Gravity in a given spacetime region can be encoded on the
codimension-one boundary of that region.” [t Hooft 93, Susskind 95]
o Egray = boundary term [ADM 59], BH entropy o area [Bekenstein 73].
o Explicit realisation: AdS/CFT correspondence (A < 0) [Maldacena 97].
@ Focus on realistic models:

e Our Universe has A 2 0. A = 0 good approximation at astrophysical scale.
e Asymptotically flat spacetimes (A = 0) cover large class of situations:
collider physics, astrophysics, gravitational-wave astronomy, ...

Sources
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HOLOGRAPHIC ENERGY-MOMENTUM TENSOR (A= -3 162G = 1)

BULK ANALYSIS IN FOUR DIMENSIONS

e Conformal compactification [Penrose 65]: spacelike infinity (.7, g ~ B%g).

o Gaussian normal coordinates [Fefferman-Graham 85] where & = {p — 0% }:
2 _ £ 2 Ha v o
ds” = ?(dp + yuvdxtdxV), 8uv = p||_)n8+ Yuv-

e Holographic renormalisation [de Haro et al. 00, Compere-Marolf 07]:

1
55&?2\/ = E L d3X V_g T‘uv5g,uv’ Tyv = l{; ||m ap)/pv.
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HOLOGRAPHIC ENERGY-MOMENTUM TENSOR (A= -3 162G = 1)

BULK ANALYSIS IN FOUR DIMENSIONS

e Conformal compactification [Penrose 65]: spacelike infinity (.7, g ~ B%g).

o Gaussian normal coordinates [Fefferman-Graham 85] where & = {p — 0% }:
2 _ £ 2 Ha v o
ds’ = & (dp? + yuvdxt'dx"), g —pll_)ng+ Ve

e Holographic renormalisation [de Haro et al. 00, Compere-Marolf 07]:

1
5Sgigv = 7 L d>x V-8 T”V(Sgl”,,, Tuv = l{, ||m ap)/pv

BOUNDARY ANALYSIS IN THREE DIMENSIONS
@ Assume T effective action Sp[®, g] s.t. §S, = dSron, when @ are on-shell.

grav
o Relation between grav. symplectic structure and vev/source in CFT3.
e Diffeo. invariance: V, T#" = 0. Weyl invariance: g""T,, = 0.

e Reproduce Einstein eq. without knowing the microscopic content in ®.
e Holo. dictionary: T,y = EM tensor of dual CFT3. [Balasubramanian-Kraus 99]
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COMPARISON ADS/FLAT-SPACE HOLOGRAPHY

AdS (A < 0) Flat (A =0)
Conformal boundary % Spatial infinity Null infinity
Boundary metric 4de? +dx - dx 0dt? +dx - dx
Boundary physics Lorentzian Carrollian (“c — 07)
Grav. dynamics V,TH,=0,T¢, =0 | BMS flux-balance laws
Compatible B.C. Dirichlet (Q = 0) Leaky (Q # 0)
Relevant symmetries Conformal group BMS group (co-dim.)
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NULL INFINITY

CONFORMAL CARROLL GEOMETRY
@ Normal vector v is null at . = degenerate boundary metric: g(v,-) = 0.

@ Repelled at co = meaning within conformal compactification [Penrose 65]

g ~ Bg, v~ B .
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NULL INFINITY

CONFORMAL CARROLL GEOMETRY
@ Normal vector v is null at . = degenerate boundary metric: g(v,-) = 0.

@ Repelled at co = meaning within conformal compactification [Penrose 65]

g ~ Bg, v~ B .

SYMMETRIES [Bondi-van der Burg-Metzner 62, Sachs 62]
Zeg=28(8)g  Zev = -B(E)v.
@ In coordinates (u, x?) such that v = 9,
&= (T(x) + g@aY“) A, + Y(x)d,.

@ BMS algebra: s0(3,1) ¢ s D is0(3, 1).
e 3D conformal Carroll algebra [Duval et al. 14]. v
e 5 co-dim. abelian ideal because v is null.
o T(x): supertranslations. Y (x): C.KV. on S2.

v
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CARROLL RELATIVITY

@ Slow-boost limit of S.R. where Ax > At [Lévy-Leblond 65]

e Equivalent to ¢ — 0 = opposite limit of Galilei (for which Ax < At).
e Ultra-locality: lightcones close < unique field-of-observers v.
o Space is absolute x* — x?. Boost in time direction: t > t — A;x%

@ Geometry: v spans the 1D-radical of the metric g. [Geroch 76, Henneaux 79]
g(v,-) =0, g(V,V) >0, gV,V) =0 Vxu.

e Ubiquitous to study null manifolds. [Jankiewicz 54, Vogel 65, Datitcourt 67]
e Also useful for e.g. strings [Gomis et al. 16] or condensed matter [...].
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BMS FLUX-BALANCE LAWS

AsyMPTOTIC EINSTEIN EQ. [BMS 62, Tamburino-Winicour 67, Barnich-Troessaert 10]

o Near .7, the gravitational field is described by

M = mass aspect (distribution of grav. energy on celestial 52).
N, = angular-momentum aspect (distribution of AM on celestial S?).
Cgp = shear of outgoing null vector. N, = £, Cyp (news: grav. radiation).

o Einstein eq. = flux-balance laws: BMS charges not conserved along .7.

V(M) = 1D DN — INN®,

V(Ny) = DM = INPD,C + LD (CpNP)
P %Db(GC[aNbJC P {DIH‘DCC?b]C).

with “hard” parts = gravitons and “soft” parts = Goldstone/pure gauge.
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BMS FLUX-BALANCE LAWS

ASYMPTOTIC EINSTEIN EQ. [BMS 62, Tamburino-Winicour 67, Barnich-Troessaert 10]

o Near .7, the gravitational field is described by

M = mass aspect (distribution of grav. energy on celestial 52).
N, = angular-momentum aspect (distribution of AM on celestial S?).
Cgp = shear of outgoing null vector. N, = £, Cyp (news: grav. radiation).

o Einstein eq. = flux-balance laws: BMS charges not conserved along .7.

V(M) = 1D DN — INN®,

V(Ny) = DM = INPD,C + LD (CpNP)
P %Db(GC[aNbJC P {Dla{DCCb]C).

with “hard” parts = gravitons and “soft” parts = Goldstone/pure gauge.

Our goal: boundary derivation of these laws with Carroll-geometric tools. )
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WHY DO WE CARE”?

TEST THE LIMITS OF HOLOGRAPHIC PARADIGM
@ Non-conserved charges = sourced dual theory. Nature of the sources?

e Also applicable in AdS/CFT with Ieaky B.C. [Fiorucci-Ruzziconi 21]
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WHY DO WE CARE”?

TEST THE LIMITS OF HOLOGRAPHIC PARADIGM
@ Non-conserved charges = sourced dual theory. Nature of the sources?

e Also applicable in AdS/CFT with Ieaky B.C. [Fiorucci-Ruzziconi 21]

BUILDING BLOCK OF FLAT-SPACE HOLOGRAPHY
o AdS/CFT: T, provides the EM tensor of the dual CFT (Ward identities).

@ Fundamental understanding of the status of flux-balance laws.

@ Applicable to any null boundary, e.g., BH horizon. [Ruzziconi-Zwikel 25]
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WHY DO WE CARE”?

TEST THE LIMITS OF HOLOGRAPHIC PARADIGM
@ Non-conserved charges = sourced dual theory. Nature of the sources?

e Also applicable in AdS/CFT with Ieaky B.C. [Fiorucci-Ruzziconi 21]

BUILDING BLOCK OF FLAT-SPACE HOLOGRAPHY
o AdS/CFT: T, provides the EM tensor of the dual CFT (Ward identities).
@ Fundamental understanding of the status of flux-balance laws.

@ Applicable to any null boundary, e.g., BH horizon. [Ruzziconi-Zwikel 25]

CARROLLIAN SCATTERING AMPLITUDES [Fiorucci et al. 22, Mason et al. 23,...]

@ Massless scattering fully encoded at .#.

e Carroll-invariant effective generating
functional [Adamo et al. 14, Kraus-Myers 25]
and related EM tensor [Ruzziconi-Saha 25] ...

24 June 2025
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OUTLINE OF THE TALK

Aspects of the boundary geometry
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BULK GRAVITATIONAL FIELD

CONFORMAL COMPACTIFICATION [Penrose 63-65, Geroch 77]

¢ M — M to remove the pole at infinity with
$*G=0%G, Q>0 .J={Q— 0"}
@ Bulk Weyl rescalings induced by the process:

Q- BQ, G — B2G.

|

One physical G < “conformal” class of G’s.

e Levi-Civita for G induces Wey!l-Levi-Civita
connection [Weyl 18] for G:

VG-2A®G=0.

@ Weyl connection: A (i.e., A — A+dInDB).
Additional background structure in normal
one-form to .¥ defined as v = dQ + AQ.
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BOUNDARY GEOMETRY (1)

Assuming G solves Einstein equations on physical spacetime M,
¥ 1S A CODIMENSION-ONE NULL HYPERSURFACE

g(v,-)=0 whereg=/"G, V= G ' (v,) fori: 7 — M.

Conformal Carroll geometry [Geroch 76, Henneaux 79]
Field-of-observers v (null generators of .#); (dual) clock form T(v) = 1.

“Cut” = horizontal space defined as T(V) = 0 with topology of S2.

Orthonormal basis e, and dual cobasis 0 = g=5§,40%0 o,
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BOUNDARY GEOMETRY (1)

Assuming G solves Einstein equations on physical spacetime M,
¥ 1S A CODIMENSION-ONE NULL HYPERSURFACE

g(v,-)=0 whereg=/"G, V= G ' (v,) fori: 7 — M.

Conformal Carroll geometry [Geroch 76, Henneaux 79]
Field-of-observers v (null generators of .#); (dual) clock form T(v) = 1.

“Cut” = horizontal space defined as T(V) = 0 with topology of S2.

Orthonormal basis e, and dual cobasis 0 = g=5§,40%0 o,

NOTATIONS

Carroll-Cartan frame {e,} & dual coframe {6%}
(A=0,a) withey = v, 0°=71anda=1,2
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BOUNDARY GEOMETRY (2)

Assuming G solves Einstein equations on physical spacetime M,

WEINGARTEN MAP OF .¥ PROPORTIONAL TO IDENTITY.

@ Shear of v vanishes. [Penrose 65, Geroch 76, Ashtekar 81]

@ Bulk Weyl-Levi-Civita connection induces boundary torsion-free and
Wey!l-Carroll compatible connection [Petropoulos et al. 18-20]

Vg-2a®g=0, Vv+a®uv=0,

with & = 1*A, boundary Weyl connection.
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BOUNDARY GEOMETRY (2)

Assuming G solves Einstein equations on physical spacetime M,

WEINGARTEN MAP OF .¥ PROPORTIONAL TO IDENTITY.
@ Shear of v vanishes. [Penrose 65, Geroch 76, Ashtekar 81]

@ Bulk Weyl-Levi-Civita connection induces boundary torsion-free and
Wey!l-Carroll compatible connection [Petropoulos et al. 18-20]

Vg-2a®g=0, Vv+a®uv=0,

with & = 1*A, boundary Weyl connection.

NOTATIONS
@ Connection one-forms: Ve, ep = w€sgec and whp = w?c0°.
@ Weyl-covariant derivative V.— D = V — wx on weight-w fields:

O B"d = DO~ BYDP
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SYMMETRIES = ¢arr(3) @ Rygy, @ Diff(F)

Spatial rotations (r,, € s0(2)).

6L =0, breq = I'abeb, 6t=0, 5l’ea = rabeb’

5rw00 =0, 6rwa0 = rabwaa 5,(.1)0,1 = rabwob, 5rwab = _Dra[r

Carroll boosts.

S1eq = AV, 8T =-1,0% 5,0°=0,

ov=0,
S, w% =0, 5,1(1)()“ =Dl, sw =Aws.

5/1w00 = —A,w?,

@ Weyl rescalings.
531) = Buv, 5Bea = Be,, 53’( = —Br, 559‘1 = —BO“,
53(000 =dB, Sgw? =0, (Sg(l)oa =0, dSgw? =35%dB.
o Diffeomorphisms: §zes = Zreq, 8:0" = L0, 6: g = L w’s.

@ Note: w?; (co. for Galilean boosts) & W 4py covariant V transformations.

24 June 2025
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BONDI SHEAR

No LEvI-CIVITA CONNECTION FOR CARROLL GEOMETRIES

Are Vg, Vv and the torsion ©" sufficient input data to determine the
connection V? No, because 7 g”, which implies [e.g. Bekaert-Morand 15]

O (v, ep) =

%(yvg)ab + BC(VE(GU)&,)C - %va(eas ep).
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BONDI SHEAR

No LEvI-CIVITA CONNECTION FOR CARROLL GEOMETRIES

Are Vg, Vv and the torsion ©" sufficient input data to determine the
connection V? No, because 7 g”, which implies [e.g. Bekaert-Morand 15]

0 (.(v,ep) =| 3(Lu8)as |+ 0°(Ve ,V)b)c — 3 VuB(ea €p).

RADIATIVE CONTRIBUTIONS TO V

@ Symmetric transverse part of torsion (3 components) cannot be fixed
independently from geometry.

@ Therefore, 3 d.o.f. encoded into symmetric transverse tensor wo(ab)
(part of Carroll-boost connection).

@ Bulk analysis: w’, corresponds to deviation of outgoing null geodesics
arriving at .7 (w°qp)y Bondi shear). [Geroch 77, Ashtekar 81]
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OUTLINE OF THE TALK

Carroll (hyper)momenta & dynamics
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LESsoNS

1. WORK IN CONFORMALLY COMPACTIFIED SPACETIME
@ .7 does not exist outside conformal compactification. [Penrose 65]
@ Weyl geometry on the unphysical spacetime — Weyl geometry on .7.
@ BMS only emerges after boundary gauge fixing.

24 June 2025

Holographic Derivation of BMS Flux-Balance Laws

A. Fiorucci (CPHT Ecole Polytechnique)



LESsoNS

1. WORK IN CONFORMALLY COMPACTIFIED SPACETIME
@ .7 does not exist outside conformal compactification. [Penrose 65]
@ Weyl geometry on the unphysical spacetime — Weyl geometry on .7.
@ BMS only emerges after boundary gauge fixing.
v
2. DO NOT INSIST ON LORENTZIAN INTUITION
@ Non-conservation of the charges = notion of EM tensor elusive.
[Wald-Zoupas 99, Barnich-Troessaert 11, Petropoulos et al. 18-20]
@ A — 0 limit of AdS (Brown-York) energy-momentum tensor ill-defined.
[Compére et al. 19, Petropoulos et al. 23]
@ Carroll connections are not entirely fixed by background geometry
[Jankiewicz 54, Vogel 65, Dautcourt 67, Ashtekar 81, Hartong 15, Bekaert-Morand 15...]
o Equivalent statement: 3 external sources on top of geometry at .7.
[Troessaert 15, Wieland 20, Fiorucci et al. 22]
v
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CARROLLIAN (HYPER)MOMENTA

BOUNDARY VARIATIONAL PRINCIPLE

Assuming 3 microscopic description of the boundary theory in terms of fields
® coupled to geometry {6} and connection {w"g}.

55 = / u (&pacp +60°(Ty) + 5wAB(QAB)) .
5
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CARROLLIAN (HYPER)MOMENTA

BOUNDARY VARIATIONAL PRINCIPLE

Assuming 3 microscopic description of the boundary theory in terms of fields
® coupled to geometry {6} and connection {w"g}.

55 = / u (&pacp +60°(Ty) + 5wAB(QAB)) .
5

CARROLLIAN MOMENTA [Petropoulos et al. 18-22]
o Ty =IIv + 1%, where Il is the energy and I1° is the energy flux.

o T,= P +1I%,e, where P, is the momentum and T1%, the stress tensor.
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CARROLLIAN (HYPER)MOMENTA

BOUNDARY VARIATIONAL PRINCIPLE

Assuming 3 microscopic description of the boundary theory in terms of fields
® coupled to geometry {6} and connection {w"g}.
55 = / u (&pa«p +60°(Ty) + 5wAB(QAB)) .
S v
CARROLLIAN MOMENTA [Petropoulos et al. 18-22]
o Ty =IIv + 1%, where Il is the energy and I1° is the energy flux.
o T, = P,v+1Ib,e, where P, is the momentum and I1?, the stress tensor.
HYPERMOMENTA [Hehl et al. 76, losifidis 19-21, losifidis et al. 25]
@ Vector fields Q48 = Q4 Be, reacting to variations of the connection.
@ Unavoidable since part of V is extrinsic data.
o Geometric implementation of radiative sources. [Fiorucci et al. 22]
o
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CONSTRAINTS AND DYNAMICAL EQUATIONS

CARROLL-BOOST INVARIANCE
55=0 = TI+D-Qy*=0on-shell.

Carroll-boost invariance forbids matter energy flux but allows for “redshift.”
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CONSTRAINTS AND DYNAMICAL EQUATIONS

CARROLL-BOOST INVARIANCE
55=0 = TI+D-Qy*=0on-shell.

Carroll-boost invariance forbids matter energy flux but allows for “redshift.”

RoTtATION AND WEYL INVARIANCE
6:5=0 = Iljg) = D Q4] on-shell,
68S=0 = TII+I%+D- (QOO +Q,%) =0 on-shell.
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CONSTRAINTS AND DYNAMICAL EQUATIONS

CARROLL-BOOST INVARIANCE
55=0 = TI+D-Qy*=0on-shell.

Carroll-boost invariance forbids matter energy flux but allows for “redshift.”

RoTtATION AND WEYL INVARIANCE
6:5=0 = Iljg) = D Q4] on-shell,
68S=0 = TII+I%+D- (QOO +Q,%) =0 on-shell.

2

DIFFEOMORPHISM INVARIANCE => REFLECTION OF 'V, TH, =

D-To=R'51,Q45), D -T,=RBc(e, @5°) on-shell.

If w”p is not completely determined by the geometry, the R.H.S. cannot be
recast as divergences = genuine flux-balance laws! [Duval-Kunzle 74]
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GRAVITATIONAL FLUX-BALANCE LAWS

OUR MAIN RESULT

@ Upon providing the right holographic dictionary between gravitational
momenta and Carroll (hyper)momenta [Fiorucci et al. 22], the Carrollian
evolution equations

D : TO = :RAB(U’ QAB)a ® : Ta = :RBC(eaa QBC)

describe the Bondi mass and AM loss formulas.
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GRAVITATIONAL FLUX-BALANCE LAWS

OUR MAIN RESULT

@ Upon providing the right holographic dictionary between gravitational
momenta and Carroll (hyper)momenta [Fiorucci et al. 22], the Carrollian
evolution equations

D : TO = :RAB(U’ QAB)a ® : Ta = :RBC(eaa QBC)

describe the Bondi mass and AM loss formulas.

MINIMAL HOLOGRAPHIC DICTIONARY

Boundary (3D) .~ = Shear-free conformal Carroll manifold.
Carrollian momenta o O(Q?) in the metric.

Hypermomenta S turned on by w’ 4y = Cap,
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FLAT-SPACE HOLOGRAPHIC DICTIONARY (BMS GAUGE)

@ Carrollian momenta are Barnich-Troessaert’s BMS momenta [BT 11].

I=4M, P,=2N,+1D,(CCp), M%=-DN? - 1DR,
Hab = D(-Dlaebl(. = %N[uceb]c - %fRGab - 2M(Sab

@ Hypermomenta are driven by radiative d.o.f.
Q°=0, Qu=Qup=DChen Q%= (NP + JRE?)es.

Note. Constraints under local symmetries fix the “soft” parts.
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FLAT-SPACE HOLOGRAPHIC DICTIONARY (BMS GAUGE)

@ Carrollian momenta are Barnich-Troessaert’s BMS momenta [BT 11].

I=4M, P,=2N,+1D,(CCp), M%=-DN? - 1DR,
Hab = D(-Dlaebl(. = %N[uceb]c - %fRGab - 2M(Sab

@ Hypermomenta are driven by radiative d.o.f.
Q°=0, Qu=Qup=DChen Q%= (NP + JRE?)es.

Note. Constraints under local symmetries fix the “soft” parts.

BACK ON THE NOTION OF ENERGY-MOMENTUM TENSOR

@ Flux-balance laws = notion of energy-momentum tensor ellusive as 3
ambiguity in separing charge/flux. This is a well-known fact!
[Wald-Zoupas 99, Barnich-Troessaert 11, Compeére et al. 18-20, ...]

V,TH,=F,-V,H', =V, T, =F, TH =T +H',.
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OUTLINE OF THE TALK

Summary & outlook
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SUMMARY & PERSPECTIVES

MAIN PUNCHLINES
First purely boundary-intrinsic derivation of BMS flux-balance laws.
Introduction of hypermomenta (“sources”) is unavoidable.

There is generally non-vanishing local energy flux in Carroll theories.
This is not in contradiction with Carroll-boost invariance.

Form of the hypermomenta — hints for the microscopic theory for the
radiative sources = relevant for Carrollian amplitudes.
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SUMMARY & PERSPECTIVES

MAIN PUNCHLINES
First purely boundary-intrinsic derivation of BMS flux-balance laws.
Introduction of hypermomenta (“sources”) is unavoidable.

There is generally non-vanishing local energy flux in Carroll theories.
This is not in contradiction with Carroll-boost invariance.

Form of the hypermomenta — hints for the microscopic theory for the
radiative sources = relevant for Carrollian amplitudes.

OPEN AVENUES
o Link with A — 0 limit of AdS/CFT. [Fiorucci-Ruzziconi 21, Petropoulos et al. 18-23]

@ Link with Brown-York EM tensor at ¥ [Chandrasekaran et al. 23] and
holographic renormalisation [de Haro et al. 00] adapted to Carroll/null
geometries [Compére et al. 18, Hartong et al. 25].

@ Microscopic theory for the d.o.f. in connection.
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MERCI POUR VOTRE ATTENTION!

“The Mad Hatter teaching Carroll holography, drawn in the style of Disney Studios.”
Generated by DALL-E.
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Appendices



BMS BOUNDARY GAUGE FIXING

o Adapted coordinates (u, x'). Writing g = 5ab9“i9bjdx’dxj, we impose
T =duy, V=0, 0% = 0% (x/)dx’, e, =0',(x)a;.
o Gauge-fixing variation: action of diffeo compensated by local transfos.
Og = L +0x(5) + Or(g) + 085 s.t. 0T =0=0:(Z,09.

@ Impose usual boundary conditions g = 0, i.e. 5¢0“ = 0. Then:
E=fo,+ Yi9; isa CKV on & (€ bms, algebra),

auf =3DiY,  auYi=o0 DYy =8D YR

Local parameters fixed as A4 = e4(f), rgp = Hi[aejb]‘D;)/j & B =v(f).
Recover usual phase-space transformations from Carroll-geometric
considerations, i.e. for the shear Cj; = —20“<,»9bj>w°ab [Barnich-Troessaert 10]

85Cij = fauCii + Ly €y — 1Dy vke; - 2D D f.
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DERIVATION OF GENERIC FLUX-BALANCE LAWS (1)

o Contract 8S with a diffeomorphism (6 — Z:) and set ® on-shell.
FeS= / 1(Ze04(Ta) + Zew?5(Q45)) = 0.
4

@ Expand Lie derivatives and use Cartan’s magic formula to integrate by
parts, as the identity

whea(f2) = d(...) — u(fea(fi) ~ AfC4s)

can be checked separately for A= 0and A= awhere [es, ez] = CC 1pec.

@ Use the fact that V is torsion-free and Weyl-Carroll compatible to get
/ Thae (D “Ta—RpapQcP8 + wCABABc) =0,
5

where

ABe=TBo+D- Q5.
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DERIVATION OF GENERIC FLUX-BALANCE LAWS (2)

o Finally impose the constraints imposed by local transformations:
Carroll-boost invariance: A% =TI +D - Qg% = 0.
Rotation invariance: A[gp) = I[gp] +D - Q[pq) = 0.
Weyl invariance: Ay =TI+0%+D - (QOO + Qa“) =0.
@ The term with the bare connection therefore vanishes:
WA = ol + W’ apAly + W 4pA°C

= (A% + A%) + wapAlP) = 0

recalling that w4 g/c) = &, by Carroll-Weyl compatibility.

o It then remains
/ TR (fD - Ta—R(en, QCB)) =0
R4

for arbitrary EA hence the result. O
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