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Motivations:
* Existence of a Newtonian limit in any topology.
» Q.. (PRD 2021; PRD 2022; COG 2022; FoP 2024); Q.V. & B. Roukema (PRD 2023)
* From the Carrollian limit? (In prog.)
» Q. V. & H. Barzegar & J. Read (2025, preprint)

* Well-posed variational principle in any topology? (In prog.)
Cosmology: a universal dynamics

* Expansion does not depend on €.
» O.V. & V. Poulin (PRD 2023)

* Simple model for curved inflation.
» O.V. & J. Larena (COG 2024)

* Homogeneous but anisotropic solutions. (in prog.)

» O.V. & H. Barzegar (in prep.)



!_ / 2
. INTRODUCTION - COSMIC TOPOLOGY

T y

A

Cosmic topology : Study of the shape and global curvature of the Universe ;) 4

Expansion in the standard model of cosmology

Q Q +Q, +Q. =1 (Q:=—K/(a’H?))

matter rad

Three types of univers (if global isotropy)
Euclidian (K=0) Spherical (K > 0) Hyperbolic (K < 0)
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Cosmic topology : Study of the shape and global curvature of the Universe ;) 4

Expansion in the standard model of cosmology
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Cosmic topology : Study of the shape and global curvature of the Universe

Expansion in the standard model of cosmology
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Cosmic topology : Study of the shape and global curvature of the Universe ;) 4

Expansion in the standard model of cosmology
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Classification of closed 3-manifolds 2 (Thurston’s classification):

- Eight classes of topology, characterised by the covering space X::

~/

> = B, §, H, RxS% RxH* SL2,R), Ni, Sol
- Within each class, a topological space is characterised by a discrete group I', such that X = 2/T
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Classification of closed 3-manifolds 2 (Thurston’s classification):

- Eight classes of topology, characterised by the covering space X::
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- Within each class, a topological space is characterised by a discrete group I', such that X = 2/T

> e % R x S? R x H? SL(2,R) Nil Sol
R*xS? TREXH? SLO.R) il ol
> ) o r 0 >

8 Nil Sol
l—wlesz FszHz SLO.R) ]"3 l ]"3
3 3 I
. E° Sk H3 RxS? RxH? SL2.R Nil Sol
Topological ‘%ij ‘%ij 9?1:]- @ij 9?1.]. %ij (2,R) ggl,j %zj

curvature

1 0 0
O 0 sinly 0
0 O sin’ysin’é

Not necessarily the physical curvature.
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A bi-connection theory:
Spacetime manifold # = R X X, with 2 a closed 3-manifold.
A physical Lorentzian structure (g, V) and its Riemann curvature tensor Riem(V) .

A background, symmetric connection V'°P° and its reference Riemann curvature tensor Riem( V©°P°) .

1 _ -
( - 5 = 167G J dx4\/m (RMV_RLOUPO> g,m/ + % . + Smatter >imilar to
M

(i) Modified Einstein’s equation (i) Conservation of R,w

R, — R, =87G(T,,~T/2g,,) +Ag, o ( Ly gﬂy> L,
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(i) Modified Einstein’s equation (i) Conservation of R,w
R ) = _ 1 _
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Definition of V: The reference connection V is the (external Whitney) sum of any connection

on R and the maximally symmetric (Thurston) connection on .
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A bi-connection theory:

Spacetime manifold # = R X X, with 2 a closed 3-manifold.
A physical Lorentzian structure (g, V) and its Riemann curvature tensor Riem(V) .

A background, symmetric connection V'°P° and its reference Riemann curvature tensor Riem( V©°P°) .

1 — 5 -
§ = (onC J dx4 ‘g‘ (RMU_RLODPO> glﬂ/ + 9B+ Smatter Similar to
M

GR: R, =87G(T,,~T/2g,)

Vacuum: R;w = ()
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A bi-connection theory:

Spacetime manifold # = R X X, with 2 a closed 3-manifold.
A physical Lorentzian structure (g, V) and its Riemann curvature tensor Riem(V) .

A background, symmetric connection V'°P° and its reference Riemann curvature tensor Riem( V©°P°) .

> dx* | 8 (RﬂV_RLO”pO> §" + A+ Smatter Similar to
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GR : R/w = 8n7G <T,uv —T/2 g,uv) — 16 <T,m/ —T/? g,uu)

Vacuum: R/w = ()

Matter



Motivations:

* Existence of a Newtonian limit in any topology.

» 0.V (PRD 2021; PRD 2022; COG 2022; FoP 2024); Q.V. & B. Roukema (PRD 2023)

* From the Carrollian limit? (In prog.)

» Q. V. & H. Barzegar & J. Read (2025, preprint)

* Well-posed variational principle in any topology? (In prog.)
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(1) How to define Newtonian gravitation on a non-Euclidean topology?

(2) Compatibility with Einstein’s equation?
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(1) How to define Newtonian gravitation on a non-Euclidean topology?
(a) What is Newtonian gravitation?

(2) Compatibility with Einstein’s equation?
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(1) How to define Newtonian gravitation on a non-Euclidean topology?

(a) What is Newtonian gravitation? ~ —  With Galilean structures: (r,h, V) with z h** =0, Vh = 0 = Vr

(2) Compatibility with Einstein’s equation?
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(1) How to define Newtonian gravitation on a non-Euclidean topology? — ~ Same equations, with 9?1-]- * 0.
(a) What is Newtonian gravitation? ~ —  With Galilean structures: (z,h, V) with ¢ h** = 0, Vh = 0 = Vz
(2) Compatibility with Einstein’s equation?

(b) How to define the Newtonian limit in any topology? ——  With Galilean structures.
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Non-relativistic regime n > T _ A :
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(1) How to define Newtonian gravitation on a non-Euclidean topology? — ~ Same equations, with @ij * 0.

(a) What is Newtonian gravitation? ~ —  With Galilean structures: (z,h, V) with 2 h** =0, Vh = 0 = V1

(2) Compatibility with Einstein’s equation? NO!

(b) How to define the Newtonian limit in any?opology? — With Galilean structures.
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(1) How to define Newtonian gravitation on a non-Euclidean topology? — ~ Same equations, with 9?1-]- * 0.

(a) What is Newtonian gravitation? ~ —  With Galilean structures: (z,h, V) with 2 h** =0, Vh = 0 = V1

(2) Compatibility with Einstein’s equation? NO!

(b) How to define the Newtonian limit in any?opology? — With Galilean structures.

(3) What relativistic equation admits a Newtonian limit in any topology?

New principle: Existence of a non-relativistic limit of gravitation in any topology.
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Motivations:

* Existence of a Newtonian limit in any topology.

» 0.V (PRD 2021; PRD 2022; COG 2022; FoP 2024); Q.V. & B. Roukema (PRD 2023)

* From the Carrollian limit? (In prog.)

» Q. V. & H. Barzegar & J. Read (2025, preprint)

* Well-posed variational principle in any topology? (In prog.)
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¢ |s the Carrollian limit of Einstein’s equation defined for any topology?
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Motivations:

* Existence of a Newtonian limit in any topology.

» 0.V (PRD 2021; PRD 2022; COG 2022; FoP 2024); Q.V. & B. Roukema (PRD 2023)

* From the Carrollian limit? (In prog.)

» Q. V. & H. Barzegar & J. Read (2025, preprint)

* Well-posed variational principle in any topology? (In prog.)
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A background connection in often needed in general relativity:

Well-posed, finite valued, action (e.g., ):

\ /—gg””Rde4 + 2J \/ | h| n*h* ( Vﬂgaﬁ— Vagﬁﬂ> dx° with R%; = 0
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A background connection in often needed in general relativity:

Well-posed, finite valued, action (e.g., ):
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&» R,MU — KT;tkU + Agﬂy
—s V always taken to be flat: _“ﬁﬂy =0 (Affine manifold)

Does it constrain the topology?
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* Expansion does not depend on (2.
» O.V. & V. Poulin (PRD 2023)
* Simple model for curved inflation.
» O.V. & J. Larena (COG 2024)
* Homogeneous but anisotropic solutions. (in prog.)

» O.V. & H. Barzegar (in prep.)
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Exact homogeneous and isotropic solution:

Q.+ Q. =1,
GR: s K
qg=28 /24 ;— €,

a(t) 1



https://arxiv.org/abs/2212.00675
https://arxiv.org/abs/2212.00675
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Exact homogeneous and isotropic solution:

Q.+ Q. =1,
GR:{ s K

q=8_ /2+Q —Q, q=8_ /2+Q —Q,

Q.. =1, VQ
topo—GR:{ A, *

K<0
a(t) 1 K=0 a(tr) 1 VK =0
K>0
> 1 > 1

Question: What is the value of (2 from observations with this new model?


https://arxiv.org/abs/2212.00675
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Results: No significant differences compared to the ACDM model, i.e. Q, ~ 0.
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— Lowest energy state defines initial conditions

5. Scale-invariant primordial power spectrum as
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2.V

General relativity

r 4

topo-GR

FIELD EQUATIONS

. '1‘«..49"
R;w =K (7—;11/ - T .(Ilw)

B 7:,39(”
R;w - R;ux = K (Tuv = T Y

HOMOGENEOUS AND ISOTROPIC SOLUTION

H? =a2§p—K

H = —azg (p+ 3p)

2
Y — Ru 39 ap
V (R“_u - A2 -(}I“’) —_— 0
H2 — 02§P
VK

H = —af“’g (p+ 3p)

FIRST ORDER PERTURBATIONS

Scalar modes

(A + 3K)U = azgé/),, +3H (V' + HD)

U+ HP = —a'zgf(p +p)V
U — & = a’kIl
U 4+ 2HY 4+ HY + (2H +H)D — K =

2t ((:f.ép,, + 0P sag + §AH)

a®—
2

AV = azgép,, +3H (V' +HP) + KAC

U+ H = —a2g(p +p)V + KC',

¥ — & = a2kI1 + 4K C
V" 4 2HY + HY + (2H + H)D =

ok [ . 2
(12_'2", ((T:Op(, -1 5])#;‘(1 + lsAH) + KAC

Vector modes

(A +2K)Q; = —a”2k(p+p)(Vi — Qi)

Q'+ 2HQ; = a’kll;

(A -2K)Q;
= —(1,22h‘.(p +p) (Vi — Q;) + 4KC:
Q. + 2HQ; = a’kll; + 4KC;

Tensor mode

f:; -+ QHf:J -+ (2K - A) f,‘J = a"’n‘H,j

i +2Mf; + (6K — A) fi; = a’kIl;;

Ryuvg"

Conservation of R,3 — ~*“—g,.z3

2

C" 4+ 2HC — AC= —a’kIl

C:-, + 27“‘C: + (2K — A) C,': —a2nH,-

a(t) 1
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Cosmology: a universal dynamics

* Expansion does not depend on €.
» O.V. & V. Poulin (PRD 2023)

* Simple model for curved inflation.
» O.V. & J. Larena (COG 2024)

* Homogeneous but anisotropic solutions. (in prog.)

» O.V. & H. Barzegar (in prep.)
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Why homogeneous but anisotropic models? — Anisotropy of the expansion: g, =£)zj — Hhy; # 0
— Anisotropy of the curvature: %;;— Thij #+ ()

¥ Is imposed by the topology if 2 # E?, S° or H°.

* Dominates the energy budget in the early Universe:
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with p > 0, o> >0, — AR — the sign depends on the topological class.

Flat anisotropic model (i.e. Bianchi I): o x 1/a®.
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Why homogeneous but anisotropic models? — Anisotropy of the expansion: g, =£)zj — Hhy; # 0
— Anisotropy of the curvature: %;;— Thij #+ ()

¥ Is imposed by the topology if 2 # E?, S° or H°.

* Dominates the energy budget in the early Universe:
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with p > 0, o> >0, — AR — the sign depends on the topological class.
Flat anisotropic model (i.e. Bianchi I): o x 1/a®.

s isotropisation of the Universe a generic behaviour?
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> = S3 H3 R x S? R x H? SL(2,R) Nil Sol
Bianchi type | | X V K.=S. 1 \Vall || VIO
GR

R. Wald (1986)




Cosmology: a universal dynamics

* Expansion does not depend on €.
» O.V. & V. Poulin (PRD 2023)

* Simple model for curved inflation.
» O.V. & J. Larena (COG 2024)

* Homogeneous but anisotropic solutions. (in prog.)

» O.V. & H. Barzegar (in prep.)
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* Expansion does not depend on €.
» O.V. & V. Poulin (PRD 2023)

* Simple model for curved inflation.

» O.V. & J. Larena (COG 2024)

Between GR and topo-GR, it is rather GR which is

a gravity theory that depends on topology.

* Homogeneous but anisotropic solutions. (in prog.)

» O.V. & H. Barzegar (in prep.)



A

Some perpectives

Black holes:

* Propagating massless scalar mode in vacuum.
* Exact solutions (e.g. Q.V. & Szabo & Mourier, EPJC 2024).
* Definition of mass in non-trivial topologies.

Cosmology:

X Inflation in general topologies
* BKL singularity

* Waiting for a measurement of spatial curvature...

Quantum gravity:

* e.g., R, arising from topological change in
guantum gravity?




Matter

R, — R = 8G (TW T2 g/w)

(1) Matter does not curve spacetime, it only induces a deviation
from the curvature "imposed" by the spacetime topology.

(2) Gravity in topo-GR is more universal than in GR.

Thank you for Your attention!
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(2) Gravity in topo-GR is more universal than in GR.

(3) | am searching for a postdoc ;)
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