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Asymptotically-flat spacetimes
Motivations and interesting features

• Comprehension of gravitational radiation [Ashtekar, Bondi, Geroch, Hansen, Metzner,
Newman, Penrose, Sachs, Trautman, van der Burg,. . . ]

• Central role in modern investigations about IR structure of gravity: infrared triangle
[Pasterski, Strominger, Zhiboedov]

• Black hole soft hair and the information paradox [Hawking, Perry, Strominger]
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Asymptotically-flat spacetimes
Coordinate treatment of spacetimes with boundary

1. Choose a convenient gauge
eg. Bondi-Sachs gauge

2. Choose relevant boundary conditions
eg. asymptotic flatness

3. Solve Einstein equations to get a solution space S

4. Compute the asymptotic symmetries ξ such that LξS ⊂ S
eg. BMS group

5. Compute the symplectic structure and study the charges
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Asymptotically-flat spacetimes
Bondi parametrization [Bondi, van der Burg, Metzner, Sachs, Tamburino,. . . ]

• Coordinates (u, r, xa) adapted to null geodesics:
- ∂u is null =⇒ guu = 0
- ∂a are constant along null rays =⇒ gua = 0

• For the downstairs metric this means grr = 0 and gra = 0
The metric can be written in Bondi form

ds2 = −UWdu2 − 2Wdudr + gab(dxa −Xadu)(dxb −Xbdu)

• Upon choosing radial expansions for the free functions, eg. gab = r2qab + rCab + . . . ,
this partial Bondi gauge is enough to solve Einstein equations order by order in 1/r
[Geiller, Zwikel]

• The resolution relies on a certain hierarchy of Einstein equations (more on that later)
• But usually the gauge and the fall-offs are further restricted...

3 / 13



Asymptotically-flat spacetimes
Bondi parametrization [Bondi, van der Burg, Metzner, Sachs, Tamburino,. . . ]

• Coordinates (u, r, xa) adapted to null geodesics:
- ∂u is null =⇒ guu = 0
- ∂a are constant along null rays =⇒ gua = 0

• For the downstairs metric this means grr = 0 and gra = 0
The metric can be written in Bondi form

ds2 = −UWdu2 − 2Wdudr + gab(dxa −Xadu)(dxb −Xbdu)

• Upon choosing radial expansions for the free functions, eg. gab = r2qab + rCab + . . . ,
this partial Bondi gauge is enough to solve Einstein equations order by order in 1/r
[Geiller, Zwikel]

• The resolution relies on a certain hierarchy of Einstein equations (more on that later)
• But usually the gauge and the fall-offs are further restricted...

3 / 13



Asymptotically-flat spacetimes
Bondi parametrization [Bondi, van der Burg, Metzner, Sachs, Tamburino,. . . ]

• Coordinates (u, r, xa) adapted to null geodesics:
- ∂u is null =⇒ guu = 0
- ∂a are constant along null rays =⇒ gua = 0

• For the downstairs metric this means grr = 0 and gra = 0
The metric can be written in Bondi form

ds2 = −UWdu2 − 2Wdudr + gab(dxa −Xadu)(dxb −Xbdu)

• Upon choosing radial expansions for the free functions, eg. gab = r2qab + rCab + . . . ,
this partial Bondi gauge is enough to solve Einstein equations order by order in 1/r
[Geiller, Zwikel]

• The resolution relies on a certain hierarchy of Einstein equations (more on that later)
• But usually the gauge and the fall-offs are further restricted...

3 / 13



Asymptotically-flat spacetimes
Bondi parametrization [Bondi, van der Burg, Metzner, Sachs, Tamburino,. . . ]

• Coordinates (u, r, xa) adapted to null geodesics:
- ∂u is null =⇒ guu = 0
- ∂a are constant along null rays =⇒ gua = 0

• For the downstairs metric this means grr = 0 and gra = 0
The metric can be written in Bondi form

ds2 = −UWdu2 − 2Wdudr + gab(dxa −Xadu)(dxb −Xbdu)

• Upon choosing radial expansions for the free functions, eg. gab = r2qab + rCab + . . . ,
this partial Bondi gauge is enough to solve Einstein equations order by order in 1/r
[Geiller, Zwikel]

• The resolution relies on a certain hierarchy of Einstein equations (more on that later)
• But usually the gauge and the fall-offs are further restricted...

3 / 13



Asymptotically-flat spacetimes
Bondi parametrization [Bondi, van der Burg, Metzner, Sachs, Tamburino,. . . ]

• Coordinates (u, r, xa) adapted to null geodesics:
- ∂u is null =⇒ guu = 0
- ∂a are constant along null rays =⇒ gua = 0

• For the downstairs metric this means grr = 0 and gra = 0
The metric can be written in Bondi form

ds2 = −UWdu2 − 2Wdudr + gab(dxa −Xadu)(dxb −Xbdu)

• Upon choosing radial expansions for the free functions, eg. gab = r2qab + rCab + . . . ,
this partial Bondi gauge is enough to solve Einstein equations order by order in 1/r
[Geiller, Zwikel]

• The resolution relies on a certain hierarchy of Einstein equations (more on that later)

• But usually the gauge and the fall-offs are further restricted...

3 / 13



Asymptotically-flat spacetimes
Bondi parametrization [Bondi, van der Burg, Metzner, Sachs, Tamburino,. . . ]

• Coordinates (u, r, xa) adapted to null geodesics:
- ∂u is null =⇒ guu = 0
- ∂a are constant along null rays =⇒ gua = 0

• For the downstairs metric this means grr = 0 and gra = 0
The metric can be written in Bondi form

ds2 = −UWdu2 − 2Wdudr + gab(dxa −Xadu)(dxb −Xbdu)

• Upon choosing radial expansions for the free functions, eg. gab = r2qab + rCab + . . . ,
this partial Bondi gauge is enough to solve Einstein equations order by order in 1/r
[Geiller, Zwikel]

• The resolution relies on a certain hierarchy of Einstein equations (more on that later)
• But usually the gauge and the fall-offs are further restricted...

3 / 13



Asymptotically-flat spacetimes
Historical treatment and generalizations

• Completing the gauge fixing: choice of radial coordinate
- Bondi-Sachs: det gab = r4 det qab =⇒ r is the areal distance
- Newman-Unti: gur = −1 =⇒ r is the affine parameter for ℓ = ∂r

• Historical boundary conditions (qab = q̊ab, Xa = O(r−1),...)
=⇒ BMS group, Bondi-Trautman mass-loss formula . . .

• Possible generalizations
- Relaxations of conditions on qab: GBMS, BMSW. . . [Barnich, Campiglia, Flanagan,
Freidel, Laddha, Nichols, Oliveri, Pranzetti, Speziale, Trossaert,. . . ]
- Weaker fall-offs, eg. Xa = O(1) [Bonga, Bunster, Geiller, He, McNees, Perez,
Raclariu, Zurek, Zwikel,. . . ]
- Introduction of logarithmic terms in the radial expansion [Bieri, Chruściel,
Christodoulou, Damour, MacCallum, Friedrich, Gajic, Geiller, Kehrberger, Kroon,
Laddha, Masaood, Singleton, Winicour, Zwikel,. . . ]
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Asymptotically-flat spacetimes
Inconveniences of the Bondi parametrization

• Certain solutions are not contained in a simple form, eg. Kerr has an infinite
expansion in 1/r. . . [Fletcher, Lun]

• Similarly, supertranslation generators have infinite expansion in 1/r and so does
eg. supertranslated Schwarzschild [Compère, Long]

• Not adapted to the treatment of algebraically special solutions [Petrov]
Brief recall: NP formalism
- Type of tetrad formalism with null tetrad ei = (ℓ, n,m, m̄)
- Spin coefficients α, β, γ, ϵ, π, ρ, σ,. . .
- Weyl scalars Ψ0,...,4

- Algebraic speciality: Ψ0 = Ψ1 = 0 in some tetrad
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• Similarly, supertranslation generators have infinite expansion in 1/r and so does
eg. supertranslated Schwarzschild [Compère, Long]

• Not adapted to the treatment of algebraically special solutions [Petrov]

If one wants to connect Bondi treatment with Newman-Penrose (NP) formalism:
- Find a ’Bondi’ tetrad ei = (ℓ, n,m, m̄) such that gµν = eiµe

j
νηij is of Bondi form

ℓ = ∂r, n = W∂u + U∂r +Xa∂a, m = 0∂u + ω∂r +ma∂a

- Then for eg. Kerr: Ψ0 ̸= 0 and Ψ1 ̸= 0 (Ψ1 encodes the angular momentum. . . )
- Algebraic speciality is not manifest. . .
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Twisting asymptotically-flat spacetimes
Introducing the twist

• To achieve Ψ0 = Ψ1 = 0, ℓ must be a degenerated principal null direction
For Kerr, one finds that it has rotation (Imρ ̸= 0), the source of which is the twist L

ℓ = ∂r, n = W∂u + U∂r +Xa∂a, m = L∂u + ω∂r +ma∂a

• At the level of the metric, turning on the twist means gra = La ̸= 0

• Motivation: merge Bondi formalism with [Chandrasekhar] [Stephani, Kramer,
MacCallum, Hoenselaers, Herlt]
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Twisting asymptotically-flat spacetimes
Goal of the project

• Such relaxations of the Bondi gauge were already studied in 4d, mainly for Carrollian
physics purposes [Campoleoni, Delfante, Pekar, Petropoulos, Rivera-Betancour,
Vilatte], [Hartong, Have, Nenmeli, Oling]

• Our goal: obtain the complete picture in the presence of twist
- NP solution space
- Metric solution space
- Dictionary NP-metric
- Algebraically special solution space
- Asymptotic symmetries
- Charges
- Flux balance laws
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Twisting asymptotically-flat spacetimes
NP solution space [Mao, Zhao] [Geiller, Mao, AV]

• We work in the gauge κ = ϵ = π = 0 so that ℓµ∇µℓ = 0 with the tetrad

ℓ = ∂r, n = W∂u + U∂r +Xa∂a, m = L∂u + ω∂r +ma∂a

• Solution space:

- Tetrad components eg. W = 1− 2Re(Lτ̄1)
r +

2Re
(
L(σ̄2τ1−iΣτ̄1)

)
r2

+O(r−3)

- Spin coefficients eg. ρ = −1
r +

iΣ
r2

+O(r−3), with Σ(L) sourcing Imρ ̸= 0!

- Weyl scalars eg. Ψ2 =
Ψ0

2
r3

− Ð̄Ψ0
1+3iΣΨ0

2
r4

+O(r−5)

- Evolution equations eg.
(
∂u + 6γ0

)
Ψ0

1 =
(
Ð − 3τ1

)
Ψ0

2 + 2σ2Ψ
0
3

• Parameterized by free (σ2, γ0, L) and u-constrained data (Re(Ψ0
2), Ψ

0
1, Ψ

n
0 )

9 / 13



Twisting asymptotically-flat spacetimes
NP solution space [Mao, Zhao] [Geiller, Mao, AV]

• We work in the gauge κ = ϵ = π = 0 so that ℓµ∇µℓ = 0 with the tetrad

ℓ = ∂r, n = W∂u + U∂r +Xa∂a, m = L∂u + ω∂r +ma∂a

• Solution space:

- Tetrad components eg. W = 1− 2Re(Lτ̄1)
r +

2Re
(
L(σ̄2τ1−iΣτ̄1)

)
r2

+O(r−3)

- Spin coefficients eg. ρ = −1
r +

iΣ
r2

+O(r−3), with Σ(L) sourcing Imρ ̸= 0!

- Weyl scalars eg. Ψ2 =
Ψ0

2
r3

− Ð̄Ψ0
1+3iΣΨ0

2
r4

+O(r−5)

- Evolution equations eg.
(
∂u + 6γ0

)
Ψ0

1 =
(
Ð − 3τ1

)
Ψ0

2 + 2σ2Ψ
0
3

• Parameterized by free (σ2, γ0, L) and u-constrained data (Re(Ψ0
2), Ψ

0
1, Ψ

n
0 )
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Twisting asymptotically-flat spacetimes
Metric solution space [Geiller, Mao, AV]

• NP resolution is powerful but obscure: what are the corresponding metric gauge
conditions? what is the no-log condition? what is the Bondi hierarchy?

• However the metric resolution is made possible by starting from the metric induced by
the tetrad (and not simply relaxing gra = 0)

gµν =


(
2U +XaX

a
)

−1 −Xa − guuLa

−1 0 La

−Xb − guuLb Lb γab + guuLaLb − 2X(aLb)


• The gauge conditions when translated to metric formalism are now grr = 0, gur = −1

and ∂rLa = 0 (geometrically: ℓν∇νℓ
µ = Γµ

rr = 0)
• Bondi hierachy (Bianchi identities + specific form of the metric)

- radial equations: Grµ = 0

- evolution equations: G̃TF
ab = 0, G̃ua|O(r−2) = 0, G̃uu|O(r−2) = 0

- trivial equations: all the rest!
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Twisting asymptotically-flat spacetimes
Asymptotic symmetries

• Extension of BMSW vectors ξ by an arbitrary vector parameter Υa(u, xb)

• Action on the solution space parameters. . .
• Nice feature: pure supertranslations generators are simply C(xa)∂u so finite

supertranslations are easy to study

Algebraically special solution space
• Impose Ψ0 = Ψ1 = 0 (then σ = 0 by Goldberg-Sachs theorem)
• The remaining solution space parameters are La, M and qab
• Everything truncates in a (r + iΣ)−1 expansion!

eg. W = 1− 2Re(Lτ̄), ρ = − 1
r+iΣ , Ψ2 =

Ψ0
2

(r+iΣ)3
,. . .

• δξΨ
0
1 = £ξΨ

0
1 +ΥΨ0

2

Algebraic speciality preserved if Υa = 0, and the vector fields also truncate!
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Twisting asymptotically-flat spacetimes
Simple examples of algebraically special solutions

• Kerr black hole:
- Included in finite form in the algebraically special solution space
- The angular momentum is not in Ψ1 but in the twist La = (0, J)

• Finitely supertranslated Schwarzschild black hole
- Finite supertranslation: u 7→ u− C(xa)
- ds2 = −

(
1− 2M

r

)
(du− dC)2 − 2(du− dC)dr + r2dΩ2

- Algebraically special solution with twist La = ∂aC
- Recover r-independant charge with non-zero superrotation [Compère, Long]:

Q =

∮
S
dS2M(T + Y a∂aC)
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Conclusion
Some perspectives

• Study other supertranslated, superrotated known solutions and their charge (eg.
Kerr-Taub-NUT. . . )

• Detailed study of the charges in the algebraically special case
• Interpretation in terms of coordinate-free universal structure
• Various possible extensions discussed before: weaker fall-offs, presence of Λ,

logarithmic terms. . .
• Possible link between asymptotic symmetries and Killing tensors in the algebraically

special case

Thank you!
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