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A continuous-time optimal control approach based
on Pontryagin’s maximum principle with chance

constraints
lundi 28 juillet 2025 18:00 (30 minutes)

In this talk, we present a general method for solving the optimal control problem of trajectory planning
for autonomous vehicles in continuous time with robustness to uncertainty. In a precedent work [1], we
proposed a formulation as a non-linear optimisation problem with an integral cost function including chance
constraints. Our present work uses Pontryagin’s maximum principle to solve autonomous vehicles’ reference
trajectory planning problem in continuous-time. We obtain a system of ordinary differential equations (ODE)
equivalent to minimising an objective function under constraints preserving the continuous-time formulation.
We include the chance constraints in the system thanks to their deterministic equivalent formulation as a
second-order conic programming problem [2] [3].

Let z ∈ Z, u ∈ U be the state and control under constraints, respectively. For t ∈ R and n,m ∈ N, let
z(t) ∈ Rn and u(t) ∈ Rm. We have z = (z(t))t∈[0,tf ] and u = (u(t))t∈[0,tf ]. The integral cost function
to minimise is J =

∫ tf
0

l(z(t), u(t))dt with l(z(t), u(t)) : Rn × Rm 7−→ R the integrand and tf ∈ R+
∗ the

final time. We denote dz(t)
dt

= f(z(t), u(t)) with f(z(t), u(t)) : Rn ×Rm 7−→ Rn the system dynamics and
λ(t) ∈ Rn the costates associated with z(t).

For k ∈ N, we denote S(z(t)) ∈ Rk the deterministic equivalent formulation of the chance constraints over
the state vector z(t) [4]. Let q ∈ N the order of temporal derivative such that dqS(z(t))

dtq
depends explicitly

on the state z(t) and the command u(t) i.e there exists a function g(z(t), u(t)) : Rn × Rm 7−→ Rk such as
dqS(z(t))

dtq
= g(z(t), u(t)). We include this term in the Hamiltonian with time-dependent Lagrangemultipliers

η(t) ≥ 0. The Hamiltonian is then given by:

\begin{align}
H(z(t),u(t),\lambda(t), \eta(t)) = l(z(t),u(t)) + \lambda^T(t) f(z(t), u(t)) + \eta^T(t) \frac{d^qS(z(t))}{dt^q}
\end{align}

By applying Maximum Principle, we derive a two-point boundary value problem (TPBVP), which can be
solved as an optimisation problem of finding the values for the costates at initial time, denoted λ(0) ∈ Rn

[5]. To initialise the algorithm, we will use the solution from direct methods optimisation approach, for the
discrete model, from our previous work [1].
We will evaluate the proposed approach based on numerical simulations of real scenarios from industrial
applications of autonomous vehicle trajectories, highlighting its efficiency.

References
[1] A. Valli, S. Zhang, and A. Lisser, Continuous-time optimal control for trajectory planning under uncertainty.
International Journal of Vehicle Autonomous Systems, 1 . doi:10.1504/IJVAS.2025.10072190.
[2] S. Kataoka,AStochastic ProgrammingModel, Econometrica, vol. 31, n°1/2, p. 181‑196, 1963, doi: 10.2307/1910956.
[3] C. van de Panne et W. Popp, Minimum-Cost Cattle Feed under Probabilistic Protein Constraints, Manage-
ment Science, vol. 9, n°3, p. 405‑430, 1963.
[4] A. Prékopa, Stochastic Programming. Dordrecht: Springer Netherlands, 1995. doi: 10.1007/978-94-017-
3087-7.
[5] A. E. Bryson, Applied Optimal Control: Optimization, Estimation and Control. New York: Routledge, 2018.
doi: 10.1201/9781315137667.

Author: M. VALLI, Ange (Laboratoire des Signaux et Systèmes (L2S), Université Paris-Saclay, CNRS, Centrale-
Supélec)

Co-auteurs: LISSER, Abdel (Laboratoire Des Signaux Et Systèmes, L2s - Centralesupélec); Prof. TEBBANI,
Sihem (Laboratoire des Signaux et Systèmes (L2S), Université Paris-Saclay, CNRS, CentraleSupélec)

Orateur: M. VALLI, Ange (Laboratoire des Signaux et Systèmes (L2S), Université Paris-Saclay, CNRS, Centrale-
Supélec)



Classification de Session: Chance-constrained programming

Classification de thématique: Chance-constrained programming


