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Solving Wasserstein distributionally
robust classification by regularization
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• Reference data: 𝑁  points (finite) 𝝃1…𝝃𝑁
ℙ̂𝑁 = 1

𝑁 ∑𝝃𝑖
𝛿𝝃𝑖

• Parameterized loss: 𝐿𝜃 ⇝ find 𝜃
(e.g. 𝜃 are weights in an ANN)
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• Learning:
‣ Supervised: (𝝃input, 𝝃target)
‣ Unsupervised: (𝝃data)

• Operations research:
‣ data-oriented: (𝝃data)

2



Shift in the data
Various techniques exist, mainly in
specific cases.
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Whole problem

New samples

ℙ̂𝑁

Distributional rubustness:

📚 Wide topic with rich diversity of methods cf
(This Session, July 2025)

(Wasserstein) Distributional robustness:

📚 Entire zoos of examples formulated as
convex programs
(Mohajerin Esfahani & Kuhn, 2018)

📚 Extensive theoretical analysis
(Kuhn et al., 2019)

📚 (New!) Sinkhorn regularisation of
Wasserstein transport
(Wang et al., 2023)+(Azizian et al., 2023)
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Data with distribution shift

E.g.: iWildsCam dataset

ℙ̂𝑁

ℙ
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Data with distribution shift

E.g.: iWildsCam dataset

Empirical risk minimization
(ERM):

min
𝜃

1
𝑁

∑
𝝃∼ℙ̂𝑁

[𝐿𝜃(𝝃)]
ℙ̂𝑁

ℙ

+ + +
+ + +…
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(Distributional) Robustness

ERM
min

𝜃

1
𝑁

∑
𝑁

𝑖=1
𝐿𝜃(𝝃𝑖)

Fit on dataset is
not enough to
protect against

shifts
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In this talk:
Wasserstein
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W-DRO
Maximize over Wasserstein neighborhood of radius 𝝆 (Mohajerin Esfahani & Kuhn, 2018).

min
𝜃

sup
𝑊𝑐(ℙ̂𝑁 , ℚ) ≤ 𝝆

𝔼𝜁∼ℚ[𝐿𝜃(𝜁)](Primal)

min
𝜃,𝜆≥0

1
𝑁

∑
𝝃𝑖∼ℙ̂𝑁

sup
𝜁

{𝐿𝜃(𝜁)⎵
↑

objective

+ 𝜆 (𝝆 − c(𝝃𝑖, 𝜁))⎵⎵⎵⎵⎵
↑

constraint (dualized)

}(Dual)
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W-DRO
Maximize over Wasserstein neighborhood of radius 𝝆 (Mohajerin Esfahani & Kuhn, 2018).

min
𝜃

sup
𝑊𝑐(ℙ̂𝑁 , ℚ) ≤ 𝝆

𝔼𝜁∼ℚ[𝐿𝜃(𝜁)](Primal)

min
𝜃,𝜆≥0

𝜆𝝆 + 1
𝑁

∑
𝝃𝑖∼ℙ̂𝑁

⚠

sup
𝜁

{𝐿𝜃(𝜁) − 𝜆 c(𝝃𝑖, 𝜁)}⎵⎵⎵⎵⎵⎵⎵⎵
↑

𝑐-transform of 𝐿𝜃

(Dual)
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What about the sup?
sup

𝜁
{𝐿𝜃(𝜁) − 𝜆 c(𝜁, 𝝃)}

• 𝐿𝜃(𝜁) − 𝜆 c(𝜁, 𝝃) may be non-concave…
⇒ high difficulty

• Worked out in some cases (through disciplined programming): see
(Mohajerin Esfahani & Kuhn, 2018), e.g.:
‣ linear/logistic regression,
‣ SVM,
‣ portfolio optimization,
‣ piecewise affine losses
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The case of linear classification

Linear model:

{𝝃 ∈ ℝ𝑑

𝐿𝜃(𝝃) ≔ ℓ(𝜃𝑇 𝝃)

(Credits to LossFunctions.jl): some ℓ models
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The case of linear classification
Theorem 1: [Shafieezadeh Abadeh et al. (2015)]
The WDRO problem for classification, with c(𝝃, 𝜁) = ‖𝜁 − 𝝃‖2 can be written:

min
𝜃

 Lip(ℓ)𝝆‖𝜃‖2 + 1
𝑁

∑
𝝃𝑖∼ℙ̂𝑁

𝐿𝜃(𝝃𝑖)

For 𝑐(𝝃, 𝜁) = ‖𝜁 − 𝝃‖
• Soft margin: log(1 + 𝑒−𝑦𝜃𝑇 𝑥) ✅
• Hinge: max{0, 1 − 𝑦𝜃𝑇 𝑥} ✅
• …

for 𝑐(𝝃, 𝜁) = ‖𝜁 − 𝝃‖2

• L2-hinge: max{0, (1 − 𝑦𝜃𝑇 𝑥)2} ✅
• …
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The case of linear classification
This relies on a simple assumption (idea from (Gao & Kleywegt, 2023)):

The loss must behave like the costs in “worst case
region”

θ

• Well classified samples: −𝜃𝑇 𝝃 ≥ 0, region where ℓ is small
• Misclassified samples: −𝜃𝑇 𝝃 < 0, region where ℓ grows.

We know where the sup
𝜁

{ℓ(𝜃𝑇 𝜁) − 𝜆‖𝜁 − 𝜉‖2} is in this case,

so we can test numerically.
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Toy example: linear classification #1

Simple balanced
separable dataset,

for 𝝆 = 10−5 vs 1:

• gained accuracy

• lower test loss (−78%)

• wider margin.
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Toy example: linear classification #1

Swap variances
Hence distribution shift !

⇒ ∼ 10% accuracy gain
w.r.t. non-robust (ERM)

11



Toy example: linear classification #2
Train 1000 models
on random data:

• ERM training losses

• ERM test losses

• DRO training losses

• DRO test losses

x-axis: average loss on the dataset, y-axis: frequency
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General case
sup

𝜁
{𝐿𝜃(𝜁) − 𝜆 c(𝝃, 𝜁)}

When the supremum:
• does not admit any closed form 🖊
• and is intractable numerically 📈

💡 Turn to smoothing the sup
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Dual of regularized WDRO problem – easier to solve for:

min
𝜃,𝜆≥0

𝜆𝝆 + 1
𝑁

∑
𝝃𝑖∼ℙ̂𝑁

𝜺 log 𝔼𝜁∼𝒩(𝝃𝑖,𝜎2)[𝑒
𝐿𝜃(𝜁)−𝜆 c(𝜁,𝝃𝑖)

𝜺 ]

💡 (Azizian et al., 2023)
Close to other ideas:
• (Blanchet & Kang, 2020) : Smooth explicitly with unlabeled data points
• (Wang et al., 2023) : Sinkhorn regularization of the Wasserstein distance
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E.g.: Smoothing the linear classification
Theorem 2: [Vincent et al. 2025]

With 𝑐(𝝃, 𝜁) = ‖𝜁 − 𝝃‖2
2 and 𝐾 ≔ 1

𝜺 ∈ ℕ the regularized WDRO can
be written:

min
𝜃, 𝜆≥0

 1
𝐾

{{
{
{{

𝜆𝝆 − 1
2

log(1 + 𝜆𝑑𝜎2𝑑) + 1
𝑁

∑
𝝃𝑖∼ℙ̂𝑁

log[∑
𝐾

𝑘=1
(𝐾

𝑘 )𝑒𝑄(𝑘)
𝜃,𝜆(𝝃𝑖)]

}}
}
}}

for a quadratic form: 𝑄(𝑘)
𝜃,𝜆(𝝃) = 𝑘 𝜃𝑇 𝝃 − 𝑘2 𝜎2

2(𝜆𝜎2+1)‖𝜃‖
2
2

→ Not simple ! Tractable, but less explicit than vanilla WDRO.

15



In general: smooth your own loss function

𝜺 log 𝔼𝜁∼𝒩(𝝃,𝜎2)[𝑒
𝐿𝜃(𝜁)−𝜆 c(𝜁,𝝃)

𝜺 ]

• Smooth ⇒ you can optimize it, as you would 𝐿𝜃

• Pick the hyperparameter 𝜺 depending on 𝜎2
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Is it better?

Pros Cons

sup
𝜁

𝐿𝜃(𝜁) − 𝜆 c(𝜁, 𝝃) • No hyperparameter
• No closed form (in

general)

𝜺 log 𝔼𝜁∼𝒩(𝝃,𝜎2)[𝑒
𝐿𝜃(𝜁)−𝜆 c(𝜁,𝝃)

𝜺 ] • 𝔼𝜁∼𝒩(⋅,𝜎2) tractable
by sampling (e.g. MC)

• Pick 𝜺 and 𝜎2
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Our work: the SkWDRO toolbox

Plan

A library for
your own

case:
SkWDRO

 

Experiments
(and real

world
data)

 

Insights on
what is

behind the
scene

 

Numerics
• Tackle with the

smoothed sup
• Relevant default

hyperparameters
proposed
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SkWDRO [Vincent et al. 2024]
• A python package:

$ pip install skwdro
$ uv pip install skwdro
$ mamba install flvincen:skwdro

• PyTorch interface to solve smoothed
problem for given 𝝆.
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SkWDRO - PyTorch interface
(Try defaults)

def dualize_primal_loss(
  
  loss_: nn.Module,
  transform_: Optional[nn.Module],
  rho: pt.Tensor,
  xi_batchinit: pt.Tensor,
  xi_labels_batchinit: Optional[pt.Tensor],
  
   
) -> DualLoss:

This DualLoss torch Module can be optimized in the same
way as the original loss.
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SkWDRO - PyTorch interface

def dualize_primal_loss(
  
  loss_: nn.Module,
  transform_: Optional[nn.Module],
  rho: pt.Tensor,
  xi_batchinit: pt.Tensor,
  xi_labels_batchinit: Optional[pt.Tensor],
  post_sample: bool=True,
  cost_spec: Optional[str]=None,
  n_samples: int=10,
  seed: int=42,
  
  *,
  epsilon: Optional[float]=None,
  sigma: Optional[float]=None,
  l2reg: Optional[float]=None,
  adapt: str="prodigy",
  imp_samp: bool=True
  
) -> DualLoss:

Lot of control
on the
hyperparameters
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Toy example: classification #2

Non-convex
setting:

moons+noise

Train 𝒩(0, (2.5.10−3

0
0

10−2))

→

Test 𝒩(0, (10−2

0
0

2.5.10−3))

Test loss gets 39% down, as the model gets conservative.
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Back to the Wilds 🦁.

22



Back to the Wilds 🦁.

Setup:
• Data pre-treated

with a resnet
(⇒ 𝑑 = 157)

• 1 hidden layer
neural-net
(𝑑ℎ = 64)

• |Train|=20000
|Val|=|Test|=5000

Track the
validation
loss during
training, with
test accuracy

22
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Behind the scenes

• Clever sampling for the inner logsumexp
• Heuristics to set 𝜺, Σ
• Numerically stable backward pass on the loss
• Heuristic to set starting 𝜆
• User-friendly interfaces
• All-in-one API, no troubles to define the problem
• Test suite & documentation
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Clever sampling strategy
𝜺 log(𝔼𝜁|𝝃[𝑒

1
𝜺(𝐿𝜃−𝜆 c(𝝃,𝜁))])

Importance sampling: push samples where they have
more weights in 𝔼𝜁∼𝒩(𝝃,𝜎2).

ζ
ξ i

σ

QI *

25



Conclusion
Skwdro
A library that allows you to robustify
your decision model written in PyTorch.

Take-away message
Big non-convex models are amenable
to WDRO

Perspectives:
• Add constraints
• Scale up

Try it out!
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Hyperparameters

Numerical difficulties:

• SkWDRO is above ERM
• But it does not reach true

WDRO

Regularized loss dependency on ε (logscale)

28



The Wasserstein distance
Wasserstein distance is inspired from Optimal Transport:

𝑊𝑐(𝔸, 𝔹) ≔ inf
𝜋|{[𝜋]1=𝔸

[𝜋]2=𝔹

{𝔼𝜋[𝑐]}.

One may regularize this with entropy:

𝑊𝜺,𝑐(𝔸, 𝔹) ≔ inf
𝜋|{[𝜋]1=𝔸

[𝜋]2=𝔹

{𝔼𝜋[𝑐] + 𝜺 KL(𝜋 ‖ 𝜋0)}.

⇒ need to pick 𝜺 and 𝜋0
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Robustness
Maximize over “close” distribution.

min
𝜃

sup
ℚ "close to" ℙ̂𝑁

𝔼𝜁∼ℚ[𝐿𝜃(𝜁)]
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Robustness
Maximize over “close” distribution.

min
𝜃

sup
ℚ "close to" ℙ̂𝑁

𝔼𝜁∼ℚ[𝐿𝜃(𝜁)]

Multiple possible
notions of neighborhood:

• KL divergence
• 𝜒2-distance
• TV-distance
• …

Focus on the Wasserstein distance:

𝑊𝑐(ℙ̂𝑁 , ℚ) ≔ inf
𝜋

{𝔼(𝝃,𝜁)∼𝜋[c(𝝃, 𝜁)] | [𝜋]1 = ℙ̂𝑁 , [𝜋]2 = ℚ}

• Today mostly c(𝜁, 𝝃) = ‖𝜁 − 𝝃‖2
2 and ‖𝜁 − 𝝃‖2
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Convergence result:

Theorem (Le, 2025):
Gradients of (𝜺-Regularized WDRO) converge with 𝜺 → 0 and 𝑀 → ∞ to the
Clarke differential of (WDRO).

𝜺 1
𝑁

∑
𝑁

𝑖=1
log 1

𝑀
∑
𝑀

𝑗=1
𝑒

𝐿𝜃(𝜁𝑗)−𝜆 c(𝜁𝑗,𝝃𝑖)
𝜺 ⟶

𝜺→0
𝑀→∞

1
𝑁

∑
𝑁

𝑖=1
sup

𝜁
{𝐿𝜃(𝜁) − 𝜆 c(𝜁, 𝝃𝑖)}
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SkWDRO [Vincent et al. 2024]

A library and a preprint
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Our work: the SkWDRO toolbox

Numerics
• Tackle with the

smoothed sup
• Sound default

hyperparameters
proposed

 

Engineering
• Maintained library
• Documentation and

examples
• Friendly+idiomatic

interfaces
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