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general idea

combination of two uncertainties
e uncertain data in the constraints

— feasibility with a probability p
less than 1

* uncertain probability distribution

— robust protection against all
distributions in ambiguity set U/
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Robust chance-constrained optimization

general idea robust chance-constrained optimization problem

combination of two uncertainties min go(z)

* uncertain data in the constraints v
— feasibility with a probability p st. Psoc(gi(z,0)<0VjieJ)>p V(eU
less than 1
reX

* uncertain probability distribution
— robust protection against all with X == {z € R" : hi(z) <O0Vi €L, hy(z) =0VEk € K}
distributions in ambiguity set U/
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Scenario-based
bundle method (SB)
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robust joint chance constraint

Ps.c(gj(z,0) <0VjeJ)>p V(elU

\ reformulation ]

{smoothing}

{penalization}

Scenario-based
bundle method (SB)

ICSP, Champs-sur-Marne, July 30,2025 | Daniela Bernhard |



TRR

E B R e 154
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robust joint chance constraint
Pic(gi(x,0) SOVj€T)=p V(eU
\ reformulation ]

— equivalent reformulation to single chance constraint

9j(,0) <0 VjeJ < g(z,0) = max{g(z,0)} <0
je

{smoothing}

{penaﬁ

zaﬁon}

Scenario-based
bundle method (SB)
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Equivalent reformulation
robust joint chance constraint
Psc (gj(z,6) S0VjeT)>p V(U
— equivalent reformulation to single chance constraint

gi(2,0) <0 VjeJ <= g(x,0) = meajc{gj(xﬁ)} <0
J

\ reformulation ]

{smoothing}

— equivalent reformulation of probability function

Al

Z GiX(—000)(9(x,0;)) =2 p V(CEU {penallzatlon}
1=1

Scenario-based
bundle method (SB)
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robust joint chance constraint
Ps¢ (gj(z,0) <0Vje€T)>p V(U
— equivalent reformulation to single chance constraint
9i(#,0) <0 Vj€J = g(x,0) == max{g;(x,9)} <0
— equivalent reformulation of probability function

A
D GXeoon)(9(x,8:) = p V(EU
1=1

— equivalent reformulation of robust constraint
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Smoothing approximation

robust chance constraint with indicator functions

’A| - EEEEN

min Z GiX(~o0,0)(9(, 7)) > p

— problem: indicator function not

continuous

ICSP, Champs-sur-Marne, July 30,2025 | Daniela Bernhard |



FRIEDRICH-ALEXANDER TR R
UNIVERSITAT
ERLANGEN-NURNBERG

Smoothing approximation

robust chance constraint with indicator functions

’A| - EEEEN

min Z CiX(—oo,O] (g(x, 61)) > P

— problem: indicator function not

continuous
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Smoothing approximation

robust chance constraint with indicator functions
A EREEERNY N

min Z GiX(—o000)(9(x,0;)) = p [reformula’[ion}

— problem: indicator function not

smoothing approximation ——
A 0 {penallzatlon}

Scenario-based
— approximate indicator function by bundle method (SB)

continuously differentiable function s
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Definition of smoothing functions

Smoothing function

A function s : R x R.y — [0, 1] is called a smoothing function for the

indicator function x/(_ o If

1) s(+, B) is continuously differentiable and monotonically decreasing for
all 6 >0

2) s is jointly continuous in both arguments
3) limg_,o0 s(0, B) = a with a € [0, 1]

4) limg_, S(y, B) = 0 forally > 0

5) limg_,0 s(y, ) = 1 forall y < 0.
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Convergence theory for smoothing approximation
additional assumptions

* polyhedral ambiguity set U/

« constraint qualification
— closure of set, where chance
constraint strictly fulfilled, equals
feasible set

* regularity condition on g
— for every point x with g(x, §;) = 0 for
some : there exists a sequence of
points that converges to « and has
non-zero g-values for all ¢
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* regularity condition on g
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Convergence theory for smoothing approximation
additional assumptions feasible set 3 feasible set
o for smoothed Sl for original
* polyhedral ambiguity set U/ problems problem
« constraint qualification
— closure of set, where chance lobally optimal lobally optimal
constraint strictly fulfilled, equals g y op B — oo g y op
. solutions to > solution to
feasible set . .
smoothed problems original problem

* regularity condition on g
— for every point x with g(x, §;) = 0 for
some : there exists a sequence of
points that converges to « and has
non-zero g-values for all ¢
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Convergence theory for smoothing approximation
additional assumptions feasible set 3 feasible set
vhedral ambiaLi y for smoothed Sl for original
polyhedral ambiguity set problems problem
« constraint qualification
— closure of set, where chance lobally optimal lobally optimal
constraint strictly fulfilled, equals g y op B — oo g y op
. solutions to > solution to
feasible set . .
smoothed problems original problem
* regularity condition on g
— for every point x with g(x, §;) = 0 for
some i there exists a sequence of local minima of B — Q| local minimum of
points that converges to x and has smoothed problems original problem
non-zero g-values for all ¢
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min go(z)
A
t. Al 5, 8) >
s ggg;Z@:l s(g(x,0:),B8) = p
r e X
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Penalty approximation
smoothed robust chance-constrained problem

min go(x)

i
. A H
s.t. min ZL:& is(g(z,6;),8) >p {reformulatlon}
reX

{smoothing}

‘penalization |

Scenario-based
bundle method (SB)
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Penalty approximation
smoothed robust chance-constrained problem

min go(z)

s.t. rcmz/r{l Z,‘é'l is(g(x,6;),8) >p {reformulation}

c
reX
approximation problem with exact penalization [smoothing}
min go(x) + Aeq tmax |h ()| + Ain mazx{max{O, hi(x)}}
X € 1€ . .
+ Aemna {max {0,p — S Gs(o(a,8), )} (eliZzTon.

Scenario-based
bundle method (SB)
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Penalty approximation
smoothed robust chance-constrained problem

min go(z)

s.t. rcmz/r{l Z,‘é'l is(g(x,6;),8) >p {reformulation}

c
reX
approximation problem with exact penalization [smoothing}
min go(x) + Aeq tmax |h ()| + Ain mazx{max{O, hi(x)}}
X € 1€ . .
+ Aemna {max {0,p — S Gs(o(a,8), )} (eliZzTon.

Properties of approximation problem Scenario-based

- exactness of penalty approach (Han, Mangasarian (1979)) bundle method (SB)

* min-max problem — non-smooth
* not continuously differentiable, but existence of Clarke subgradients
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Penalty approximation
smoothed robust chance-constrained problem

min go(z)

st r@“%lzfll Zlfl s(g(x,6:),8) > p {reformulation}

reX
approximation problem with exact penalization [smoothing}
min 9o(T) + Aeq tax |y ()] + i r?eaix{maX{O, hi(x)}}

{penalization}

+ )\cc I?Eazdj( { max {O7p _ Zlé‘lgzs(g(xa 52)7 6)}}

Properties of approximation problem Scenario-based

- exactness of penalty approach (Han, Mangasarian (1979)) bundle method (SB)

* min-max problem — non-smooth
* not continuously differentiable, but existence of Clarke subgradients

ICSP, Champs-sur-Marne, July 30, 2025 | Daniela Bernhard |
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Scenario-based bundle method (SB)
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idea: solve approximation problem for fixed smoothing
and penalty parameters with unconstrained
bundle method from Noll (2010)

{reformulation}

{smoothing}
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Scenario-based bundle method (SB)

idea: solve approximation problem for fixed smoothing
and penalty parameters with unconstrained
bundle method from Noll (2010)

{reformulation}

{smoothing}

problem: bundle solution often infeasible or suboptimal
for original problem Lpenalization}

Scenario-based
bundle method (SB)
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Scenario-based bundle method (SB)

idea: solve approximation problem for fixed smoothing
and penalty parameters with unconstrained
bundle method from Noll (2010)

problem: bundle solution often infeasible or suboptimal
for original problem

solution: use bundle solution for scenario-based
postprocessing to guarantee feasibility

ICSP, Champs-sur-Marne, July 30, 2025 | Daniela Bernhard |

{reformulation}

{smoothing}

{penalization}

Scenario-based
bundle method (SB)
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Scenario-based postprocessing

{reformulation}

Lsmoothing}

|

{penalization}

Scenario-based
bundle method (SB)
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Scenario-based postprocessing

{reformulation}

scenario-based problem

Lsmoothing}

|

{penalization}

min go()
X

st. g(z,0,) <0 Vies

reX

bundle method (SB)

Scenario-based
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iterative procedure { f at J
reformulation

scenario-based problem

Lsmoothing}

|

{penalization}

min go()
X

st. g(z,0,) <0 Vies

reX

bundle method (SB)

Scenario-based
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Scenario-based postprocessing

iterative procedure { f at J
reformulation

scenario-based problem « Start with a small set S C A
. — contains scenarios with g smoothing
i go(z) 'close to 0’ at bundle solution L l }

st. g(r,0;)) <0 VieS {penalization}

reX

bundle method (SB)

Scenario-based

ICSP, Champs-sur-Marne, July 30, 2025 | Daniela Bernhard |

12



TRR

FRIEDRICH-ALEXANDER

UNIVERSITAT _
ERLANGEN-NURNBERG

Scenario-based postprocessing

iterative procedure

scenario-based problem « Start with a small set S C A

— contains scenarios with g

i 90() 'close to 0’ at bundle solution

st. g(z,6)<0 VieS - Solve scenario-based problem for S

reX
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Scenario-based postprocessing

iterative procedure { f at J
reformulation

scenario-based problem - Start with a small set S C A
. — contains scenarios with g smoothing
i 90() 'close to (" at bundle solution L }

Vies  Solve scenario-based problem for S l

st. g(x,0;) <0 {penalization}

* Increase S if solution not feasible
reX for original problem and iterate, stop
otherwise

Scenario-based
bundle method (SB)
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Scenario-based postprocessing

iterative procedure

scenario-based problem « Start with a small set S C A

— contains scenarios with g

i 90() 'close to 0’ at bundle solution

st gz, 6)<0 VieS  Solve scenario-based problem for §
* Increase S if solution not feasible
reX for original problem and iterate, stop

otherwise

— guaranteed to find feasible solution, if underlying robust problem feasible

ICSP, Champs-sur-Marne, July 30, 2025 | Daniela Bernhard
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* q: flow variables

e 7. squared pressure variables
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 \: pressure loss coefficients

« x, T: lower and upper bounds for x
« 7, 7. lower and upper bounds for 7
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Chance-constrained gas transport problem

« x: control of active elements

* ¢: flow variables

e 7. squared pressure variables

« c: linear cost vector

* d: random variable for demands

« A: incidence matrix of network

* \: pressure loss coefficients

« x, . lower and upper bounds for x
» 7, 7. lower and upper bounds for 7
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Chance-constrained gas transport problem

e 1: control of active elements

* q: flow variables nominal problem

e 7. squared pressure variables

* c: linear cost vector

* d: random variable for demands
 A: incidence matrix of network

 \: pressure loss coefficients

« x, T: lower and upper bounds for x
« 7, 7. lower and upper bounds for 7
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Chance-constrained gas transport problem

 x: control of active elements

* q: flow variables

e 7. squared pressure variables

* c: linear cost vector

* d: random variable for demands
 A: incidence matrix of network

 \: pressure loss coefficients

« x, T: lower and upper bounds for x
« 7, 7. lower and upper bounds for 7

robust problem
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Chance-constrained gas transport problem

 x: control of active elements
* q: flow variables
* 7: squared pressure variables

 ¢: linear cost vector min
e d: random variable for demands ST
« A: incidence matrix of network ot

 \: pressure loss coefficients
« x, T: lower and upper bounds for x
« r, 7. lower and upper bounds for 7
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Numerical results for GasLib 134 (Schmidt et al. (2017))
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Figure: GasLib 134 (Schmidt et al. (2017))
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Numerical results for GasLib 134 (Schmidt et al. (2017))
confidence intervals

t B ‘
) s, . B
ST ZLI00[ ", — sB
v o} - REF
{i o 1,080 :
\
\.\\_\}__'__, number of scenarios
{
&L Wasserstein balls
‘\)t ‘
v \',a-.v_v//' .g
(,.,,n* ', c
. v o
- O

Figure: GasLib 134 (Schmidt et al. (2017))
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Numerical results for GasLib 134 (Schmidt et al. (2017))

observations

« REF only solvable up to 100 scenarios
- REF faster, if solvable
* pure bundle solution often suboptimal

* scenario-based bundle solution mostly
globally optimal

ICSP, Champs-sur-Marne, July 30, 2025 | Daniela Bernhard
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Numerical results for different GasLib instances (Schmidt et al. (2017))
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Numerical results for different GasLib instances (Schmidt et al. (2017))

 number of scenarios: between 10 and 2000

« ambiguity sets: confidence intervals and
Wasserstein balls
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feasible solution optimal
after one hour solution®

method
« number of scenarios: between 10 and 2000
« ambiguity sets: confidence intervals and RSIEF

Wasserstein balls

30/30 17/19
19/30 19/19

*only instances, where ref gives feasible solution

— feasible solutions for all tests with SB, mostly optimal (> 90%)

— sometimes smaller running time than ref (5/19), if ref solvable
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Numerical results for different GasLib instances (Schmidt et al. (2017))

feasible solution optimal
after one hour solution®

method
« number of scenarios: between 10 and 2000
« ambiguity sets: confidence intervals and RSIEF

Wasserstein balls

30/30 17/19
19/30 19/19

*only instances, where ref gives feasible solution

— feasible solutions for all tests with SB, mostly optimal (> 90%)

— sometimes smaller running time than ref (5/19), if ref solvable

— SB produces high-quality solutions for gas problems with robust chance constraints
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Conclusion and outlook

Conclusion
« derive approximation problem for robust joint chance-constrained optimization with discrete distributions
« develop convergence theory for smoothing approximation
* solve approximation problem with bundle method
* apply scenario-based postprocessing afterwards
* obtain feasible and mostly globally optimal solutions for difficult real-world sized gas transport problems
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Conclusion and outlook

Conclusion
« derive approximation problem for robust joint chance-constrained optimization with discrete distributions
« develop convergence theory for smoothing approximation
* solve approximation problem with bundle method
* apply scenario-based postprocessing afterwards
* obtain feasible and mostly globally optimal solutions for difficult real-world sized gas transport problems

Current work and outlook
- extend setting to mixture ambiguity sets!
* test approach for different applications
* include mixed-integer design variables with spatial branch-and-bound techniques

1B., Liers, Stingl: https://opus4.kobv.de/opus4-trr154/602
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