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Introduction: Stanley’s Young-Fibonacci lattice YF

The YF-lattice is a close analogue of Young’s lattice Y:

YF is the Bratelli diagram of a tower of semi-simple algebras
— Okada algebras (counterparts of the symmetric groups)

YF supports a version of the RS-correspondence which is
reflected in the structure theory of these algebras

YF governs multiplication rule for clone Schur functions
(related to an induction product for representations)

Today: Understanding clone Schur
functions probabilistically
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Fibonacci words

Definition
A Fibonacci word is a binary word w formed using digits in {1, 2}.

Definition
The rank of a Fibonacci word w is |w | = a1 + · · · + ak where
w = a1 · · · ak and where a1, . . . , ak ∈ {1, 2} are its digits.

Lemma
The number Fibonacci words w of rank |w | = n is exactly the
Fibonacci number Fn, with the convention that F0 = F1 = 1.
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Young-Fibonacci lattice YF (Stanley 1988)

∅

1

11 2

111 21

1111 211

11111 2111

12

11222

1112212

121

11212211211 122

Vertices of rank N:

Fibonacci words w
with rank |w | = N

Cover relations:

2iu↗ 2i1u

2i1u↗ 2i2u
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Young-Fibonacci lattice YF (Stanley 1988)

∅

1

11 2

111 21

1111 211

11111 2111

12

11222

1112212

121

11212211211 122

Vertices of rank N:

Fibonacci words w
with rank |w | = N

Cover relations:

2iu↗ 2i1u

2i1u↗ 2i2u

Properties of YF:

ranked lattice

1-differential

(Like Young Lattice’s Y!)

12 / 66



The Young-Fibonacci lattice
Coherent Systems

Clone Schur Functions
Fibonacci Positivity

Stieltjes Moment Sequences
Asymptotics of Clone Coherent Measures

Differential posets

Definition
The Up and Down operators for a locally finite poset P are

U(v) :=
∑
v ↗w

w D(v) :=
∑
w ↗ v

w

for any v ∈ P. The notation v ↗ w means v is covered by w .

Definition (Stanley 1988)

A differential poset is a locally finite, ranked poset with a unique
minimum element ∅ whose Up and Down operators satisfy

DU − UD = Id .
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Properties of differential posets

Theorem (Stanley 1988)

If P is differential with minimum element ∅ then

DnUn(∅) = n!∅

Otherwise said: ∑
w ∈Pn

dim2
P(w) = n!

where dimP(w) is the number of saturated chains from ∅ to
w ∈ P and where Pn is the subset of w ∈ P with rank |w | = n.

Corollary (Plancherel Measures)

Mn(w) := dim2(w)/n! for w ∈ Pn defines a coherent system of
probability measures on P.
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Saturated chain from ∅ to w = 221 in YF-lattice

∅

1

11 2

111 21

1111 211

11111 2111

12

11222

1112212

121

11212211211 122
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Coherent Systems
Definition
Let P be a ranked poset with a unique minimal element ∅. A coherent
system is a sequence {Mn}n ∈ N where

Mn is a probability measure on Pn for each n ∈ N

Mn(v) =
∑
v ↗w

dimP(v)

dimP(w)
Mn+1(w) for each v ∈ Pn

Remark (Transition Probabilities)

{Mn}n∈N is a coherent system if and only if

µ(v ↗w) :=
dimP(v)

dimP(w)

Mn+1(w)

Mn(v)

restricts to a probability measure on all covering relations (v ↗w) for each
v ∈ P. Defines Markov process evolving along saturated chains.
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Picture: Transition Probabilities from a Coherent System

∅

1

11 2

111 21

1111 211

11111 2111

12

11222

1112212

121

11212211211 122

M1(1)
M0(∅)

M2(2)
M1(1)

M3(12)
M2(2)

1
3

M4(22)
M3(12)

3
8

M5(221)
M4(22)

Probability of a random satu-
rated chain w0 ↗ · · · ↗wn ending
at wn = w is Mn(w)/ dimP(w).

M1(1)
M0(∅) ·

M2(2)
M1(1)

M3(12)
M2(2)

· 1
3
M4(22)
M3(21) ·

3
8
M5(221)
M4(22)

= M5(221)/8
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Coherent Systems: The Young lattice Y
Let: x⃗ = (x1, x2, x3, . . . ) and y⃗ = (y1, y2, y3, . . . ) be two

sequences of variables, γ an auxiliary variable

λ be a partition of n and 2 the unique partition of 1

sλ(x⃗ ; y⃗ ; γ) be the γ-super-symmetric Schur function

Pieri Rule: s2(x⃗ ; y⃗ ; γ) · sλ(x⃗ ; y⃗ ; γ) =
∑
λ ↗ ν

sν(x⃗ ; y⃗ ; γ)

Theorem (Thoma)

Specializing xk , yk , γ ∈ R≥0 such that γ +
∑∞

k≥0 (xk + yk) = 1 then

Mn(λ) := dimY(λ)
sλ(x⃗ ; y⃗ ; γ)

sn2(x⃗ ; y⃗ ; γ)

for λ ∈ Yn defines a minimal coherent system on the Young lattice
Y. Moreover all minimal coherent systems on Y are of this form.

γ=1 gives
Plancherel
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Biserial Clone Schur Functions
Let x⃗ = (x1, x2, x3, . . . ) and y⃗ = (y1, y2, y3, . . . ) be two sequences of vari-
ables. Introduce the following tridiagonal determinants

Aℓ = det


x1 y1 0 · · ·
1 x2 y2
0 1 x3
...

. . .


︸ ︷︷ ︸
ℓ × ℓ tridiagonal matrix

Bℓ−1(r) = det


yr+1 xr+1yr+2 0 · · ·
1 xr+3 yr+3
0 1 xr+4
...

. . .


︸ ︷︷ ︸

ℓ × ℓ tridiagonal matrix

Definition (Okada 1994)

For w ∈ YF the clone Schur function sw (x⃗ | y⃗ ) is given recursively by

sw (x⃗ | y⃗ ) :=

{
Ak if w = 1k for some k ≥ 0,
Bk(|v |) · sv (x⃗ | y⃗ ) if w = 1k2v for some k ≥ 0.
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Clone Pieri Rule and Coherent Systems on YF
Proposition (Okada 1994)

Clone Pieri Rule: xn+1 · sv (x⃗ | y⃗ ) =
∑

v ↗ w

sw (x⃗ | y⃗ ) for v ∈ YFn

Corollary/Defintion: Clone Schur Coherent Systems (PS 2024)

Let x⃗ = (x1, x2, x3, . . . ) and y⃗ = (y1, y2, y3, . . . ) be two sequences of real
numbers and assume sw (x⃗ | y⃗ ) > 0 for each w ∈ YF, then

Mn(w) := dimYF(w)
sw (x⃗ | y⃗ )
x1 · · · xn

for w ∈ YFn defines a coherent system on the YF-lattice.

Definition: Fibonacci Positivity (PS 2024)

A pair of sequences (x⃗ , y⃗ ) of real numbers is Fibonacci positive if, upon
specializing, sw (x⃗ | y⃗ ) > 0 for all w ∈ YF.
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Fibonacci Positivity and Tridiagonal Total Positivity
Lemma

A pair of sequences (x⃗ , y⃗ ) is Fibonacci positive if and only if the infinite
tridiagonal matrices defined (for r ≥ 1) by

A
(
x⃗
∣∣ y⃗ ) =


x1 y1 0 · · ·
1 x2 y2
0 1 x3
...

. . .

 Br

(
x⃗
∣∣ y⃗ ) =


yr xryr+1 0 · · ·
1 xr+2 yr+2
0 1 xr+3
...

. . .


are are totally positive: All matrix minors, which are not identically zero
in virtue of the tridiagonal structure, must be real and positive.

Reason

A
(
x⃗
∣∣ y⃗ ) and Br

(
x⃗
∣∣ y⃗ ) are totally positive if and only if their leading,

principal minors are positive, i.e. Aℓ > 0 and Bℓ−1(r − 1) > 0 for ℓ ≥ 1.
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Fibonacci Positivity: Characterization
Theorem (PS 2024)

Each Fibonacci positive pair of sequences (x⃗ , y⃗ ) is uniquely expressed as

xk = ck (1 + tk−1) yk = ck ck+1tk for k ≥ 1

where c⃗ is an arbitrary positive real sequence, and t⃗ = (t1, t2, t3, . . .) is a
positive real sequence of one of the following two types:

(divergent type) The infinite series

(†) 1 + t1 + t1t2 + t1t2t3 + . . .

diverges, and tm+1 ≥ 1 + tm for all m ≥ 1

(convergent type) The series (†) converges, and for all m ≥ 0

1 + tm+3 + tm+3tm+4 + tm+3tm+4tm+5 + . . . ≥ tm+1

tm+2(1 + tm − tm+1)
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Fibonacci Positivity: Examples
Remark

A sequence t⃗ = (t1, t2, t3, . . .) of divergent type can be expressed as

tk = k + ε1 + . . . + εk

for unique real parameters εk ≥ 0 with k ≥ 1. Treating c⃗ and ε⃗ as formal
variables, we can express the clone Schur function sw (x⃗ | y⃗ ) as a non-zero
polynomial in Z[c⃗, ε⃗ ] with non-negative coefficients for each w ∈ YF.

Examples: Fibonacci Positive pairs of sequences (x⃗ , y⃗ )

Plancherel: xn = yn = n (i.e. Mn(w) = dim2
YF(w)/n!) divergent

Charlier: xn = n − 1 + ρ, yn = ρn with ρ ∈ (0, 1] divergent

shifted-Plancherel: xn = yn = n − 1 + σ with σ > 1 convergent

Power specializations: xn = 1 + tn−1, yn = tn with tn = κp/np

and p ≥ 1 and sufficiently small values κp > 0 convergent

31 / 66



The Young-Fibonacci lattice
Coherent Systems

Clone Schur Functions
Fibonacci Positivity

Stieltjes Moment Sequences
Asymptotics of Clone Coherent Measures

Fibonacci Positivity: Examples
Remark

A sequence t⃗ = (t1, t2, t3, . . .) of divergent type can be expressed as

tk = k + ε1 + . . . + εk

for unique real parameters εk ≥ 0 with k ≥ 1. Treating c⃗ and ε⃗ as formal
variables, we can express the clone Schur function sw (x⃗ | y⃗ ) as a non-zero
polynomial in Z[c⃗, ε⃗ ] with non-negative coefficients for each w ∈ YF.

Examples: Fibonacci Positive pairs of sequences (x⃗ , y⃗ )

Plancherel: xn = yn = n (i.e. Mn(w) = dim2
YF(w)/n!) divergent

Charlier: xn = n − 1 + ρ, yn = ρn with ρ ∈ (0, 1] divergent

shifted-Plancherel: xn = yn = n − 1 + σ with σ > 1 convergent

Power specializations: xn = 1 + tn−1, yn = tn with tn = κp/np

and p ≥ 1 and sufficiently small values κp > 0 convergent

32 / 66



The Young-Fibonacci lattice
Coherent Systems

Clone Schur Functions
Fibonacci Positivity

Stieltjes Moment Sequences
Asymptotics of Clone Coherent Measures

Fibonacci Positivity: Examples
Remark

A sequence t⃗ = (t1, t2, t3, . . .) of divergent type can be expressed as

tk = k + ε1 + . . . + εk

for unique real parameters εk ≥ 0 with k ≥ 1. Treating c⃗ and ε⃗ as formal
variables, we can express the clone Schur function sw (x⃗ | y⃗ ) as a non-zero
polynomial in Z[c⃗, ε⃗ ] with non-negative coefficients for each w ∈ YF.

Examples: Fibonacci Positive pairs of sequences (x⃗ , y⃗ )

Plancherel: xn = yn = n (i.e. Mn(w) = dim2
YF(w)/n!) divergent

Charlier: xn = n − 1 + ρ, yn = ρn with ρ ∈ (0, 1] divergent

shifted-Plancherel: xn = yn = n − 1 + σ with σ > 1 convergent

Power specializations: xn = 1 + tn−1, yn = tn with tn = κp/np

and p ≥ 1 and sufficiently small values κp > 0 convergent
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Fibonacci Positivity: Stieltjes Moment Sequences
Recall that a sequence a⃗ = (a0, a1, a2, . . . ) of real numbers is called a strong
Stieltjes moment sequence if there exists a Borel measure ν(dt) ≥ 0
on [0,∞) with infinite support such that an =

∫∞
0 tnν(dt) for n ≥ 0.

Theorem (Flajolet, Viennot, Sokal ...)

a⃗ = (a0, a1, a2, . . . ) is a strong Stieltjes moment sequence if and only
if there exist a pair of sequences (x⃗, y⃗ ) such that the matrix A

(
x⃗ | y⃗

)
is

totally positive and the moment generating function M(z) of a⃗ is given
by the following Jacobi continued fraction associated to (x⃗, y⃗ ):

M(z) :=
∑
n≥0

an
a0

zn =
1

1 − x1z − y1z
2

1 − x2z −
y2z

2

1 − x3z −
y3z

2

. . .
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Fibonacci Positivity: Stieltjes Moment Sequences

Theorem (continuation ...)

The pair of sequences (x⃗, y⃗ ) is also responsible for the recursion

Pn+1(t) = (t − xn+1)Pn(t)− ynPn−1(t) with P0(t) = 1 , P1(t) = t − x1

generating the polynomials Pn(t) which are orthogonal with respect to
the Borel measure ν(dt) on [0,∞) whose moment sequence is a⃗.

Remark (Fibonacci Positivity and the (q)-Askey Scheme)

The recursion parameters (x⃗, y⃗ ) for the following systems of orthogonal
polynomials are Fibonacci positive of divergent type:

Charlier polynomials
Type-I Al-Salam-Carlitz polynomials
Al-Salam-Chihara polynomials
q-Charlier polynomials

In all cases the Borel measure
ν(dt) is discretely supported
on [0,∞). Moments are (q-
analogues of) Bell polynomials.
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Fibonacci Positivity: Stieltjes Moment Sequences
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Fibonacci Positivity: Borel Measures and Moment Sequences
Question (Fibonacci Positivity vis-à-vis Borel measures)

Fibonacci positive sequences (x⃗, y⃗ ) give rise to a proper subclass of
Borel measures ν(dt) on [0,∞). Can these measures, and/or their
moments be characterized in an informative way?

Proposition (PS 2024)

Let (x⃗, y⃗ ) be a Fibonacci positive specialization of divergent type with
xk = ck(1 + tk−1) and yk = ckck+1tk for all k ≥ 1 and where

tk = k + ε1 + · · · + εk with εk ≥ 0 for all k ≥ 1
then the moments a⃗ = (a0, a1, a2, . . . ) of the Borel measure ν(dt) on
[0,∞) are given by (novel) (c⃗, ε⃗ )-deformed Bell polynomials:

an = Bn(c⃗ , ε⃗ ) :=
∑

π∈Π(n)

∏
k≥1

c
heightk (π)
k (1 + εk)

Ck (π)

where the sum is taken over all set partitions π of n.
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Fibonacci Positivity: Borel Measures and Moment Sequences
Question (Fibonacci Positivity vis-à-vis Borel measures)

How about Fibonacci positive sequences (x⃗, y⃗ ) of convergent type?

Example: Fibonacci Positive specialization (x⃗ , y⃗ ) of Convergent Type

To this end, we examine the shifted-Charlier specialization (x⃗, y⃗ ):
xn = n − 2 + ρ + σ yn = ρ(n − 1 + σ) ρ ∈ (0, 1] and σ ≥ 1

It is simultaneously a deformation of both the Charlier specialization
(when σ = 1) and the shifted-Plancherel specialization (when ρ = 1).

Remark (M. Ismail et. al. 1988)

The orthogonal polynomials generated by the shifted-Charlier parameters
(x⃗, y⃗ ) were studied by M. Ismail in connection to linear birth and death
models. The associated Borel measure ν(dt) was shown to be discretely
supported on [0,∞).
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Fibonacci Positivity: Shifted-Charlier specialization

Proposition (M. Ismail et. al. 1988, PS 2024)

The moment generating function M(z) of the Borel measure associated to
the shifted-Charlier specialization (x⃗, y⃗ ) is given by

M(z) =
1F1

(
σ; σ − 1

z ; −ρ
)

1F1
(
σ − 1; σ − 1

z ; −ρ
)
− z(σ − 1) 1F1

(
σ; σ − 1

z ; −ρ
)

Moreover the corresponding moments a⃗ = (a0, a1, a2, . . . ) are given by
the following (novel) σ-deformed Bell polynomials:

an = Bntc
σ,n (ρ) :=

∑
π∈Π(n)

ρ#blocks⋆(π) σntc(π) (ρ+ σ − 1
)#S(π)

where the sum is taken over all set partitions π of n.
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Asymptotics of Clone Coherent Measures: Runs and Hikes

Parsing Fibonacci words w into consecutive groups of 1’s and 2’s:

Runs: w = 1r12 1r22 1r32 · · · 2 1rp
where rk ≥ 0 is an integer called the k-th run and p = #2’s + 1

Hikes: w = 2h11 2h21 2h31 · · · 1 2hq

where hk ≥ 0 is an integer called the k-th hike and q = #1’s + 1

Definition (Modified and Scaled Runs and Hikes)

r̃k :=

{
rk + 2 k ≤ p − 1
rp k = p

h̃k :=

{
2hk + 1 k ≤ q − 1
2hm k = q

Rk(w) =
r̃k(w)

|w | −
∑k−1

i=1 r̃j(w)
≤ 1 Hk(w) =

h̃k(w)

|w | −
∑k−1

i=1 h̃j(w)
≤ 1
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Asymptotics: Runs and Charlier specialization

Recall the Charlier specialization (x⃗, y⃗ ):
xn = n − 1 + ρ , yn = nρ where ρ ∈ (0, 1]

Definition: Convex mixture of beta(1, ρ) and point mass

For any ρ ∈ (0, 1] let ηρ be a random variable distributed in [0, 1] by

ρδ0(α) + (1 − ρ)ρ(1 − α)ρ−1dα α ∈ [0, 1]

Theorem (PS 2024)

Let w ∈ YFn be a random Fibonacci word distributed according to the
coherent measure Mn(w) associated to the Charlier specialization with
ρ ∈ (0, 1]. For any k ≥ 1 the scaled runs jointly converge in distribution:

(R1(w), . . . ,Rk(w))
d−−−→

n→∞
(α1, . . . , αk)

where α1, . . . , αk ∈ [0, 1] are iid. random variables sampled with respect
to ηρ. Note: the Rk(w)’s are not iid. prior to taking the limit.
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Asymptotics: Hikes and shifted-Plancherel specialization

Definition (σ-model for random sequences)

Fix σ ∈ [1,∞) and construct random variables ξσ;k ∈ [0, 1] as follows:

• Toss a sequence of independent coins with probabilities of success
1, σ−1, σ−2, . . . and let N be the (random) number of successes until the
first failure. Notice

Prob(N = n) = σ−(n2)(1 − σ−n)

• Now independently sample ξσ;k ∈ [0, 1] for k = 1, . . . ,N with respect to
the beta(1, σ/2) measure. Set ξσ;k = 0 for all k > N .

Remark
For σ ̸= 1 the ξσ;k ’s are not iid. The marginal distribution of ξσ;k is

(1 − σ−k+1)δ0(α) +
1
2
σ−k+2(1 − α)

σ
2 −1dα

When σ = 1 the ξσ;k ’s are beta(1, 1/2)-sampled iid. random variables.
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Asymptotics: Hikes and shifted-Plancherel specialization

Recall the shifted-Plancherel specialization (x⃗, y⃗ ):
xn = yn = n − 1 + σ where σ ∈ [1,∞)

Theorem (Gnedin-Kerov 2000, PS 2024)

Let w ∈ YFn be a random Fibonacci word distributed according to the
coherent measure Mn(w) associated to the shifted-Plancherel
specialization with σ ∈ [1,∞). For k ≥ 1 the scaled hikes jointly
converge in distribution:

(H1(w), . . . ,Hk(w))
d−−−→

n→∞
(ξσ;1, · · · , ξσ;k)

where ξσ;k ∈ [0, 1] are sampled according to the σ-model.

When σ = 1
we recover Gnedin and Kerov’s result: In the n → ∞ limit, the Hk ’s
are beta(1, 1/2)-sampled iid. random variables in [0, 1].
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Asymptotics: Type-I Observables
Definition (Type-I Fibonacci words)

A Type-I Fibonacci word is an infinite Fibonacci word of the form 1∞ or
1∞2w for some finite suffix w ∈ YF.

Remark (Goodman and Kerov 2000)

The set 1∞YF of all Type-I Fibonacci words appears in Goodman and
Kerov’s description of the Martin boundary of YF — i.e. the space of all
coherent systems on YF obtained by finite rank approximation.

Definition (Extending Coherent Systems to 1∞YF )

Given a coherent system {Mn}n∈N on YF define MI on 1∞YF by

MI(1∞) = lim
n→∞

Mn(1n) MI(1∞2w) = lim
n→∞

Mn+2+|w |(1n2w)

In general MI defines a sub-probability distribution on 1∞YF, i.e.

MI(1∞) +
∑

w ∈YF
MI(1∞2w) ≤ 1
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Asymptotics: Type-I Observables and Convergent Type

Theorem (PS 2024)

Let (x⃗, y⃗ ) be a Fibonacci positive specialization of covergent type, i.e.

A∞(m) := 1 + tm + tmtm+1 + tmtm+1tm+2 + . . . converges

B∞(m) := tm+1 + tm+2
(
tm+1 − tm − 1

)
A∞(m + 3) ≥ 0

for all m ≥ 0 where xk = ck (1 + tk−1) and yk = ck ck+1tk and k ≥ 1.
Let {Mn}n∈N be the coherent system associated to (x⃗, y⃗ ).

MI is a probability measure on 1∞YF iff
∏∞

k=0 (1 + tk)−1 ̸= 0.

When this is the case we have:

MI(1∞) =
∏∞

k=0 (1 + tk)
−1

MI(1∞2w) = (n + 1)Mn(w)B∞(n)
∏∞

k=n (1 + tk)
−1

for all w ∈ YFn. If this is not the case, MI vanishes on 1∞YF.
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Asymptotics: Power Specializations (p = 1)

Example: Power specialization p = 1

Let (x⃗, y⃗ ) be the power specialization with p = 1:

xn = 1 + tn−1 , yn = tn where tn = κ/n

where 0 < κ < κ1 ≈ 0.844637. In this case
∏∞

k=0 (1 + tk)−1 vanishes
and consequently MI vanishes on 1∞YF.

This specialization behaves like the Charlier specialization: For any
k ≥ 1 the scaled runs of Mn(w)-distributed random Fibonacci works
w ∈ YFn jointly converge in distribution:

(R1(w), . . . ,Rk(w))
d−−−→

n→∞
(α1, . . . , αk)

where α1, . . . , αk ∈ [0, 1] are iid. ηκ-distribued random variables.
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Asymptotics: Power Specializations (p = 1)

Example: Power specialization p = 1

Let (x⃗, y⃗ ) be the power specialization with p = 1:
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∏∞
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n→∞
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where α1, . . . , αk ∈ [0, 1] are iid. ηκ-distribued random variables.
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Asymptotics: Power Specializations (p = 2)

Example: Power specialization p = 2

Let (x⃗, y⃗ ) be the power specialization with p = 2:

xn = 1 + tn−1 , yn = tn where tn = κ/n2

where 0 < κ < κ2 ≈ 1.41056. In this case∏∞
k=0 (1 + tk)−1 = π

√
κ csch(π

√
κ) > 0

and consequently MI is a probability measure on 1∞YF.

Note that:

• MI(1∞) = π
√
κ csch(π

√
κ)

• MI(1∞2w) = π
√
κ csch(π

√
κ)(n + 1)Mn(w)B∞(n)

∏n−1
k=1 (1 + κ

k2 )

where |w | = n and B∞(n) is expressed using 1F2(1; n + 3, n + 3;κ).
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Asymptotics: Power Specializations (p = 2)

Example: Power specialization p = 2
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√
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√
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√
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