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Abstract

We present a construction of pre-Lie on rooted trees whose
edges and vertices are decorated, with a grafting product
twisted by an action of a map acting on both edges and
vertices. We show that this construction indeed gives a pre-Lie
algebra if, and only if, a certain commutation relation is
satisfied. Then, this pre-Lie algebra can be extended as a
post-Lie algebra through a semi-direct product.

A particular example is used for normal forms in the study of
stochastics PDEs. Here, the set of decorations of edges and
vertices is N9*1 and the acting map is the exponentiation of a
simpler map.

Loic Foissy Strange pre- and post-Lie structures on rooted trees



In the theory of regularity structures, strange pre-Lie products
defined on decorated rooted trees occur.
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Here, a, ay, a», as, by, .. ., bs are integers. The game between
the decorations of the edges and of the vertices is rather
unusual.
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Aim

Try to understand this game on the decorations and to insert it
in a more classical settings of decorated rooted trees.
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(Multiple) Pre-Lie algebras T Lo allgEies

Multiple pre-Lie algebras
Generalizations

Definition

A pre-Lie algebra is a pair (V,<), where V is a vector space
and < : V® V — V such that, forany x,y,z e V,

x<(y<z)—(x<y)<z=y<(x<z)—(y<x)<z

These objects are also called left-symmetric, Vinberg or
Gerstenhaber algebras. They appear in numerical analysis
(Runge-Kutta methods and Butcher’s series) Quantum Field
Theory and Renormalization (structures on trees and Feynman
graphs), Ecalle’s mould calculus (arborification’s process), etc.
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(Multiple) Pre-Lie algebras T Lo allgEies

Multiple pre-Lie algebras
Generalizations

Example

The Lie algebra of derivations of K[ X] is a pre-Lie algebra, with
the pre-Lie product defined by

d d aQ d

Example

Let Abe a commutative algebra and D be a derivation of A.
Then Ais a pre-Lie algebra with the product defined by

a<b = aD(b).
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

o0

Let (P, o) be an operad. Then P = () P(n) is a pre-Lie
n=1

algebra, with, for any p e P(n) and g € P,

n
q<p=>.poq.

i=1
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

Example

Let g be a graded Lie algebra, with go = (0).
For any x € g« and y € g;, with k,/ > 1, we put

/
= m[xaﬂ-

Then (g,<1) is pre-Lie. The induced Lie bracket is [—, —].
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

Example [Loday and Ronco, 2010]

Let B be a bialgebra, such that:

@ B = S(V) as an algebra, for a particular subspace V of the
augmentation ideal of B.

©Q Bis left-sided: forany v e V,
Alv)—v®1-1QveBR V.
Then V* is a pre-Lie algebra, with the product defined by
VveV, (fg)(v) = (f®Qg)o A(v).

The elements of V* are extended to B by making then
vanishing on any S¥(V) with k # 1.
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

The Butcher, Connes and Kreimer bialgebra

This bialgebra is defined on rooted forests, with a coproduct
given by admissible cuts.

A(Y):Y®1+1®Y+2.®{+V®.+..®I,
A(K/):kf®1+1®k/+.®\/+.®{
+iIl+..0l+1.®..

Dually, the space of rooted trees admits a pre-Lie product,
given by graftings.

1o.=1 .at=val 1<1:\)+[.
Loic Foissy Strange pre- and post-Lie structures on rooted trees



(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

Theorem [Ermolaev, 1994, Chapoton and Livernet, 2001]

Let Dy be a vector space. The free pre-Lie algebra is the space
of rooted trees whose vertices are decorated by elements of
Dy, with the grafting product.

< =
b3

Here, by, ..., bs are elements of Dy,.
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

If (V,<) is a pre-Lie algebra, then it is a Lie algebra, with
[x.y]=x<y—-y=x

Its enveloping algebra admits a beautiful description:

Guin-Oudom construction [Guin and Oudom, 2005]
Let (V,<) be a pre-Lie algebra. The pre-Lie product is
extended to S(V) ® V as follows:

Q@ 1<v=0.

QIfk=2

k
Vi VeV = vi(Va . V)= D (Ve (v<v) L v )<
=2
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

If (V,<) is a pre-Lie algebra, then it is a Lie algebra, with

[x.y]=x<y—-y=x

Its enveloping algebra admits a beautiful description:

Guin-Oudom construction [Guin and Oudom, 2005]

This is then extended to S(V) ® S(V) with the help of the usual
coproduct of S(V):

vx,y,ze S(V), x<1(yz):2(x(1><y> (x(2)<1y)

We define « on S(V) by x  y = 3 x(! (x<2> < y).
Then (S(V), , A) is a Hopf algebra, isomorphic to the
enveloping algebra of (V,[—, —]).
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(Multiple) Pre-Lie algebras T Lo allgEies

Multiple pre-Lie algebras
Generalizations

Example

When applied to the (free) pre-Lie algebra of decorated rooted
trees, we obtain the Grossman-Larson Hopf algebra, with its
grafting products of forests. It is in duality with the
Butcher-Connes-Kreimer Hopf algebra of rooted trees, with the
coproduct of admissible cuts.

Grossman-Larson product:

Lol Yt

cexl =042V +2.{+\V+2k/+Y.
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

In order to take in account the decorations on the edges, we
shall use multiple pre-Lie algebras. Let us fix a space Dg,
which will be used to decorate the edges.

Definition
A De-multiple pre-Lie algebra is a pair (V,<1), where

<].{DE®V®V — Vv
’ aRQXRy — X<y

with, for any a, & € D,

X< (Y<gZ)— (X<aY)<gZ=y<g(X<a2Z)—(y<g X)<4Z.

Loic Foissy Strange pre- and post-Lie structures on rooted trees



(Multiple) Pre-Lie algebras T lis alEs

Multiple pre-Lie algebras
Generalizations

Example

Let Abe a commutative algebra and Dy, ..., Dy be derivations
on A which pairwise commute. Then A is a KV-multiple pre-Lie
algebra, with

N
a<(x,.w b=, AiaDi(b).

i=1
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(Multiple) Pre-Lie algebras T lis alEs

Multiple pre-Lie algebras
Generalizations

Theorem

Let Dy be a vector space. The free Deg-multiple pre-Lie algebra
is the space of rooted trees whose vertices are decorated by
elements of Dy and the edges by elements of Dg, with the
grafting product.

] )
ay I by

B

a3 = +
In

Here, by, ..., bs are elements of Dy, and a4, as, as, a elements
of Dg.
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

Multiple pre-Lie algebras are related to homogeneous
Dg-graded pre-Lie algebras:
Proposition

Let (V, <) be a De-multiple pre-Lie algebra. Then De ® Vis a
pre-Lie algebra, with

ax<d@y=4ad®x<,y.
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(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

We apply this to free Dg-multiple pre-Lie algebras.

We identify the tensor a® T with the planted tree obtained by
grafting T on a undecorated root, with an edge decorated by a.
This gives a pre-Lie product on planted trees, with the product
given by identification of the root of the tree on the left with a
vertex of the tree on the right.

ay 2

¢ . as i ds bs

Loic Foissy Strange pre- and post-Lie structures on rooted trees

E



(Multiple) Pre-Lie algebras

Pre-Lie algebras
Multiple pre-Lie algebras
Generalizations

Other generalizations of pre-Lie algebras, based on trees with
decorations, can be found in the literature. For example, if
(Dg, =) is a commutative and associative algebra, in a free
(Dg, =)-family pre-Lie algebra,

a1
BB D
o < az = +
Dy
AN

In all these examples, the decorations of the vertices are "inert"
and are never modified.
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A construction of multiple pre-Lie algebra Definition

Results

In order to formalize the interaction between the decorations of
the vertices and of the edges, we use a linear map

D@Dy — Dg®Dy
¢: agb — Z¢E ) @ ¢y (b).

This map is used to deform the grafting multiple pre-Lie
product, making ¢ act on the edge of the added edge and on
the vertex which holds the grafting.
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A construction of multiple pre-Lie algebra Definition

Results

2 2
ay

7 \

by b b [ & (bs) L d 6@

ds a3 @4,(b3)

bs

Here, by, ..., bs are elements of Dy, and a, a;, a», as elements
of Dg.




A construction of multiple pre-Lie algebra Definition

Results

We denote by ¢»3 and ¢13 the endomorphisms of
De ® De ® Dy defined by

pr13(a®d @ b) = 2¢>E )®d ® ¢}/ (b).

¢o3(a®a @ b) =Za®¢5 (@) ® ¢, (b).

Theorem

(T (Dg, Dy),<?) is a De-multiple pre-Lie algebra if, and only if,
$13 © P23 = P23 © P13.

Such a map ¢ will called tree-compatible.
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A construction of multiple pre-Lie algebra

Definition
Results

If ¢ is tree-admissible, we define an endomorphism © of
T (Dg, Dy) by the action of ¢ on all the pairs (edge, source of

the edge) of any tree.

b3
0, :

ay

az

Oy

1Y

Sipar)

The tree-compatibility of ¢ is required to prove that © is
well-defined, as shown for the first tree in this example.
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A construction of multiple pre-Lie algebra Definition

Results

The map © is a D multiple pre-Lie algebra from
(T(DEv DV)7<1) to (T(DE7 DV)7<]¢)
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A construction of multiple pre-Lie algebra Definition

Results

The map © is a D multiple pre-Lie algebra from
(T(DEv DV)7<1) to (T(DE7 DV)7<]¢)

Corollary

The De-multiple pre-Lie algebra (7(Dg, Dy),<®) is generated
by the trees with a single vertex if, and only if, ¢ is surjective.
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A construction of multiple pre-Lie algebra Definition

Results

The map © is a D multiple pre-Lie algebra from
(T(DEv DV)7<1) to (T(DE7 DV)7<]¢)

Corollary

The De-multiple pre-Lie algebra (7(Dg, Dy),<®) is generated
by the trees with a single vertex if, and only if, ¢ is surjective.

Corollary

The Dge-multiple pre-Lie algebra (7(Dg, Dy),<?) is freely
generated by the trees with a single vertex if, and only if, ¢ is
bijective.
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Definition
Results

A construction of multiple pre-Lie algebra

When ¢ is tree-compatible, we can apply the Guin-Oudom
construction to the pre-Lie algebra Dg ® T (Dg, Dy). The
elements of this pre-Lie algebra are identified with planted

trees.

We obtain a Grossman-Larson-like Hopf algebra of planted
rooted trees.
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A construction of multiple pre-Lie algebra Definition

Results

When ¢ is tree-compatible, we can apply the Guin-Oudom
construction to the pre-Lie algebra De ® T (Dg, Dy). The
elements of this pre-Lie algebra are identified with planted
trees.

by F(az)

I o1 (bs)

We obtain a Grossman-Larson-like Hopf algebra of planted
rooted trees.
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A construction of multiple pre-Lie algebra Definition

Results

Dually, we obtain a Butcher-Connes-Kreimer-like Hopf algebra
of planted rooted trees.

A =2@1+1Qc+ Y opie) © [oh(bg)] + 2, outen) @ [o] (by)

L4 ")
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Separated actions
Finite-dimensional examples

Examples of tree-compatible maps Operations on tree-compatible maps
Example from regularity structures

Example

If fis an endomorphism of Dg and g an endomorphism of Dy,
then f ® g is tree-compatible.
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Separated actions
Finite-dimensional examples

Examples of tree-compatible maps Operations on tree-compatible maps
Example from regularity structures

Let Dg and Dy be finite-dimensional spaces, with bases
Be = (a1,...,am) and By = (by,...,bp). The basis B ® By of
De® Dy is

If ¢ is an endomorphism of Dg ® Dy, its matrix in the basis
Be ® By is written under the form of a matrix with m? blocks of

size n x n:
A11 A1m

Proposition
¢ is tree-compatible if, and only if, for any /., k, /€ [1; m],
A,‘jAk/ = Ak/A,'j.

Loic Foissy Strange pre- and post-Lie structures on rooted trees



Separated actions

Finite-dimensional examples
Examples of tree-compatible maps Operations on tree-compatible maps

Example from regularity structures

Example

If De or Dy is 1-dimensional, then any endomorphism ¢ of
De ® Dy is tree-compatible.

Example (K = C)

Let us assume that Dy is 2-dimensional. Then ¢ is
tree-compatible if, in convenient bases of Dg and Dy, the
matrix of ¢ has one of the following forms:

a1 by |-+ | an bip a1y 0 |-~ |an, O
0 ay 0 aip 0 by 0  bip
: : or : :

am  bpt | -+ | @n  bmn an1 0 -+ | ann 0
0 an1 0 ann 0 bn1 0 bnn
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Separated actions
Finite-dimensional examples

Examples of tree-compatible maps Operations on tree-compatible maps
Example from regularity structures

Sum and composition

If » and 1) are tree-compatible, and if ¢13 o0 Yoz = 103 © P13, then
1o ¢ and Y + ¢ are tree-compatible.
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Separated actions

Finite-dimensional examples
Examples of tree-compatible maps Operations on tree-compatible maps

Example from regularity structures

Sum and composition

If » and 1) are tree-compatible, and if ¢13 o0 Yoz = 103 © P13, then
1o ¢ and Y + ¢ are tree-compatible.

Polynomials

If ¢ is tree-compatible, then for any P € K[X], P(¢) is
tree-compatible.
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Separated actions

Finite-dimensional examples
Examples of tree-compatible maps Operations on tree-compatible maps

Example from regularity structures

Sum and composition

If » and 1) are tree-compatible, and if ¢13 o0 Yoz = 103 © P13, then
1o ¢ and Y + ¢ are tree-compatible.

Polynomials

If ¢ is tree-compatible, then for any P € K[X], P(¢) is
tree-compatible.

Formal series
If ¢ is tree-compatible and locally nilpotent, that is to say

Vxe DE® Dy, in>1, ¢n( x)=0

then, for any P e K[| X]], P(¢) is tree-compatible.
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Separated actions

Finite-dimensional examples
Examples of tree-compatible maps Operations on tree-compatible maps

Example from regularity structures

Direct sums

Let ¢4 : D,L—@D]/ — DE@DL and ¢o : D}:-®D\2/—> DIZ:—@D“?/
be two tree-compatible maps, and let A, i € K. We define an
endomorphism & = ¢1 @, , ¢» of (DL ® DZ) ® (D}, @ D?)) by

®(a1®@b1) = p1(a1®by), P(@22@b2) = ¢2(a2® b2),
d(a) ® be) = Aay ® by, P(az ® by) = pax @ by.

Then ¢ is tree-compatible.
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Separated actions
Finite-dimensional examples

Examples of tree-compatible maps Operations on tree-compatible maps
Example from regularity structures

We fix d € N and put
£ = D}, = Vect (Nd+1> :

The canonical basis of N9+ is denoted by (@), ..., ¢@).

Proposition
For any i, we put

o0 . § DE®@Dy, — Dby ,
a®b — bi(a—eD)®(b-V),

Then any linear span of 8U)’s is tree-compatible and locally
nilpotent.
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Separated actions
Finite-dimensional examples

Examples of tree-compatible maps Operations on tree-compatible maps
Example from regularity structures

As a consequence, any formal series in a linear span of o/)’s is
tree-compatible.

Proposition

For any A e K9t we put
& = exp ()\06(0)) o---0exp ()\dé’(d)) .

Then ¢ is tree-compatible. Moreover, for any a, b e N9+1,

PMawb) = )A’(?)(a—l)@(b—l).

I<min(a,b

The map ¢” is invertible, of inverse ¢—.
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Separated actions
Finite-dimensional examples

Examples of tree-compatible maps

Operations on tree-compatible maps
Example from regularity structures

& ah
b2 by by by h
4 < L oao= 3 by L oo bs i
- - I« by M 1= by M
i By < minfa,by) < minfa,bs) 0 =1
g, ds wg_ ab
b
ba
a,
b
. Al (’[‘) i n
I min{a,by)

In particular, the multiple pre-Lie product of the introduction
correspondsto A = (1,...,1).
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Examples of tree-compatible maps

Separated actions
Finite-dimensional examples

Operations on tree-compatible maps

(SN h -

1y min{ az,be)

by by
A | doas - il
e ( ; (\’!l
b Sob

(b (b — 1y -
ar—ly az—ly
by e

i

b<ay,
hi+lagh

Example from regularity structures

For any A € K91, @, is invertible, of inverse ©,-».

az—la

¥ Alwﬂg(bt) (bz) —
1< min{as,b;) /)Nl e

The map ©,, is a multiple pre-Lie algebra isomorphism from

(T(Dg, DY), =) to (T(Dg, DY),

<1¢/\+N).

In particular, it is an isomorphism from (7 (Dg, D}/), <) to

(T(Dg. Dy), =*).

Foissy
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Separated actions
Finite-dimensional examples

Examples of tree-compatible maps Operations on tree-compatible maps
Example from regularity structures

To take care of noises, we need to add a special decoration »
(on leaves uniquely), on which it is not possible to graft, and =
on edges.

@

5
—{+]
SRS

u qg} R bJ T ’ 2 /\I(I)’“) by |-
I zs;““.x(( m) t=min(a,by) . I ’

>
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Separated actions
Finite-dimensional examples

Examples of tree-compatible maps Operations on tree-compatible maps
Example from regularity structures

We need to extend D and Dy,.
Di = Vect(N9+1 1 {=}), D3, = Vect(N1 1 {x}).

We extend ¢*:

#a®x) =0, F(E@®b=Z®b ¢ (=E®=0.

This was described earlier as
¢ Do &,
where ¢’ is the zero map on Vect(=) ® Vect(x).

Corollary

The map 3 is tree-compatible. The pre-Lie product for
stochastic PDEs with noises corresponds to A = (1,...,1).
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Definition

Semi-direct products

Post-Lie algebras

Definition [Vallette, 2007]

A post-Lie algebra is a triple (g, {—, —}, <) where g is a vector
space and {—, —}, < are bilinear products on g such that

0={{xy},z2} +{{y. 2}, x} + {{z. x}, y}.
x<{y,z}={x<y,z} +{y,x< z}.
X, y}<wz=x<(y<z)—(x<y)<z
—y<(x<2)+(y<x)<z.

In particular, pre-Lie algebras are post-Lie algebras with a zero
bracket {—, —}.
The Guin-Oudom construction is extended to post-Lie algebras.
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Definition

Semi-direct products

Post-Lie algebras

Let ¢ be a tree-compatible map and P a post-Lie algebra. We
want to extend the pre-Lie product <? on De ® 7 (Dg, Dy) to a
semi-direct product P ® De ® T (Dg, Dy). We fix two maps

P — End(Dy)
¢v'{ . { Dy — Dy
P b — du(p)(b),
{ P — End(Dg)
VE De — De
{ a — vYe(p)(a),

p —

which represent the action of P on decorations of edges and
vertices.
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Definition

Semi-direct products

Post-Lie algebras

We put, for any trees T, T', any a,& € Dg, any p,p’ € P,

aRT<d@T =deT<}T,
{a@T,d®@T} =0,
p<d@T = Y d@uy(p)w(T),
voeV(T’)
apT<p =0,
{a®T,p'}=ve(P)(@®T.
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Definition
Semi-direct products

Post-Lie algebras

vE(p)(a1)

o
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Definition

Semi-direct products

Post-Lie algebras

P® De ® T(D,e, Dy) is a post-Lie algebra if, and only if,

Ye({p, P'}) = Ye(p’) o wE(P) — Ye(P) 0 YE(P),
Ye(p<p) =0,
Yv({p, p'}) = Yv(p) o Yv(p') — Yv(p') o Yv(p)
—pv(p<p) +Pv(p’ < p),
¢ o (Ye(p) ®Idp,) = ¢ o (Idp, ®Yv(p)) — (Idp, @ Pv(P)) © ¢.
In particular, £ should be a Lie algebra morphism from

(P,—{—,—}) to End(Dg) and vy a Lie algebra morphism from
(P,{—,—}=) to End(Dy), with

{p,P}< ={p,p} +p<p —p' <p.
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Definition

Semi-direct products

Post-Lie algebras

When P is trivial (that is to say, both < and {—, —} are zero),
this simplifies:

Corollary

If P is pre-Lie, then P® D ® T(D,g, Dy) is a post-Lie algebra
if, and only if,

Ye(P) o Ye(p) = Ye(P) o Ye(p'),
Yv(p) o Yv(p') = Pv(p) o Yv(p),
¢ o (Ye(p) ®Idp,) = ¢ o (Idp, ®Yv(p)) — (Idp, @Yy (P)) o ¢.

Loic Foissy Strange pre- and post-Lie structures on rooted trees



Definition

Semi-direct products

Post-Lie algebras

In the case of ¢(11) we take P = Vect(X; | 0 < i < d) with the
trivial post-Lie structure.

Example for stochastic PDEs
We obtain a post-Lie algebra on P ® D ® T (Dg, Dy,) with

Yu(X)(@) = a+ e, ve(X)(a) = a— €.
This is extended to the case with noise by

Yy(Xi) () =0, Ve(X)(E) =

Loic Foissy Strange pre- and post-Lie structures on rooted trees



Definition

Semi-direct products

Post-Lie algebras

0 otherwise.




Definition

Semi-direct products
Post-Lie algebras

B @
&2




Definition
Semi-direct products
Post-Lie algebras
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Thank you for your attention!
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