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Why the Magnus Expansion... ?

2006: © Birkhoff type decompositions and the Baker—Campbell-Hausdorff recursion (with L. Guo).

2009: ¢ A Magnus- and Fer-type formula in dendriform algebras
¢ Dendriform Equations

o A noncommutative Bohnenblust-Spitzer identity for Rota—Baxter algebras
solves Bogoliubov's counterterm recursion (with F. Patras)

2014: ¢ The tridendriform structure of a discrete Magnus expansion

o The Magnus expansion, trees and Knuth's rotation correspondence
2022: o Post-Lie-Magnus expansion and BCH-recursion (with M. Al-Kaabi)
2024: © Free post-groups, post-groups from group actions, and post-Lie algebras (with M. Al-Kaabi)

2025: ¢ Algebraic aspects of connections: from torsion, curvature, and post-Lie algebras to
Gavrilov’s double exponential and special polynomials (with M. Al-Kaabi and H. Munthe-Kaas)
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What is the Magnus expansion?
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What-is-the Who is Magnus!| expansien ?

Born 1907 Berlin, Germany
Died 1990 New Rochelle, New York, USA

1931 PhD, Univ. of Frankfurt, Germany
1930-1932 Univ. of Gottingen, Germany
1933-1938 Univ. of Frankfurt, Germany
1934 /35 Princeton Univ., USA

Wilhelm Magnus was a German- 1939 Univ. of Konigsberg, Germany
American mathematician who 1939 Telefunken (industry), Germany
worked in combinatorial group 1944 Univ. of Konigsberg, Germany
theory, Lie theory, mathematical 1946 Univ. of Géttingen, Germany
physics, elliptic functions, and 1948-1950 Caltech, USA

the study of tessellations. 1950 Courant Inst., USA

61 PhD students 1973 Polytechnic Inst. of New York, USA

IMacTutor Biographies: https://mathshistory.st-andrews.ac.uk/Biographies/Magnus/
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What is the Magnus expansion?

V() = MA@)Y (1), Y(0) =1

W. Magnus (1954)%: exponential solution

V() =1+ A" J: f:l J:Z---Lsn1A(31)A(32)---A(sn)dsldsz---dsn

n>0

= exp (QAA)(1))

Ansatz: ,

QAA)(#) = A f A(s)ds

0

JO tA(S)ds L tA(?L)du = L tA(5)<JOSA(u)du)ds+ L t (LSA(u)du> A(s)ds

20n the exponential solution of differential equations for a linear operator, Comm. Pure Appl. Math., 7 (1954) 649.

Recall:
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Magnus expansion up to 2nd order

exp ()\ J:A(s)ds) —1+ AJ:A(s)dS

i );(f:A(s)(J:A(u)du)dSJr f: (LSA(u)du>A(s)ds> T

1+ A J: A(s)ds —;2 J;t [ﬁ: A(u)du, A(s)]ds

" A;( L AGs) ( J: Alu)du) ds + JO t ( L S A(u)du)A(s)dS)

_14 ALtA(s)ds gt J:A(s)(fA(u)du)ds

... up to order \?

Y =exp ()\ LtA(s)ds —>; Ot [LS A(u)du, A(S)]dS)
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Magnus expansion up to 3rd order

)\2 t 51
N f A(s5)dss, A(s1)]ds,
0 0

f rl Js (s3)ds3, A(s2)|dsa, A(s1)|ds1

5 [ U] s [ At ]+
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Solution
Magnus ODE

QA) = A+ Z n'adé)(A)

n>0 :

Bernoulli numbers: By =1, B; = —%, By = %, Bopy1 =0, k>0

Magnus recursion
t

O1(A)(t) = BOJO ds A(s),

By,

A = | a3 T T [0, (A)06), [N

0 =0 " =kt
Ti>0

[0 (A)(s), A()]] -+ |
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Magnus expansion up to 3rd order

- L g fo " A(s2)dss, A(s)|dsy

At 1 59
—I—Z . [J;) [JO A(Sg)ng,A(SQ)]dSQ,A<81>]d81

+§£[J:1 A(S2)d527[J A(s2)dsa, A(s1) | |dsy + -+

S 1
0

Building block:
51
[ f A(SQ)dSQ, A(Sl)]

0
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Magnus expansion as tree series

Iserles—Ngrsett (1999°): tree expansion

1 1 1 1
o) | = =l - ==
(®) 2 +12 +4 8
1 1 1
" 24 o "2 -

30n the solution of linear differential equations in Lie groups, Philos. Trans. R. Soc. A, 357, (1999), 983
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The building block in Magnus expansion

The bilinear operation

t

=B)t) = | |

A(s)ds, B(t)]
0

defines a left pre-Lie product.

Definition: (P, =) is a (left) pre-Lie algebra if for all x,y,z € P

r>(y=z2)— (ey)>z=y>(r>2) — (y>2x) > 2.

Theorem: Let (P, =) be a pre-Lie algebra. Then the commutator bracket

vyl =rey—y=ua

satisfies the Jacobi identity, i.e., (P, ) is Lie admissible.
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Pre-Lie Magnus expansion

. Bn n n n—
O(A)=A+ )] ngi(A) LW (A) = LU-Y(B = A)

n>0

Q(A) :A—;A>A+i(A>A)>A+112A>(A>A)
—;((A>A)>A)>A—214(A>A)>(A>A)

1 1
—24(A>(A>A))>A—24A>((A>A)>A)+---

Observation: pre-Lie relation implies reduction in the number of terms

(A A) (A A)— (A A)pA) A=A (A A)>A)— (A (A= A) = A

Q4(A) = —é((A>A) = A) >A—112A>((A>A) = A)
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Pre-Lie Magnus expansion

. Bn n n n—
O(A)=A+ )] ngi(A) LW (A) = LU-Y(B = A)

n>0

Q(A) = A—;A>A+i(A>A) >A+112A>(A>A)
—;((A>A) >A)= A — 214(A>A) > (A= A)
—214(A>(A>A)) > A — 214A>((A>A) =A) 4 -

Observation: pre-Lie relation implies reduction in the number of terms

(A A) (A A)— (A A A) A=A (A A)>A)— (A (A= A) = A

Q(A) = —é((A>A)>A)>A—112A>((A>A)>A)
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Guin—Oudom construction

For any pre-Lie algebra (P, >), extend > to the symmetric algebra (S(P), -, Agn, €, S)

Asn(ay - -ap) = Z Gy -+ Gy, @ Ay ==~ G,
{ig i} LT 1 g b=l

Grossman—-Larson product on S(P)
A«B:=A"-(A"> B)

(A*B)>C=A> (B> C)
(S(P), =, Agn) is a graded connected cocommutative Hopf algebra.

Observe: the product in (S(P), -, Agn, €,.5) can be expressed in terms of the Grossman—Larson product

A-B=Ax(S.(A") > B)
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Grossman—Larson product

Ty =2y +Tr>VY

rrxyxz=x(yz+y>z)+a>(yz+y> 2)

=zyz+x(y>2)+ (z>y)z+yle>z) +x> (y> 2)

7T€Pn bem
7#0n
Define
1 1 1 1
O(x) = jﬁn(x) =x+2x>x+3'x>(:v>x)+4'x>(x>(:UD:U))Jr---
7 ! !

We deduce in (S(P), =, Agn)
exp’(z) = exp'(6(z))
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Comparing two exponentials

Note that:

and

which implies

Observe (open problem):

U() = i), Do) = 0ole),  Oule) = L0s(a) + - [6a(e), Bu(a)]
o) = 04(0) + o [0s0), u(0)] = (=) =) = b a e (w2 =)
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Rooted tree expansion
Question: What is the (pre-Lie) Magnus expansion in free pre-Lie (7,1>)?

Q)= Y wr=we + w ]+ w, w}%-.-

T

Ander Murua/Frédéric Chapoton (2002):

T S B A I A I eVl I G RV BV

1 1 1 1 1 1 1 1 1 1
W slsleloelalml 9] =301 30 | 30| 60
o 1 1 1 2 2 1 1 3! 4] 3! 2 2
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Pre-Lie Magnus expansion and BCH formula
exp” (Q(aj)) x exp” (Q(y)) = exp” (BCH*(Q(:B), Q(y)))

exp” (Q(x)) * exp” (Q(y)) = exp’ (Q(:I:)) (exp* (Q(:U)) > exp” (Q(y)))

= exp” (Qz)) exp’ (Q(exp* (Qz)) > y))

= exp” (Q(m + exp’(Q(z)) > y))

r#y = x +exp(Qx)) >y

exp” (Qa#y)) = exp’ (BCH (Q(z),Q(y)))
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What is the Magnus expansion?
On the Lie algebra level we have two group laws:

UeV :=BCH(U,V) and A#B=A+¢0=B

Pre-Lie BCH formula
Q(A#B) = BCH(Q(A),Q(B))
and its inversion, i.e., for A =0(U), B=0(V)

O(U)#6(V) = §(BCH(U,V)))

() and its inverse  are a relative Rota—Baxter operator respectively a crossed morphism:

Q(A) o QUB) = QA + ¢"2A)=p)
O(UeV)=0(U)+e"v=0(V)
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Crossed morphism

Assume G and H to be groups and let

¢ G — Aut(H)
be a group morphism. We will denote by ¢, the image of g € G via ¢, i.e. ¢, := ¢(g) € Aut(H) for all
g € G. We can say that that G acts on H on by automorphisms.

Definition [Crossed morphism of groups]
A map f: G — H is a crossed morphism relative to ¢ if for all elements ¢1,9, € G

f(9192> = f(91>¢g1(f(92))- (1)

Moreover, suppose that f : G — H is an invertible crossed morphism. Then for f~! : H — G and
hi,ho e H

f_1<h1)f_1<h2> =/ <h1¢f Lny) (h2))

This follows at once from and h; = f(g;), i = 1,2. Such an f~!is called a Rota—Baxter operator
relative to ¢.
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Post-Lie algebra

A post-Lie algebra consists of a Lie algebra (g, [.,.]) and a product > : g x g —> g, compatible with the
Lie bracket, in the following sense:

x>y, z] = x>y, 2] + |y, z > 2]
2,y > 2z =ax(r,y,2) —ax(y, x, 2)

Recall:

ae(z,9,2) =0 (y=2) — (r>y) =2
Let (g,|.,.],>) be a post-Lie algebra. Then the bracket

[z,y] =z >y —y>z+ [z,y]

satisfies the Jacobi identity.
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Guin—Oudom construction

Extend the post-Lie product > to U(g)
Grossman—Larson product

AxB:=A"-(A"=B),
(A*B)==C =A>(B=C)

A-B=A«(S.(A") = B)

Post-Lie Magnus expansion:
exp” (x(7)) = exp (v)

d

5 X (x(tz)) = exp'(tz) -y

= exp (tx) = (S*(exp'(tx)) > :1:)
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Post-Lie flow equation

a(z,t) = S.(exp(tx)) >z = exp’(—x(tz)) >

satisfies the differential equation

Oclltoz(a: t) = CjS*(@cp( tr)) >

- S(Ocli exp*(x(tx))> >
= S*(exp( ) (S.(exp (tz)) > x)) > x
— (— (S.(exp'(tz)) > z) * S*(exp‘(tx))) > =

Hence, a(x,t) satisfies the post-Lie flow equation

{ (,0)
d
o, t) = —al(z,t) > alz,t)

X

—a(z,t) > alx,t)
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Grossman—Larson ODE

The Grossman—Larson exponential exp*(x(tx)) is the solution

d

e (x(t2)) = e’ (x(t2)) = a2, ).

J=0 i>0
oy =T
o= —axbx
1
042225*($2)[>ZC=S*(ZU*SC—SUI>SU)I>ZIZ= (z>x)>rz+a> (x> o)
1 n n—1 n—1
ozn:—'S*(x J>x=8S.(""")zr>x)-S(zr>2" ) >
n:
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Post-Lie Magnus expansion

1 1
x(z) = y—2x>x+12x>(x>x)
1 1
+4(x>x)>x+12[x>x,x]+--
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Post-Lie BCH relation

exp” (x(x)) * exp’ (x(y))

= e’ (x(a) (0" (x(2) = o0 () )
= exp” (x(7)) (eXp*(X(ZU)) = exp(y))

— oxp” (x(@)) exp” (x(exp’(x(@)) = v))

— exp(a) exp(exp’ (x(@) = y) = e’ (x(BCH(z,exp’(x()) =) )

X (BCH(z, exp”(x(2)) =y)) = BCH.(x(z), x(¥))
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Thank you for your attention!
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