On Permutakions and Shuffles
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Free post-Lie algebras, the Hopf algebra
of Lie group integrators and planar arborificatiol
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Shuffles

‘ Out-shuffle:n -> (2 n) % 51
1 0123..25262728..5051 —) 0261272283...502551

In-shuffle:n -> (2 n+l) % 53

0123..35262728..5081 ——> 26027 1282..5024 5125 ‘
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‘e Skteve Smale, Rufus Bowen:
" Horseshoe map, Axiom A flows,'
Marikov Fvar&&iams »
¢ Solomon Golomb, £, Selwmer:
Shift reqisters
¢ Persit Diacownis:
| Card bricks, skatistics
e Eilenberq Maclane:




Perst Dlacownis

sleight-of-hand artist, mathematician,
stakistician
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; Julia Sets
Continuous shuffles and
c!\vmami,«mi. svs&ems W)

Chaotic dynamics, Markov
partitions and symbolic
dynamics

Shuffles are universally
present th mixing flows and
chaotic dynamics
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Ersk S, Selwer (1920 - 2004)

* Professor in Mathematics
University of Bergen
(1957-1990)

* Cryptographer in WW Il

* Pioneer in cryptographer
and coding in Norway

Designed error control in Norwegian social
security numbers in 1964

Monograph (1966)

— “Linear Recurrence Relations over
Finite Fields”

— Sold 200 copies in 10 minutes at
Eurocrypt 1993

Selmer groups & Fermat’s theorem

First NORCOM, Utstein Kloster, April 1981
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LINEAR RECURRENCE RELATIONS
OVER FINITE FIELDS

éM B Sclne.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF BERGEN, NORWAY
1966
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(Linear) Feedbacke Shift Registers LFSR
Golomb - Selmer
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Permubebion nebtworks

Network Permuting power | No. of wires Cost
Complete graph 1 O(n?) O(n?)
Boolean Cube ©(logn) ©(nlogn) O(nlog® n)
Butterfly ©(logn) O(nlogn) | O(nlog®n)
2-D Mesh O(y/n) O(n) O (ny/n)
Ring ©(n) O(n) O(n?)
Cube Connected Cycles ©(logn) O(n) O(nlogn)
Shuffle Exchange ©(logn) O(n) O©(nlogn)

Rank 2
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Slepian - Duquid Theorem:

Any permutation of an m x n array can be factorised in
Cc:«iummmpermuﬁe o Qowmpermu&e o Coiummmpermuﬁe

Exampt&: M=2, N=4

: ﬁ:“'s,
: "
il

cdla
H|o
i

™ g

|

qdl

P P
U|T/C|O | |U/TRM T M




e IR T Y OO N Py ?"*'
f?;mmrswe S-D Pa&&amsaﬁmw N=R" ¢
huffle - Exchange

M » —-y..-.‘ -
P - S g IO sttt b e S I

RN
SRR BRI

000(100|010|110
001|101|011|111

S((gn—lagn—% <o 790)) = (gn—27 In—3, - - - 7907.971—1)

E((gn—lagn—% y 790)) = (gn—lagn—% 200300 & 1)

= |P=E,, S 'E,, ,S'-..S'E SE,_,S---SE,SE,




Which mappings 5 and £ can be used?

Theorem. If {S,E} is a pair of permutations satisfying conditions for recursive SD
factorisation, then there exists a binary indexing of the elements g € G:

g = (gn—lagn—27 e 791790)) g; € {Oa 1}

such that

E(g) = (Gn—1505—2; == - 5915 90); G :=g0D1
S(g) — (gn—2,gn—3, .-+, 90, f(g))

where f is a boolean function satisfying

f(9) = f((gn-1,9n-2,---,90)) = h((gn-2,Gn-3,---190)) ® Gn-1.

Le. S is a nonsingular shift register.

Generalised Shuffle Exchange Networks: GSE(W )




Q: How design GSE networks? (recursion?)

Theorem. If f is self-complementary, i.e.

f(g) = f(g*)v where g* —= (gn—lagn—27 S 7%)7

then ¢(g) = g* is the unique non-trivial automorphism of GSE(n, f).
Otherwise it has no non-trivial automorphisms.

Theorem. If f is self complementary, then
GSE(n, f)/¢ = GSE(n — 1, h)
for

P(Gn—2, In—3, - - - » 9o) = (@gﬁ @gz,---, 9o, )



Maximally foldable GSE-graphs

Character. pol.

Homogenous graph

Inhomogenous graph

1+x

(14x) = 14x°

(14x) =
14+X+X2X°

(14x)* = 1+x*

AU



Linear recurrencies over finite fields
fI ZS — ZQ

n—1
f((gn—la . 790)) — Z Ci * On—1— Linear homogeneous
1=0

f (9 ) — f (g ) EB ]- Linear inhomogeneous
n
Tf(ilf) — Z € ¢ Cgi c %Qﬁ'x} Characteristic polynomial

i=0 (¢a=1)
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Factorisation of r(x) and graph quo&iem&s |

If r()=s(x)b(x), gcdls,b)=1, then GSE(r) = GSE(s) x GSE(E)
d;l‘”&c{” £ *‘“é:w&m*‘

1+x+x2 1+x*2 (14+x+x2)(1+x2) Building block:




If rO)=s(x) E(x), gcd(s,b)£1, then GSE(r) = GSE(s) W GSE(E)
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Figure 4: GSE((1 + 2)°) as in Theorem 5.7, where (14 2)6 = (14 2)3- (1 + z)3
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A m&a{mmuﬁ intelligent tribute to Dominique
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Dominique and the Algebra of Shuffles

Dominique has brought a distinctive elegance and warmth to the algebra of shuffles —
seeing in them not just combinatorial orderings, but the very rhythm of algebraic
structures.

* He explored shuffle and quasi-shuffle Hopf algebras, uncovering their role in
dendriform and Zinbiel algebras.

- With Sylvie Paycha, he showed how shuffle relations govern regularised integrals and
multiple zeta values.

« With Kurusch Ebrahimi-Fard and Frédéric Fauvet, he linked quasi-shuffles with Ecalle’s
mould calculus — a bridge between words and symmetries.

- In later work, he shaped a shuffle quadri-algebra, blending concatenation,
deconcatenation, and symmetry into one graceful structure.

For Dominique, shuffles are more than algebra — they are a kind of musical phrasing in
mathematics.



v
P

e . e A A SRR )
‘:"‘.‘.“""_ L o e - P v,
—
—— .

»ewdT

Q“”'



