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Our first meeting 
Bonn 2007
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Shuffles

• Steve Smale, Rufus Bowen: 
    Horseshoe map, Axiom A flows,
    Markov partitions
• Solomon Golomb, E. Selmer:
    Shift registers
• Persi Diaconis: 
    Card tricks, statistics
• Eilenberg MacLane: 
    Shuffle Hopf algebra

0 1 2 3 … 25 26 27 28 … 50 51 0 26 1 27 2 28 3 … 50 25 51

Out-shuffle: n -> (2 n) % 51

In-shuffle: n -> (2 n+1) % 53

0 1 2 3 … 25 26 27 28 … 50 51 26 0 27 1 28 2 … 50 24 51 25
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Persi Diaconis
sleight-of-hand artist, mathematician, 

statistician

5



Chaotic dynamics, Markov 
partitions and symbolic 

dynamics

Continuous shuffles and 
dynamical systems

Shuffles are universally 
present in mixing flows and 

chaotic dynamics

Julia Sets G
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•    First NORCOM, Utstein Kloster, April 1981

Ernst S. Selmer (1920 - 2006)
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g(x)E GF(24) = ze(x]/(f(x)
g(x)) >X - g(x) (modf(x)
Shift register



(Linear) Feedback Shift Registers LFSR
Golomb - Selmer

g

g = (90 , 9,92 ,93)Eze
I

(f(g)
, 80 ,9 , 192)

fi-E2
fifeedback function
· Linear ?
· Non singular ?



Permutetion networks
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Complete Graph BodeanZube Butterfly Zube
(Hypercube) Connected

Cycles



Slepian - Duguid Theorem:

Any permutation of an m x n array can be factorised in 
Column_permute o Row_permute o Column_permute

Example: m=2, n=4

P E R M
U T C  O

P E C   O
U T R M

C  O E  P
U T M R

C  O M P
U T  E R
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Recursive S-D Factorisation, N=2
Shuffle - Exchange

000 100 010 110 
001  101 011 111

M-
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Coordinates (gm,91 ,got T
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Which mappings S and E can be used?

Generalised Shuffle Exchange Networks: GSE(n,f)
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Q: How design GSE networks? (recursion?)
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Maximally foldable GSE-graphs
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Linear recurrencies over finite fields

Linear homogeneous

Linear inhomogeneous

Characteristic polynomial 
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Lemma :

· f is non-singularEs X + r(x)Er(0) = 1
· f is self-complementaryE) (X+ 11 (VIES (1) =0

Maximally foldable GSE graphs :

GSE (r(x)) and GSE((11

r
,
(x) = n+x"



Factorisation of r(x) and graph quotients

If r(x)=s(x) t(x),  gcd(s,t)=1, then GSE(r) = GSE(s) x GSE(t)
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If r(x)=s(x) t(x),  gcd(s,t)=1, then GSE(r) = GSE(s) x GSE(t)
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semidirect product

GSE((+xiP)

o-GSElt--GSE(r)GSEIsl-> o



An artificially intelligent tribute to Dominique-



Thank you!


