PGMO Lectures, 2025 Lecturer: D. Dadush
The Trust-Region IPM

In this lecture, we will introduce the a new predictor step called the trust-region step, due
to Lan, Monteiro and Tsuchiya [LMT09], that will be much more effective than affine scaling
predictor (this is the name of the standard predictor step) at following long and straight segments
of the central path. Enhanced with this new step, we will argue that TrRusT-ReGIoN IPM, defined
below, is locally optimal. That is, the decrease in parameter at each iteration will be essentially
as large as it could be given the local geometry of the central path. For this purpose, we will
compare to what we call the “ideal step”.

DEFINITION 1 (IDEAL STEP) Let z(p1) e the central path point at yu; > 0. For B € [0,1), let uy € [0, 1]
be the smallest parameter such that [z(p1),z(p2)) C No(B). The B-ideal step at z(uy) is then defined as

A2 = z(p2) — z(p).

In words, the ideal step from a central path point takes us as far down the central path as
possible while remaining in the N(B) neighborhood. One can easily modify the above definition
to start from any iterate z = (x,s,y) € Na(B), though the length of the step will not differ
too dramatically when compared to the ideal step from the central path point with the same
parameter. For the sake of simplicity of exposition, we will throughout the lecture restrict to
analyzing steps that start from a point on the central path. With some additional effort, one can
adapt the analyses to work from any starting point in the N> () neighborhood at the expense of
slightly worse parameters.

1 Towards an Improved Predictor Step

A first immediate question is how much more powerful is the ideal step compared to the affine
scaling in terms of reducing the gap. The simple answer is infinitely. As we will show below, it
will in fact generically be the case that at the “end of the path”, the ideal step takes us to the
optimal solution in one step, while affine scaling provably requires an infinite number of steps.
We expand on this in the following sections.

1.1 The Limitations of Affine Scaling

Let us assume that we start at z(1) satisfying (x(1),s(1)) = (1,,1,), which is without loss of
generality using path rescaling (recall homework 1 exercise 1). A “long-step” from z(1) should
correspond to AAx = 0,, AT Ay + As = 0 such that

(1, + Ax) (1, + As) =g, V1, (1)

where 0 <v <1 (e.g., v < 1/1000). Here ~, requires the difference between both sides to have
0> norm at most Bv. Let AzP = (AxP, As?, AyP) be the affine scaling direction at z(1), which in
this case satisfies

s(1)AxP + x(1)AsP = —x(1)s(1) & AxP 4+ AsP = —1,,.

If (Ax,As,Ay) = (1 —v)AzP, as shown in the previous lecture, the error in (1) is precisely the
quadratic term AxAs. Let us now analyze what this means for a single coordinate:

(1 + AX1>(1 + ASl) %ﬁv V.
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Affine scaling forces Ax; + Asy = —(1 —v) (recall (Ax,As) := (1 —v)(AxP, As?)), which means
the error between the left and the right hand side is precisely |Ax;Asq|. Thus, the approximation
we need can only hold if |Ax;Asy| < Bv (recall that we actually need an /¢, error bound of
Bv for all coordinates). We now propose a simple solution pattern on the first coordinate that
breaks this requirement. Namely, letting (Ax1,As;) = (—1+ v, B) (or vice-versa), we have that
(14 Ax1)(1+ Asy) = v(1+ B), so the error is vB. However, |Ax1Asi| > (1—v)B~ B> vB. In
particular, affine scaling can never generate a step that has this structure on any of its coordinates.
As we will see in the next section, it may be the case that long steps are forced to have the above
structure on each coordinate. This will then motivate the need for a new type of predictor step.
At a high level, the heuristic hope that the quadratic term is tiny — which motivated the design
of affine scaling — will typically not hold for long steps.

In the next subsection, we examine the precise pattern of steps that take us to the end of the
central path, which will highlight this structure more clearly.

1.2 Stepping to the End of the Path

Let us now assume that we are “close” to the optimal solution z* := (x*,s*,y*) := z(0). Let
BUN = [n] be the optimality partition satisfying B = support(x*) and N = support(s*) (in
particular, x3; = Oy and s; = 0g). We quantify the closeness to z* by requiring closeness only for
coordinates in the support of (x*,s*):

(x5 = 1,58 — In) [, < B (2)

Let Az'9 := (Ax'd,Asid, Ayid) = z* — z(1), be the step to the end of the path. We will show
that this is the B-ideal step, that is, that it stays inside the Ny(B). The shape of this step is as
follows:

(é\x}i,éﬁ) ~ (0g, —1n) (Asl, Asid) ~ (—1p,0y). (Polarization Pattern)
I-ll,<p =—1n ==1p ||-[,<p

In the above step, the primal step Ax'd uniformly cancels out the coordinates in N while not
moving the coordinates in B by much (i.e., by at most ), and the dual step As'd uniformly
cancels out the coordinates in B while not moving the coordinates in N by much (the role of B
and N get switched when moving to the dual). We will say that a step satisfying this pattern is
polarized with respect to the partition (B, N). We will not in general require perfect uniformity on
the cancelling out side (N for the primal and B for the dual) as with the step above, however the
degree of uniformity will essentially determine the length of the step (assuming the step doesn’t
leave the N> (B) neighborhood).

Let us now analyze the centrality of z(1) + aAz'd = (1,,1,,y(1)) + aAz'¢ for a € [0,1]. Focus-
ing on the coordinates in N and B separately:

(In + a A (1n 4 aAsid) — (1 — )1y = a(1 — a)Asid.
~~

=1y

. . . 3)
(1p 4+ aAxi) (Iy + a Asi) — (1 — a)1y = a(1 — &) AxiS.

=—1g



From the above, the centrality distance satisfies:

o+ aAxd) (1, 4+ aAsid)
1—ua

distc(z(1) + aAz'd) = H (1 -1,

=u H(Axin, Asiﬁ)Hz <ap <B.
2
Therefore, z(1) +aAz'9 € No(B), a € [0,1]. That is, the ideal step from z(1) can follow the central
path all the way until the end.

While we chose the end of the path as an illustrative example, long ideal steps can occur
anywhere on the path. As an exercise in this direction, the reader can convince themselves that
primal-dual central path for the pair miny"" ; &~ 'x;, Y ; x; = 1, x > 0, and maxy,s; +y = &,
i € [n],s > 0y, has n long and straight segments for ¢ > 0 small enough, each requiring O(1)-trust
region and affine scaling steps to traverse.

1.3 The Polarization Partition

Remaining with the above example, one may wonder how we can find the polarization partition
(B,N) associated the ideal step? For this purpose, it turns out the affine scaling direction will
reveal it to us. Recall that affine scaling satisfies Ax'd + Asid = —1, and the ideal step satisfies:

AxY 4 As' = (15, —1y) + (AxI, Asid).

The orthogonality between the primal and dual movement will (perhaps surprisingly) imply that
the affine scaling direction and the ideal step are not too far apart. Recalling that Ax'd — Ax? |
As'd — AxP, we have that

(Ax'Y — AxP) + (As'? — AsP) = (AxI, Asid) =

|83 — axr, a5 — asn)|| = || (a2, a5, < . @
While affine scaling cannot do the job of the ideal step, the polarization pattern (3) together with
the closeness (4) will imply that (Ax?,As?) is also polarized according to (B, N) assuming p is
small enough. The difference between the ideal and affine scaling step will be in the degree of
uniformity on the cancellation side, i.e., perfect versus weak uniformity.

We now verify that N = {i € [n] : Ax! < Asl'} and B = {i € [n] : As] < Ax!} when B < 1/3.
For i € N, this follows since

p Ineq. (4) d B<1/3 Ineq. (2) d Ineq. (4) p
Ax; < Axf+B=-14+p < -2 < As—-p < As,

and a symmetric argument holds for i € B with the role of Ax? and As? reversed. This motivates
the definition of the polarization partition with respect to affine scaling direction:

DEFINITION 2 (AFFINE SCALING AND POLARIZATION PARTITION) For z = (x,s,y) € P44 X D4y,
we define the affine scaling direction AzP at z by:

SAXP 4+ xAs?P = —xs, AAx = OH,ATAyp + AsP =0,,. (Affine Scaling Direction)

The normalized affine scaling direction is AZP := (A%, ASP, ApP) 1= (825, 85, %

ization partition at z is defined as N = {i € [n] : A%; < AS;},B = [n] \ B.

), and the polar-



REMARK 1 The rescaling used to assume (x(1),s(1)) = (1,,1,) is the same as what is used to
define the normalized affine scaling direction above. The normalized affine scaling direction
Az = (AxP,AsP,AyP) at z € P, x D, in fact always satisfies
AxP AsP
AZP + ASP = Tx + TS = (XS) "L (sAxP + xAsP) = (XS) ! (—xs) = —1,. 5)
Furthermore, if z = z(u) € CP, the normalized movement subspaces X () ! ker(A) and S(u)~'im(AT)
are orthogonal complements since X (u)S(u) = ul,. In particular, AP L ASP.

1.4 The Trust-Region Step

We are now in a position to define the new predictor step, the trust-region step due to Lan,
Monteiro and Tsuchiya [LMTO09], that will mimic the properties of the ideal step when one can
take a long-step!. Beyond the end of the path analysis done above, it turns out that the affine
scaling direction will in general reveal the polarization structure of the part of the path around
the current iterate (if there is any) via the polarization partition (B, N) defined above. The trust-
region step will then correspond to the step that is compatible with the polarization partition
(B,N) and achieves the greatest “degree of cancellation”. Specifically, for the primal, it will
optimize the cancellation for the coordinates in N while being agnostic to the coordinates in B as
long as they don’t move much, and vice-versa for the dual.

DEFINTTION 3 (TRUST-REGION STEP) Let z = (x,5,y) € Py x Dy, B € (0,1), and let (B, N) denote
the polarization partition at z as defined in Definition 2. For B > 0, we define the B-trust-region step at z
as the optimal solution Az' = (Ax', As'", Ay'), v'" € [0, 1] to the trust-region program defined below

min v
A A
A gy, ’xB <5,
o 2 12 (TR(B))
s+ Asp Asy
PEE i) <pr, ||| <8

AAx =0, AT Ay + As = 0,.
If N = @, we set Ax'" = 0,,, and similarly if B = @, we set (As'", Ay'") = (0,,,0p,).

REMARK 2 The name trust-region step is derived from the trust-region constraints
<B, Asy

2 N
ReMARk 3 While the affine scaling direction can be computed by solving a linear system of
equations, the trust-region step involves solving a non-trivial quadratic program. Due its special
structure, it can in fact be solved up to 1 + ¢ relative accuracy using poly(n) log(l / 8) arithmetic
operations. We will not cover this here.

AxB
XB

, < B, which isolate the region where we can “trust” the solution.

The following lemma justifies that the trust-region step is a good predictor step, in that it stays
inside the relevant neighborhood. We defer the proof to the end of the notes as it is relatively
similar to the end of path analysis.

1We note that [LMT09] had a related but different motivation, and did not directly compare to the ideal step as we
do here. Our formulation of the trust-region step slightly differs from theirs to help simplify the presentation.
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LemMma 4 Let z = (x,5,y) € N(B/2), B € [0,1/2], u := u(z), and let Az'",v"" be the B := B/8
trust-region step at z. Then, for all « € [0,1), we have

(x +aAx") (s +ahs™)
(1—a) +avin)p

< B (6)

Ifv'" = 0, then u(z + Az'") = 0 and z + Az"" € N,(B).

REMARK 4 A minor technical issue is that the optimality gap will not necessarily satisfy p(z +
z!") = v'"u(z) when z'" is the trust-region step (it will be multiplicatively very close to this how-
ever). The lemma therefore explicitly computes the distance to centrality with the appropriate
choice of parameter. While this discrepancy will force us to keep track of the current parameter
u more explicitly in the forthcoming algorithm, it can for all intents and purposes be ignored.

2 A Locally Optimal IPM

We are now ready to state our main local optimality result. In words, it states that taking the
better of the affine scaling and the trust-region step (in terms of which reduces the gap the most),
results in a step that is at least as long as the B-ideal step, under the provision that we increase
the neighborhood size to O(B). For simplicity of exposition, we state this only for a starting
iterate on the central path. The proof is deferred to Section 3.

TaeOREM 5 Let z(1) € CP, let Az denote the B-ideal step from z(u1), B € (0,1/50), and let yy :=
#(z + AZ'Y), v := py /1. Then the following holds:

1. If v > 1/4, then z(pu1) + (1 — v)AzP € Ny(25B), where AzP is the affine scaling direction.
2. Ifv < 1/4, then (AZ9,v) is a feasible solution to TR(5B) at z(u1). In particular, the value of
TR(58) is at most v.
2.1 The Trust Region IPM

We now present a full algorithm which at each iteration takes the best of the affine scaling and
trust-region step. In contrast to the basic predictor-corrector algorithm, this IPM is guaranteed
to terminate in a finite number of iterations. In the next lecture, we will give a combinatorial
characterization of this number of iterations based on the notion of straight-line complexity.

REMARK 5 As mentioned previously, the trust-region step does not necessarily satisfy p(z +
Az'") = v"u(z). We address the issue by explicitly keeping track of the parameter y, and us-
ing this parameter to define the corrector step on line (4)). This will ensure that the corrected
iterate z. satisfies p(z;) = pv'" and z. € N2(B/2).

3 Proof of Local Optimality

The main goal of this section is to prove Theorem 5, whose proof is given in Section 3.3.



Algorithm 1: TrRusT-REGION IPM

Input : Constraint matrix A € R"™*", rank(A) = m, and initial iterate
Z0 = (x9, so,yo) € No(B), B € (0,1/2].
Output: z* = (x*,s%,y*) € Na(B), (x*,s*) = 0.
z= (X, S, y) (xO SOI]/ )
i (x,s) /n;
while y > 0 do
// Modified Corrector step. Ensures pu(z) =pu and z € N(B/2).
Compute Az¢ at z according sAx® + xAs® = ul, — xs, AAx = 0y, ATAyC + As® =0,
z < z+ AzZ%
Compute Az” at z according to (Affine Scaling Direction);
Choose a? € [0,1] as large as possible so that z + aPAzP € Ny (B);
if « > 3/4 then
L Compute (Az',v'") at z according to TR(B/8).

10 else
1 L vir =1;
12 | if (1—af) <v" then

WD ON =

© 0 N S Ul e

13 z < z+ aPAzP;
14 p—pu(l—at);
15 else

16 z 4+ z+ Az
17 p— 't

18 return z;

3.1 Helper Propositions

We will need that the duality gap is behaves linearly on lines.

ProrosITION 6 For z' := (x',s',y') € P x D, i € {1,2}, and a € R, we have that
w1 —a)z' +az®) = (1 - a)p(2') +ap(2?).

PRroOF:

np((1—a)z! +az?) <1—1x x4 ax?, ®)s +zxsz>
{

¢, (1—a)x! —i—txx> < (1 a)yl—i—zxy>
=(1- )(<c,x1> —< >) a ((c,x*) — (b,y*))
= (1—a) (x5 +a (o 82) = n((1 - )p(") + (),

where the second and fourth equality follow from the gap formula. O

_|_

The next proposition gives simple estimates on the shape of solutions to the to bivariate
quadratic equation (1+a)(1+b) = v as a function of v and the product 7 := ab. In particular,
this will establish that (a,b) “polarize” when 7 and v are suitably small.
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ProrosItioN 7 Let (1+a)(1+b) :=v € [0,1], a < b and ab := «y. Then, the following holds:

1+4/|71/2
1. 1 <4,14+b< —N_°)

2. Ifv €10,1/4] and |y| < 1/6, then

b Y

for some ¢ € [0, 2].

Moreover, |b| < 3|y|and b—a > 3/4—2|y| > 5/12.

PRrROOF:

Proof of (1). If v = ab > 0, then (14 a)(1+b) € [0,1] implies that a,b < 0, and hence
1+ b < 1. Now assume ¢ = ab < 0. Then, we can write b = c¢y/|y| and a = —+/]y|/c for ¢ > 0,
recalling that 2 < b. Using that 1 > v = (1+a)(1+b) =1+ (c — 1/¢)\/|7] — |7, one can verify
that ¢ < L (the assumption |y| < 4 ensure the denominator is positive). In particular,

1-/I1l/2
14b<1 VDl vz
- 1-/Irl/2 1-y/]71/2

Proof of (2). Since v € [0,1/4] and |y| < 1/6, assuming ¢ € [0,2] we have

a=—-1+v(l4+cy) <-1+1/41+2|y]) = =3/4+(1/2)|y| < -2/3, (7)
B m Eq. (7)
b= = G/2hl<1/4 ®)

In particular,a < band b —a > (3/4— (1/2)|v]) — (3/2)|y| = (3/4) —2|y| > 5/12.
We now prove that c € [0,2]. If v =0 or v = 0, then since 2 < b we have ¢ = 0 and the claim
holds. If both v, ¢ are non-zero, define

ft)y=0Q+(-14+v(l+ty)))(1+

0% B t—(14+ty)(1+tv)
—1+v(1+t”y))_v_wy< 1T—v(1+ty) )

f(t) has precisely two roots corresponding to —1 + v(1 + ty) € {a,b} (possibly a double root if
a=Db). If f has arootr € [0,2], then r = c since a < b (given (7), (8)). Express f(t) = V')’lfvh((ft}rm
with h(t) = t — (14 ty)(1 + tv). By (7), the denominator 1 — v(1+ty) > 2/3 for t € [0,2],
thus f is continuous on [0,2] and has its sign determined by h. The existence of a root of f in
[0,2] now follows since h(0) = —1 and h(2) =2 — (1+27)(1+2v) >2— (1+2|y])(1+2v) =
2— (1+2/6)(1+2/4) =0. O

3.2 Straight Line Segments in the ¢, Neighborhood

The starting point of our analysis is the following characterization of when the straight-line
segment between central path points lies in the />-neighborhood. This is a generalization of the
analysis done in Section 1.2 which works anywhere on the path.



LEMMA 8 Let py > pip >0, v = z—, z(wi) = (x(ui),s(ui), y(ui)) € CP, i € {1,2}, and
(A%, AS) := ( (Hi)(ﬂl)( ), 1)), Then [z(p1), z(42)] € Na(B), B € (0,1), if and only if

IazAs]l, < (1+Vv)*B )
Moreover, letting ¥ := (A%F, A§¥, AYP) denote the normalized affine scaling direction at z(p1), we have
(A% — (1= v)ARP, Ad — (1 — v)AS)||, = [|[ARAS]],. (10)

Proor: We will give a exact expression for the centrality error of z* := (x%,s% y*) := (1 —
®)z(p1) + az(p2), « € [0,1]. By definition, note that

v, = B2q, = XE2sW) g a1, 4 ne). (11)

m x(p1)s(p1)

The centrality vector for z* is given by:

x*s® Proposition 6 x*s® x(p1)s(p1)=p11n 1 x* st
meD (A= ) + o (=) + av x(a1) 5(1)
(L4 adf)(Ly+ans)  (1—a)l, +a(l, 4+ A%2) (1, + A8) — a(l — ) ARAS
N (1—a)+av N (1—a)+av
Eq. (11) (1—a)l, +avl, —a(l — a)ARAS 1, a(l—a) AZAS.
(1—a)+av (1—a)+av

Using the above, the centrality error dist.(z") is:

x*s® a(l—a)
— = ———"—||ARAS
"M(Z“) H ||2

diste(z") = , (1—a)+av

— in

Therefore dist.(z*) < B,Va € [0,1) iff max,cp,] % |A%AS]|, < B. The expression %

is uniquely maximized in [0,1] at « = (1 + /v)"! where it achieves the value (1+ /v ) . In
particular, [z(p1),z(n2)] C Na(B) iff ||ARAS||, < (1+ /v)?B, as needed.

For the moreover, note by construction that A% — (1 — v)A%P € X(pu1) ' ker(A) and A$ — (1 —
v)ASP € S(u1)"'im(AT), which are orthogonal by Remark 1. Therefore

(A% — (1 —V)ARP, A8 — (1 —v)AGP) |5 := [|A% — (1 — v)ARP |5 4 || A& — (1 — v)ASP|3
rthe nali
OrROBTY | A% 4+ AS — (1 — v) (AP + ASP) |2

PO A2+ AS+ (1— )12

P 11, £ AR+ A — (1, + AR)(1+ A9) |3 = [|a%AS]2.

3.3 Proof of Theorem 5

Proor: Let A2d := (A%1d, Agld, Agid) = ( xA(’;f), Aslld AT) denote the normalized ideal step. Sim-

s(u1)’
ilarly, let AzP := (AxP,AsP,AyP), A2 := (A%P,ASP, Ay?) denote the predictor and normalized



affine scaling direction at z(p1). By definition of Az'¢, recall that [z(u1),z(u2)] C Na(B), where
z(up) = z + A4

Combining (9), (10), (11) from Lemma 8, letting (T, Ts) := ((1 — v)A%P — A%, (1 — v) AP —
A§'Y), using that v € [0, 1], we have that

HAaﬁldA“d HA;@ldA“d < (1+ V)8 < 4B (12)
(T, T, < (1+V)*B < 4B, (13)

x(p2) s(u2)\ _ sid aidy _
(x(.”l)> <S(H1)> B (\ﬁf—ln i “)QH—JF\/—’AS ) = Vin (1

Proof of (1). By applying (14) together with Proposition 7 part (1) to the coordinates of (A3, A%),

we have that
Jelrss

SR

1, + Agd

max{Hl —l—A“d

The centrality error can now be expressed as follows:

(1—v)AzP) = (x(p1) + (1= V)Axrzz(s(yl) +(1—v)AsP) .

distc(z(p1) +

2
_ [ Gel) + (A=) AP) (s(u) + (1 —v)AsP)
vx(pa)s(p1) "l

1 .
= ||= (L + A9 4T (1, + A8 +T) -1,

2
1 . A
= H (1y + ASDT, + (1, + AR,

Therefore,

dist.(z(11) + (1 — v)Az?) < 4H (L + ALy + (L + AF) T+ TaL |

<4 ( (1 + ASDT, + (1, + AR,

4T

orthogonality

</ I+ AST, |2 + I+ AR |2 4 4 |T.T

4 2 2
< 4max { |1, @ T+ ST + 11T ))

OO

+f B<1/50 4
< (1 \[> (4B) +2(4B)* < 4(3)(4B) + B < 25p.

Proof of (2). Define the partition (B,N) given by N = {i € [n] : A%l < Asid} and B =
[n] \ B. Given (13), 48 < 1/6 and v < 1/4, by Proposition 7 part (2) applied to the coordinates
(A£19, Ag'1), we have that

(1 — v) min{min(A$/ — A%!), min(A%! — AsY)} >
ieN i€eB
5 B<1/50

gid gid oA g 5id
m1n{m1]\r]1A S — A% ,riréll?Ax — A} —2||(Ty, T) ||, > o -8 > 1/4.



Therefore the polarization partition induced by the normalized affine scaling direction AZF at
z(p1) agrees with the partition (B, N) defined above.

Using v < 1/4, we strengthen the bound (12) to ||A%9AsY|, < (14 V)2 < 9/4B. By
applying Proposition 7 part (2) again, we certify that (Azl9,v) is a feasible solution for TR(58):

A id . . .
i) 4y 2 ‘Aﬁﬁ+(1—v)1NH SZVHAJE}?AS?}% < 508,
xn (1) ) 2 2
A id ) ) )
=) — gy §§HA£§A§‘§1 < 58,
XB(‘Ml) ) 2 2 2
A id . . .
i) +Asy 4 N A§§+(1—u)1BH §21/HA921§1A§1§1 < 508,
sg(p1) ) 2 2
Asly H id 31| A sid A aid
= ||asi ‘ ngAﬁl Agid|| < 5.
sn(p1) 5 Nil2 =2 NTZENTl, p

4 Proof of Validity of the Trust-Region Step (Lemma 4)

Proo¥: For a € [0,1], we claim that (aAz", (1 — &) 4+ av'") is also TR(B) solution:

xn + aAx? XN + Axf 3 z
AN TEOAIN ((1 — “) + DéVtr)].N = INTAIN Vtr].N < D([B]/tr < ﬁ]/tr,
XN 2 XN 2
A tr B _
T <ap<B

The reasoning for a(As", Ay'") is analogous. Given the above, it suffices to prove the statement
for « = 1 and v'" > 0 (only needed to avoid division by 0). From the TR(B) guarantees, we have:

‘ (XN + AX%)(SN + AS%) _ Vtr].N S XN+ Ax?} _ Vtr].N + (XN + Ax%)(AS%)
XNSN 2 XN 2 XNSN 2
< P+ xn 4+ AxY || ]| Asy,
XN o SN |2
B<1/5

<P+ ((A+PT)(B) = 2B+ < 228

By a symmetric argument

(xﬁmg)(sﬁmtg) — vtrlgH < 2.2Bv"". Combining both bounds:
BSB 2

(x + Ax'") (s + As')
Xs

o Vtrln

< V2(22Bv"). (15)
2
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We now derive (6):

(x +AxX") (s +As") T || EST | R (x +Ax") (s +As"T) i
Vi P §7 N P T xs ")l
<|Ix xs (x +AxX") (s +As") 1
e el xs "Il
ZEN,(B/2) 1+ B8/2 || (x + Ax'") (s + As'”
L L2 (AN ey
v xs )
Eq. (15), B<1/2 _ _B=§
<L/ (vaap) < B rap <

If v'" = 0, the TR(B) guarantees imply that (x + Ax'")(s + As") = 0, and hence p(z + Az"") =

0. By Proposition 6, we have p(z + aAz") = (1 — a)u(z), and thus (6) implies that z + aAz"" €
Ny(B) for « € [0,1). In particular, z + Az € Ny(B). O
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