PGMO Lectures, 2025 Homework 4 D. Dadush

Exercise 1 (Greedy and Staircase Approximation) Let / : [0, T] — R4, T > 0, be a concave and
non-decreasing function and let 7 € (0,1]. For 0 < a < b < T, define the linear interpolation
Ei‘,b : [a,b] — R4 of h by Efl’,h(g) = Iz%fh(a) + §=2h(b). Define the staircase function s} (g) :=
h(b) min{§,1} for g € [0, T].

1. Let f : Ry — [0,t] be the piecewise linear function with the minimum number of pieces

which satisfies nh(g) < f(g) < h(g), Vg € [0, T]. Prove that f can be constructed using the
following greedy construction:
Construct 0 = gp < g1 < --- < g = T, where g;, i € {1,...,k}, is chosen to be the
maximum value in [g;_1, T] subject to nh(g) < E;H,gi (g) < h(g), forall g € [gi—1,4i]- Then,
f(8), 8 €10,T], is defined by £} ..(g) for i € [k] satisfying g € [gi_1,8:]. Note that f has k
pieces in this construction.

(Hint: LetO0 = by < by < --- < b, = T denote the breakpoints a piecewise linear approxi-
mation p : [0, T] — Ry of h satisfying 7k < p < h. By breakpoints, we mean here that for
g € [bi_1,bi], i € [r], that p(g) = Ezi—lzbi (g). Prove by induction on i € {0,...,k} thati <r
and b; < g;.)

2. Given g1, ..., gk as above, define the staircase approximation

f7(g) :=maxsg (g),8 € [0, T].
ie k]
Prove that 1f(g) < f°(g) < f(g), for g € [0,T]. Conclude that up to factor 2 in the
number of pieces and the approximation factor, one can achieve SLC, () using a staircase
approximation.

Exercise 2 (The Maximum Central Path of Maximum Flow) Let G := (V, E) denote a flow net-
work with source s and sink ¢ in V, and let u € ]R§r denote non-negative capacities. For v € V,
we use 07 (v), 6 (v) to denote the outgoing and incoming edges incident to v. Examine the
maximum flow problem induced by (G, u,s, t):

v* := max Z fe

e€dt(s)
Y fom Y fo=0Y 0veV\{st} (Maximum Flow)
ecst(v) ecs(v)
0<f<u

Let P C RE denote the feasible region of maximum flow problem above. Given an edge e € E,
recall that maximum central path on e is defined by

frg)=max{fe: ), fozv'—-gfeP}

ecot(s)

Prove that f* is a piecewise linear function with at most 2 pieces. That is, SLCi(fJ") < 2.
(Hint: You may use that adjacent vertices f!, f2 € P of the flow polytope, where Y .+ (s) fr>
Yoecst(s) f2, satisfy that f2 — f! corresponds to a path P from t to s in the residual network
Glffl' ={e€E: fo <u}U {¢ €E: fe > 0}. P uses a reverse edge ‘¢ here to indicate that it
sends flow backwards on e (i.e, fZ — f! < 0).)



