
PGMO Lectures, 2025 Homework 3 D. Dadush

Exercise 1 (Affine Scaling Terminates only when Path is Linear) Let z(µ0) = (x(µ0), s(µ0), y(µ0)) ∈
CP, µ0 > 0, and let ∆zp = (∆xp, ∆sp, ∆zp) denote the affine scaling step at z. Assume that
z̄ := (x̄, s̄, ȳ) := z + ∆zp ∈ P ×D. Prove the following:

1. Prove the x̄i s̄i = 0, for all i ∈ [n]. Conclude that z̄ is an optimal primal-dual pair.

2. Prove exists a partition B ∪ N = [n] such that

(∆xp
B, ∆xp

N) = (0B,−xN(µ0)),

(∆sp
B, ∆sp

N) = (−sB(µ0), 0N).

(Hint: Use part 1 together with s(µ0)∆xp + x(µ0)∆sp = −x(µ0)s(µ0).)

3. Conclude that z(µ) = z(µ0) + (1 − µ
µ0
)∆zp for µ ≥ 0.

(Hint: Show that it satisfies the central path equations at µ.)

Exercise 2 (Stepping to the End of the Path) Examine the simple primal-dual LPs min x1, x1 +

x2 = 1, x1, x2 ≥ 0 and max−y, s1 = 1 + y, s2 = y, s1, s2 ≥ 0. Define z̄(y) := (x̄(y), s̄(y), y), where
x̄(y) = ( y

1+2y , 1+y
1+2y ) and s̄(y) = (1 + y, y). It can be verified that the central path closure satisfies

CP := {z̄(y) : y ≥ 0} where z̄(y), y ≥ 0, is the central path point at parameter µ(y) := y(1+y)
1+2y ,

and that z̄(0) = ((0, 1), (1, 0), 0) is the optimal solution.
For β ∈ (0, 1), prove that (∆z, ν) := (z̄(0)− z̄(y), 0) is a feasible solution to the trust-region

TR(β) at z̄(y) precisely when y ∈ (0, β
1−β ].

(Hint: You may assume that the polarization partition in the trust-region program is (B, N) =

({2}, {1}).)
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