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Recap Define a Gaussian function random function [cf Francois's lectures!]

1) GP as Series expansion
@ (k) orthonormal basis
o (Cx)iid N(0,1)
e g, >0

W(x) = owlipr(x)

k>1



Recap Define a Gaussian function random function [cf Francois's lectures!]

1) GP as Series expansion
@ (k) orthonormal basis
o (Cx)iid N(0,1)
e g, >0

W(x) = owlipr(x)

k>1
Example 1 Wi (x) = ¢q cos(2mx)

Example 2 For a > 0 a ‘regularity’ parameter

Wa(x) = Z k=27 Gpr(x)

k>1



2) GP as stochastic process process W(-) with
(W(t1),..., W(t,)) multivariate Gaussian for all t; < ... < t,

For K(-,) positive definite kernel, there exists a GP W with

EWtZO, EWsWt:K(S,t)



2) GP as stochastic process process W(-) with
(W(t1),..., W(t,)) multivariate Gaussian for all t; < ... < t,

For K(-,) positive definite kernel, there exists a GP W with
EW, =0, EW;W; = K(s, t)
Example 1 Brownian motion (B;)
K(s,t) =min(s,t) =sAt

Example 2 Brownian motion released at 0

BR=2Z+B,
Z ~ N(0,1) independent of (B;)

K(s,t) =1+ min(s, t)




Example 3 Squared-exponential (SqExp) GP

N

K(s,t) =e (=t




Example 3 Squared-exponential (SqExp) GP

N

K(s,t) =e (=t

3) GP as Gaussian random variable in Banach space B

Z:Q—B
with e.g. B = (L?[0,1], ]| - [l2) or B = (C°[0, 1], | - [loo)



Fact Under mild conditions, process def and B-valued def are equivalent

GP <> series GPs can be expanded into series, e.g. via Karhunen-Loéve expansion

B(s) = ZukCWf(s), fig ~ k= k12712
k>1

4) Transformations of GPs
e integrated Brownian motion is fot B(s)ds

@ a—Riemann-Liouville process
t
Wt:/ (t —s)*1/2dB,
0

o For (Z:) a GP, can define a random density by ( )

eZ‘

t—
Jo €%ds




Goal Use GPs for statistical inference!

@ In order to: estimate unknown function f nonparametrics

@ How? Being Bayesian!

—— GP Mean Prediction
95% Confidence Interval
X Noisy Data Points X

1.0
0.5
0.0
-0.5
-1.0

-4 -3 -2 -1 0 1 2 3 4

[https://aicompetence.org]



Topics of this mini-course
@ use of GPs to make statistical inference on functions
o are GPs statistically optimal?
@ limitations of GPs and how can one overcome these?
°

some works in progress and open directions

These lectures — general tools to derive properties of GPs in nonparametrics

First, let us define the setting of BNP = Bayesian nonparametrics



Statistics: standard frequentist framework

Statistical experiment
@ X random object = data

@ P model
P ={Py, 60O}

Frequentist assumption
J00€0©, X~ Py,



Statistics: standard frequentist framework

Statistical experiment
@ X random object = data
@ P model
P ={Py, 60O}

Frequentist assumption
J00€0©, X~ Py,

Estimator a measurable function (X) € ©
0(X) is a random point in ©
one studies §(X) under X ~ Py,

example OMLE(X) = argmax py(X)
0O



Statistics: Bayesian framework

Statistical experiment
@ X random object = data
o P={Py, 0 €O} model

Bayesian setting Do not know 67 View it as random!]
a) § ~ M  prior distribution
b) X|6 ~ Py
= joint distribution of (8, X) is specified
c) law of 8| X is posterior distribution denoted IM[-| X]

Bayesian estimator (-] X) € M1(©)
M(-| X) is a data—dependent measure on ©



EO — Example 0
X =(Xq,...,Xp)
P ={N(6,1)®" 6 R}

Frequentist estimator
0MLE(X) _ Xn

Bayesian setting
a) 6 ~N(0,1) =1 prior (say)
b) X|0 ~ N(0,1)®"

c) 0] X NN( =N[-| X] posterior

nX, 1
i (2 )

n+1 ) n+1)




Bayesian framework

Bayesian setting
a) 6~ prior
b) X|0 ~ P,
c) 0| X ~: N[-| X] posterior

All this produces a data—dependent measure M[-| X]



Bayesian framework

Bayesian setting
a) 6~ prior
b) X|0 ~ P,
c) 0| X ~: N[-| X] posterior

All this produces a data—dependent measure M[-| X]
And what if ...

.. one would forget a)+b)+c) ...

.. and study MN[-| X] as a ‘standard’ estimator??



Frequentist analysis of Bayesian procedures

Posterior distribution T[-| X]

Frequentist assumption
360, X~ Pgo



Frequentist analysis of Bayesian procedures

Posterior distribution T[-| X]

Frequentist assumption
360, X~ Pgo

EO - Example 0
X|0 ~ N (0,1)%"
6~ N(0,1) =
X 1 — 1
MEX] = (222 )~ B(X) + 2 N 0.1)

o centered close to OMLE(X) = X,

@ converges at rate 1/4/n towards 6y [see below|



Nonparametric models

Consider the problem of estimation of a function f



Nonparametric models

Consider the problem of estimation of a function f

Gaussian white noise

\%dW(t), te€[0,1]

Gaussian regression one observes design points X; and values Y;

dX(t) = f(t)dt +

\/i:f(Xi)‘Fei) 1§I§n

Inverse problems Yi = G(F)(Xi) + e, 1<i<n



Nonparametric models

Consider the problem of estimation of a function f

Gaussian white noise

\%dW(t), te€[0,1]

Gaussian regression one observes design points X; and values Y;

dX(t) = f(t)dt +

Yi = f(Xi) + e, 1<i<n

Inverse problems Yi = G(F)(Xi) + e, 1<i<n

many other settings  density estimation, classification ...
Estimating unknown f from data X is a nonparametric problem

Typical optimal minimax estimation rate, for /—smooth f in R in || - ||—loss

n_ 27+d



Bayesian asymptotics

Bayesian setting X data
a) f~ T prior
b) X|f ~ Pr =P model
c) f| X ~: M| X] posterior

Frequentist analysis of Bayesian procedures

@ Assume there exists fy such that X ~ Py,
o study the behaviour of M[-| X] under Pg,:

> convergence to fy
» goal: find £, — 0 as fast as possible with, as n — oo,

N |If = foll2 < 2.} X] =" 1




Bayesian dominated framework

Experiment. X = X", P ={P\") f e F}, (F,F) measure space

Dominated framework. Suppose there exists a dominating measure ("

dP" = pf"()du"
Bayesian setting.
a) f~T1 prior distribution
b) X|f ~ P{"
c) f| X ~: M| X] posterior

Bayes formula. For any measurable set B € F,

S A" (XP)dn(F)

(my =
neB| x\") = I gn)(X(n))dI'I(f)'

Remark. M[B]=0 = MN[B|X]=0



Special case: Gaussian regression

Observe (X, Y) = (Xj, Yi)i<i<n, with X; iq Px , € fi‘3’./\/(0, 1) and ‘true’ fy

Yi = o(Xi) + o

Prior distribution 1. Let f ~ N = GP(0, k)



Special case: Gaussian regression

Observe (X, Y) = (Xj, Yi)i<i<n, with X; i Px , € fg./\/(O, 1) and ‘true’ fy

Yi = fo(Xi) + o€

Prior distribution 1. Let f ~ N = GP(0, k)
Posterior M[-| X, Y] is a GP
X Kxf(O'zl + Kfr)*ly, mean
(x,2) = k(x,z) — Ko (0?1 + Kge) " K, covariance

Here we denote y = (Y1,..., Ya)", f = (f(X1),...,f(X)",
Kir = covn(f(x), f) = (k(x, X1),. .., k(x, Xn)), Ker = covn(f, f) = [k(Xi, Xj)]1<ij<n-



Special case: Gaussian regression

Observe (X, Y) = (Xj, Yi)i<i<n, with X; i Px , € %N(O, 1) and ‘true’ fy

Yi = fo(Xi) + o€

Prior distribution 1. Let f ~ N = GP(0, k)
Posterior M[-| X, Y] is a GP
X Kxf(O'zl + Kfr)*ly, mean
(x,2) = k(x,z) — Ko (0?1 + Kge) " K, covariance
Here we denote y = (Y1,..., Ya)", f = (f(X1),...,f(X)",

Ky = covn(f(x),f) = (k(x, X1), ..., k(x,Xs)), K = covn(f, F) = [k(X:, Xj)]1<ij<n-

@ Analytic expression, allows direct ‘computations’

@ Inconvenient: works only for Gaussian regression



Convergence rate

Convergence rate. The posterior converges at rate ¢, for distance d at fy if

Ep,T1(0: d(0,00) <ep| X) — 1 (n— o)

It is an upper bound: we look for the smallest possible ,,.

What happens in a nonparametric framework ?

@ [Ghosal, Ghosh, van der Vaart 00], [Ghosal, van der Vaart 07]



First examples
Fixed design regression [van der Vaart, van Zanten 08, 09]
Y; = f(t,') + €, 1<i<n, €; N./\/(O, 1) iid

True function. Let fy € CP[0,1]
Loss function. ||g|? = n=1Y 1, g(t:)?
Prior. Brownian motion + Gaussian

Wt = Bt + ZO, with ZO ~ N(O, 1)
Then as n — oo,

EgNf: ||f —folln <en| X]—1,

_1p8 n~t4% if g >1/2
n=B2 ifp<1/2



First examples

Fixed design regression (followed)

Prior.  Riemann-Liouville process with parameter o > 0

We = [i(t —s)*"2dB, + 312 Zitk,  with Z, ~ N(0,1) iid
Then

Eg[f: ||f —folln <en| X]—1,

where

e

ang { n"za if B>«

£, N 20+ — B i
n n"=rm1 iff<a



First examples

Density estimation [van der Vaart, van Zanten 08, 09]

Xi,o 0 Xo  ~ f  iid

True density. Let fy € C°[0,1] with fo > 0.

Loss function. Hellinger distance h(f,g)? = [(V'f — /&)?

Prior. Consider the distribution on continuous functions induced by

eW:

t= T
Jo €Wedu

with W; either Brownian motion or Riemann-Liouville process with parameter «

Then, for &, as before,

ELM[h(f, fH) <ep| X] — 1.



Theory: Bayesian nonparametrics

Setting X =X, P = {Pﬁ"), f e F} [not necessarily iid]
M prior distribution on F

Goal For some distance d and rate &, [with n=? — oc]

ELN[f: d(f,f) > Me,| X] = 0



Theory: Bayesian nonparametrics

Setting X =X, P = {P;"), f e F} [not necessarily iid]
M prior distribution on F

Goal For some distance d and rate &, [with n=? — oc]

EgN[f: d(f,fo) > Me,| X] — 0

Key condition The prior puts enough mass on neighborhoods of fy

(B (fo, en)) > e~




Theory: Bayesian nonparametrics

Setting X =X, P = {P;"), f € F} [not necessarily iid]
M prior distribution on F

Goal For some distance d and rate €, [with n=2 — oc]

EgN[f: d(f,fo) > Me,| X] — 0

Key condition The prior puts enough mass on neighborhoods of fy

(B (fo, en)) > e~

BKL(ﬂ)aEn) = { Kn(ﬁ)a f) S n€,217 Vn(f()u f) S HE%}

Py
Koo, £) = / () log 2o
P

(n)

n n P n

dul™,  Va(fy, f) :=/P§,)|og2 oyan®
P




Theory: Bayesian nonparametrics

Theorem, generic  [Ghosal Ghosh van der Vaart 00]
If 7, C F and ¢ > 0 such that, for d such that (T0) is verified,

log N(ep, Fn,dn) < dne? entropy
N(rs) < e~ (c+4)n=] remaining mass
N( Br(fy,en)) > e prior mass

Then for M > 0 large enough,

ELN[f : d(f, fo) < Men|X] > 1




Fractional posteriors

Js (p70)) " an(r)

HP[B| X] = 2
J(pE7x))" an()

Theorem, fractional post. Suppose, for £, > 0, p € (0,1) and npe2 — oo,
2

M(Bki(fo,en)) > e 0.

Then there exists C > 0 such that as n — oo,

1 n (n Cp
n, (£ 20,60, 2 {2221 X) = on().

1
D,(p,q) = Du(f,g) = — 1o log </ po‘qlo‘du> p — Rényi divergence

[T. Zhang 06], [Bhattacharya et al. 19] [L'Huillier, Travis, C. and Ray 23]



© Statistical properties of GPs |
o Contraction rates for GPs
@ Adaptation to smoothness
@ Variable selection
@ UQ and other topics



2. Statistical properties of GPs |



Verifying the prior mass conditions

Key condition The prior puts enough mass on neighborhoods of f

N(Bki(fo, £)) > e

In many models, one can show

Biji2(fo,en) = {F  [If = folla < en} © Bra(fo, n)

or
By (fosen) == A{f : [If = folloc < en} C Bru(fo,en)

Example Gaussian white noise model dX(t) = f(t)dt + dW(t)/+/n

Bki(fo,€n) = By.|(fo, €n)



A first ‘hands-on’ example
Model Gaussian white noise dX(t) = f(t)dt + dW(t)/+/n
Regularity of fy Suppose fy is f—smooth: for any k > 1
ol < Lk7H/270
Series GP prior 1 on f  For (¢x) ONB of L2[0,1] and o > 0,

W(t) = Z k2= Cpn(t)

k=1

Theorem For any p € (0,1),

I'Ip [{f . ||f — fo||2 < MZ:‘,,HX] —0
where the p—posterior convergence rate is

_ anB
gn = n 2a+1




This result can be extended
@ to the standard posterior p =1
@ to other models (regression, density,...)

@ Sobolev regularity for fy ...

By generic result on p—posteriors, it suffices to check
2
NIf = foll < en) > e™

= p—posterior converges at rate ¢,

[ D,(N(a,1),N(b,1)) = p- (a— b)?/2]



Proof. Let (dx)k>1 verify > oo, 62 < (De,)?.

Case o > 3. By independence,

N(|f — foll2 < De,) =T [Z(fk — fox)? < (Dz,)?

k>1
>NNVk>1, [fi —for]l < 0] > Hl_l[|fk — fou] < 8]
k>1

For any k > 1,

M f — fox] < 0k] = PlloxCk — fox| < 64]
(fo,k+0k)/ ok

> / e dx /2
(

fok—0k)/ ok

By symmetry, without loss of generality assume f; x > 0 in the sequel



Let N, := Lnﬁj and

s _ Juvn, 1< k<N,
KT 2Lk B, k>N,
Case > 3, k < N,

(fo,k+0k)/ ok )
N{lf — foxl < 0] > / e 2dx
(fo,k—0k)/ o«

) 1
> Zk exp {_ch(fo’k + 5k)2}

Ok 1
> Kk T (f2 -1
: Bl A )
e %exp{—i(Lkl/zﬁf}
(% k
1
2 —=exp{—C(k*")’}



Case a > 3, k < N, (followed)
Using ", k% < N9t for any g > 0 and integer N,

Noc
TIN 06 = foxl < 6kl > exp {—N, log(v/n/Go) — GN2—F)1}

k=1
> exp {—C;;Ni("_ﬁ)H} > exp {—Gsnes }

Z exXp {_C3n(D5n)2} )

Ni(a—ﬂ)"rl

. - 2
noticing that < ne;

2 _ 2B 2(a—pB)+1
nsn = Nnn 2a+1 — n 2a+1



Case a > 3, k > N,
[fox — Ok, ok + 0k] D [—Lk_l/z_ﬂ, Lk_l/z_'g] choice 0

M{lfe — foul < 0] >N [|f] < LkTV2] > NG < Lk

I nlf - ful <6l > ] (1—20(Lk>?))

k>Ng k>Nq
> exp { Z log (1 — 26,(“(&_5)2/2) }
k>Ng
> exp {_2 Z e(Lka6)2/2} =14 O(l)
k>Ng

Case a > 3 (conclusion)

N(IF~fllz < Dea) > exp(—Cn(De,)?)(1 + o(1)) = exp(—C'n(De,)?)



Case o« < 8 Since N,/n < 2 = p?/(2a+1)

Ne,
() {(h— i) < D*/(2n)} N {f: Z(fk—ﬂ),k)@(pgnwz}
k=1 k>Nq,

c {f: If = hl < (Den)’}

Case « < 3,1 < k < N, With 6, = D/v/2n,

) C
116~ el 80 2 Zep {508+ 7

Ok k

> i—iexp {—C(L2 + (0;1/\/5)2}

1/24«
Z D \/ﬁ exp {_C3} :

with |fo x| < Lk™Y/278 < Lk=Y27% = Loy for a < 3; o, t < y/n for k < N,



Lemma As soon as N, = [nvr%aj > 2, it holds

]Iif[

k1/2+ (12 1)Ne

Na

Na,
Z log k > / log(x)dx
k=1 !

2 Na |Og N(v - (N(y, - 1)




Using the Lemma and N, < ne?

No

TIN0f — forl < 6] > exp {—CsD*No} > exp {—Con(De,)} -

k=1
Caseaa < 3, k>N,

- 2 2 \—2a 2 2 2
Since Zb,\,a fo < L°N < es and Zb,\,a op Se

n'

N> (= fu) < (Dsn)2/2]

k>No,

>N ) < (Dg,,)2/4]
L k>No,

0| S (- e < <Den>2/8] |

L k>N,



By Markov's inequality,

g [ S (72 - o2EL) > <Dsn>2/8]

k>Ng,

=P

S o2 (G- El]) > (w/s]

k>Ny
2 -2
E oGk ]

k>Ng

Var

(De,)*

Since N 17% < N ted, this is a o(1)



Putting together the above bounds in both regimes of k's

N{If = fll5 < (Den)?]
> (1~ o(1)) - exp {—Con(De,)’}
> exp {—Gn(Ds,)? }

This concludes the proof of the Theorem!



‘Direct prior mass’ approach
@ This is a typical ‘qualitative’ proof by prior mass

@ It works in some generality under series GPs

For more general GPs and more general models, in general necessary to control

N[|f — foll s < en] > exp(—Cne?)

For this we will use tailored tools for GPs — The ‘RKHS approach’



GPs: RKHS

W = (W, :te T) centered GP
Covariance kernel K(s,t) = E(WsW;)



GPs: RKHS

W = (W, :te T) centered GP
Covariance kernel K(s,t) = E(WsW;)

Reproducing Kernel Hilbert Space H (RKHS) associated to W.
Define a norm || - || via

p

<Z (sis°) Z ')>H:Zaiij(Sh )

Then one sets

H=Vect{K(s, ), s€ T}




GPs: RKHS HI, examples

Brownian motion  (B:)  H={ / F(u)du, fel20,1]}
0
with inner product (f, g)y = fol f'g'
Sketch of proof sA-= [, q(u)du

Series prior chkgkcpk H = {h=(h) € (2, Zd_zhz < +oo}
k>1 k>1

with inner product (f,g)y = > 44 o 2 fegk



GPs, the RKHS approach

Key Fact For g in the support of W in B, and all ¢ > 0,
e #(/D) < P(|W - g|ls < &) < e )

where (¢, is the concentration function of W at g

Concentration function. Let g be in the support of W in B. For e > 0, set

1511

heH: ||h—glls<e 2 og (” ||]B 8)

vg(€)

Approximation Small ball probability

Idea of proof: “Girsanov-Cameron-Martin" change of variable formula if g € H



GPs, the RKHS approach: the two terms

Lower-bound in Key fact shows that to prove prior mass condition, it is enough to
@ either know an equivalent or get an upper-bound of
wo(e) = —log P[|W||5 < €] small ball probability

» can borrow existing results from probability literature!
» [Li, Linde 90'] small ball po(e) is tightly connected to entropy of Hj

@ bound from above the term

e inf | hlI% approximation term
€H: ||h—gllz<e

» if g € H, this term is constant [take h = g (!)]
> if g ¢ H, one approximates it by h's in g



Example [small ball probability in B = £?[0,1]] Brownian motion (B;)
—logP(||Bll2 < &) <72 (¢—0)

o using K-L expansion, BM is GP series prior with o < k=1 = k=1/2-1/2

o we already proved — log P(||Bll2 < €,) < ne? = ¢,2 ...

1/4

o ... fore, =n" [enough fo our needs!]

Example [small ball probability in B = C°[0,1]] Brownian motion (B;)
—logP(||Blloc <€) <72 (¢ —0)

@ can be proved directly,

@ or by using link with entropy of H;



GPs, the RKHS approach [van der Vaart, van Zanten 08]

Consider a nonparametric problem with unknown function 5 € B
Prior Tl = law of a Gaussian process W on B, with RKHS H
Suppose

@ fy is in the support in B of the prior

@ the norm || - || on B combines correctly with the testing distance d

Let €, be a solution of the equation

elen) < nel

Then the posterior contracts at rate ¢,: for large enough M,

E,N(d(F, fo) > Me,| X) — 0



GPs, theory via RKHS

Ingredients of proof [checking the ‘3 conditions’ in Generic Theorem|

@ prior mass
the [Fact] links P(||W — w||s < €) and concentration function

@ sieves
[Borell 75]'s inequality
Let By and H; unit balls B and H associated to W

P(W ¢ MH; + eB;) <1 — &(d~ (e ?E)) 4+ M)
Suggests to set O, = \/nz,H; + £,B;

@ entropy
can link entropy of H; and small ball probability



Using ¢r (g,) < ne2: example of BM released at 0

Prior on f consider Brownian motion released at 0
Wt - Bt + Z

with Z ~ AN(0, 1) independent of (B;)

View it as Gaussian random variable in B = (C°[0,1], || - ||o0)

RKHSH = { ¢+ [ flu)du, ceR.Fel201]}  (fg)=fy 1'e
0

@ The small ball term: as before g(c) < €2

@ Approximation term: need to find

inf hl|?
heH: thfoHoo<€H HH



Using ©f (g,) < ne?: example of BM released at 0
Py n

Let (H, || - ||m) be the RKHS of Brownian motion released at 0
Suppose fy € CA[0, 1], for some 3 > 0

2p-2
inf hl|Z <e 7 O
heH: ||h—wo || oo <€ ” ”H ~

o If 3 >1then fy € H (!) [the ‘inf" is a constant in this case]
o If B < 1, one can extend fy to R while keeping the Holder property

Let ¢y (u) = ¢(u/c)/o, for o > 0 and ¢ Gaussian density

ho(£) = (6 + wo)(t) = /R%(t— ) wo(u)du



Properties of the convolution hy(t) = [; ¢o(t — u)wo(u)du
@ Approximation of fy

160 wo(t) — wo(t)] = | / b0 () (wo(t — 1) — wo(t))du
< / 6o (u) 0P du < o / VPo(v)dv < 0.

e it belongs to H since ||h,||Z = fo '(t)?dt and

|/ wolt — ) = wo(t)) 5 L o/(u/o)dul  (as '/}/:0)
72 [ 1?16 (ufo)ldu < o .

so that ||h,||Z < 02F—2

The result follows by taking o = /5.



Using ¢ (g,) < ne?

. example of BM released at 0

Putting everything together, one gets

@ Approximation term < e

So ¢f,(en) < ne if

That is,

e Small ball probability ¢o(g) < e2
28—-2
2822 50
28—
_ A0
e, +¢en” < ne?
B Al
en>n"z"s

. _anB
This gives €, > n~ zo+1

with oo = 1/2 [‘regularity’ of Brownian motion!]



GP posterior rates: examples (continued)

Some more examples, for S—smooth fy [slight variations on smoothness cond's]

o GP series prior with parameter o > 0 [the ‘hands-on’ proof]

@ Riemann-Liouville a—process [mentioned before]

_anB
€p < N 20

o Matern a—process (Z;), zero-mean with E[Z,Z,] = [ e**=Y)m(\)d),

1

_ spectral densit
(1+A2)3+a P g

m(\) =

_anB
€n < n 251

Question: these are upper bounds, can one do better?



GP posterior rates: lower bounds

Question: these are upper bounds, can one do better?

The answer is ... no! in general

Lower bound result for a—series priors in white noise [C. 08]

ERN[f = foll2 < ¢l X] = 0

B

> N~z foranya < g
"™\ n for some 8 — smooth f, if a < 8 [ up to logs|

GPs reach consistency but are optimal only under



GP posterior rates: lower bounds (continued)

Squared-exponential GP SqExp

Centered Gaussian process Z; with covariance
E(ZtZs) _ ef(sft)z/L

[van der Vaart, van Zanten 11] show that, for fixed L, there are regular functions
fo for which the rate is at best logarithmic

en =~ (log )P

Intuition: this is because SqExp is ‘infinitely smooth’!



GP posterior rates: lower bounds (continued)

Squared-exponential GP SqExp

Centered Gaussian process Z; with covariance
E(ZtZs) _ ef(sft)z/L

[van der Vaart, van Zanten 11] show that, for fixed L, there are regular functions
fo for which the rate is at best logarithmic

en =~ (log )P

Intuition: this is because SqExp is ‘infinitely smooth’!

However, the use of SqExp is quite widespread and gives very good results in
practice when the parameter L is "well chosen" ...



Adaptation to smoothness

A procedure is adaptive to smoothness if it achieves the optimal minimax rate
n—P/(26+1) for B—smooth fy, simultaneously for any 8 > 0

As such GPs are too ‘rigid’ to get adaptation to smoothness

Idea(s): Tune an extra parameter to make them more flexible

@ Idea 1: estimate «

@ Idea 2: rescaling of paths



Adaptation to smoothness: idea 1, estimating «

Hierarchical Bayes Consider the hierarchical GP series prior Il
a ~ Exp(1)
fla ~Tl, law of Z k=2 Ceon ()

k>1

Empirical Bayes Projecting the white noise model onto the basis (), setting
Yi = [ @k(u)dXM(u) and Y = (Yy), the marginal distribution of Y|« is

Yia~ QN (o, ki 1) ,
k=1

This gives a log-marginal likelihood

o0

1 n n? 2
k=1

& = argmax £p(«)
a€[0,log n]



Adaptation to smoothness: idea 1, estimating «

[Knapik, Szabé, van der Vaart, van Zanten 16]

Theorem Suppose fy is 3-Sobolev smooth in the white noise model

Hierarchical Bayes. The hierarchical prior verifies
EoN[If — foll2 > (log n)'n™ 7| X] = o(1).
Empirical Bayes. The plug-in posterior M4[-| X] verifies

__B_
ELNa[|If — foll2 > (log n)'n~ 2571 | Y] = o(1).




Adaptation to smoothness: idea 2, shrinking of paths

[van der Vaart, van Zanten 09]




Adaptation to smoothness: idea 2, shrinking of paths

[van der Vaart, van Zanten 09]

Prior : consider the process t — Zx;
o A~ w4 Gamma distribution

e u — Z, centered GP with squared-exponential kernel

Intuition Taking A large ‘accelerates time' — makes path ‘rougher’



Adaptation to smoothness: idea 2, shrinking of paths
White noise model prior t — Zs; leads to smoothness adaptation
EN[If — foll2 > (log n)/n~ 27| X] = o(1).

Zat

fol eZrudu
Then the posterior is also smoothness-adaptive up to a log factor

Density estimation Set t —

E, M [h(f, fo) > (logn)'n~=m | X| =1

Classification Similar results hold for estimating the classification function

x = P[Y =1| X = x]

Idea of proof M[|f —foll2 < en] = /ﬂ[||f — foll2 < en] A= aldma(a)



Variable selection & dimension reduction
with GPs



Variable selection

Setting: Density estimation or Regression with random design:

Y = f/(X)+ei, g ~N(0,06%), Xi~G
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Variable selection

Setting: Density estimation or Regression with random design:

Yi = f(X)+e, e~N(0,0%), X~G
. 0,1) e (1.1)
If some variables have no effect on the . o e
response, i.e.: - . .
fo(x1,...,xp) = fo(x,...,x4), D>d S R
we can still approximate the true parameter ST T

BUT... ©0.0) )

. ) . __B . __8
The contraction rate is suboptimal, of order n™ 23+0 instead of n™ 25+7 .
This phenomenon is called the
Solutions:

o Hierarchical extension of Gaussian priors: the active variables are randomly
selected.

o Freezing of paths



[Jiang and Tokdar 2021]

Given a v € {0,1}P, a ~y-sparse rescaled squared exponential GP
is defined as
W=7 .= (Wo(ax,), x € RP),

o x,=(x,70)=1,j=1,...,D)
o a > 0 rescaling parameter
o W, standard squared exponential GP in RI"!.
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[Jiang and Tokdar 2021]

Given a v € {0,1}P, a ~y-sparse rescaled squared exponential GP
is defined as
W=7 .= (Wo(ax,), x € RP),

o x,=(x,70)=1,j=1,...,D)
o a > 0 rescaling parameter
o W, standard squared exponential GP in RI"!.

Prior NN ~ WAT .
o A"l Gamma distribution
o P(I=7)= q(|7\)/(|ﬂ) q probability vector on [0, DJ.

For regression with Gaussian random design, if fy € H”(RP) N L2(G) has only
active variables, then for M large enough,

Eul [IIf = fllize) = Mllog n) " n57 | (X,¥)] = 0
n—oo




Proof. (ldea)

Suppose fy has a sparsity pattern v € {0,1}P with d := |v/|.
Prior mass condition: M (||WAT —f||_ < 2e,) > exp(—ne2).
For T, a carefully chosen constant, we can write,

Al =7)

I'I(||WA”’77‘0HOO§2€,,) Z/ I'I(||Wa’77fo||00§25,,)d( 7 (a)da
0

2T, _
> / exp (=07 (en)) W(a)da

exp (—C L g7d/B Iog(l/en)d+1>

Y

1
(Up to mult. constant on g,) > exp (—2n5,2,> .

Taking into account the prior on the sparsity pattern,

N(WAT —fof| , <2e0) = P(T=7) N ([WAT — |, < 2¢n)
> exp (—ne%) )
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Freezing of paths

The previous solution adds an extra layer to the model.
But a clever use of the rescaling step can serve the same purpose.

o [Castillo & Randrianarisoa 2024] propose a multi-bandwidth rescaling

parameter (one for each coordinate), with a prior that encourages small
length scales.

A vanishing length scale in coordinate i 'freezes' the path in this direction.

1.5+

1.04

0.5+

0.0 -— -
a=10

= a=0.65

m— 3 =0.32

— 3 =0.17
a=0.1

—0.54

0.0 0.2 0.4 0.6 0.8 1.0



Freezing of paths

Regression with random design:

Y; = fo(Xi) +ei, ei~N(0,0%), Xi~G

W standard squared exponential GP in RP.
Prior I ~ W* :

o Aji.i.d. exponential distributions (places some probability mass near zero)
o WA= (W(Aixi,...,Apxp): x=(x1,...,xp) € RP)



Freezing of paths

Regression with random design:

Y; = fo(Xi) +ei, ei~N(0,0%), Xi~G

W standard squared exponential GP in RP.
Prior I ~ W* :

o Aji.i.d. exponential distributions (places some probability mass near zero)
o WA= (W(Aixi,...,Apxp): x=(x1,...,xp) € RP)

If fo € CP([0,1]P), ||f]l.. < @ has only d active variables, then for M large
enough,

B
EuMy [If = fllizge) = Mllog )" n=55 | (X, )] = o,

n—

where M,(-|X, Y) is the of order p < 1.



Subspace selection

[Tokdar & Zhu & Ghosh 2010]

More general setting: f, depends only on a d-dimensional subspace of RP.
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[Tokdar & Zhu & Ghosh 2010]
More general setting: f, depends only on a d-dimensional subspace of RP.

Define,

W59 .= W(aDiag(d) - q(x))-

Figure: Sample from a
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density depends only on a
one-dimensional subspace.



Subspace selection

[Tokdar & Zhu & Ghosh 2010]
More general setting: f, depends only on a d-dimensional subspace of RP.

Define,
W29 .= W(aDiag(d) - g(x)).

A hierarchical prior with stochastic subspace
selection is:
n~ wH 79’
where,
o A prior on the rescaling parameter a,

Figure: Sample from a
2-dimensional distribution whose
density depends only on a o © prior on the isometry q.

one-dimensional subspace.

o [ prior on the dimension of the subspace d,



Subspace selection

[Tokdar & Zhu & Ghosh 2010]
More general setting: f, depends only on a d-dimensional subspace of RP.

Define,
W29 .= W(aDiag(d) - g(x)).

A hierarchical prior with stochastic subspace

selection is:
n~ wH 79’

where,

o A prior on the rescaling parameter a,
Figure: Sample from a

2-dimensional distribution whose
density depends only on a o © prior on the isometry q.
one-dimensional subspace.

o [ prior on the dimension of the subspace d,

— Same adaptive contraction rates.
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Growing dimension setting and subspace recovery

Problem 1: How the ambient dimension D affects the contraction rate?

Problem 2: Can we recover the relevant subspace or the sparsity pattern?

To address problem 1, we let the ambient dimension D grow with the number of
observations n. (This means a new experiment and a new prior for each n.)

o Variable selection: [Jiang & Tokdar 2021]

d
In the regression setting, with d active variables and log(D,) < O(n2d+7),

» posterior contraction at near minimax rates to the true parameter fo,
» posterior consistency for the sparsity pattern.



Growing dimension setting and subspace recovery

Problem 1: How the ambient dimension D affects the contraction rate?
Problem 2: Can we recover the relevant subspace or the sparsity pattern?

To address problem 1, we let the ambient dimension D grow with the number of
observations n. (This means a new experiment and a new prior for each n.)

o Variable selection: [Jiang & Tokdar 2021]

d
In the regression setting, with d active variables and log(D,) < O(n2d+7),

» posterior contraction at near minimax rates to the true parameter fo,
» posterior consistency for the sparsity pattern.

o Subspace selection: [preprint Odin & Bachoc & Lagnoux 2024]
If the true parameter depends only on a subspace of dimension d,

d

> Posterior consistency at near minimax rates with D, < O(n2d+7),

» With fixed ambient dimension D, the posterior contracts to the true subspace
if d is known.



Statistical properties of GPs: other topics

Adaptation to smoothness (continued)

Hierarchical GPs with 1 parameter
@ enable adaptation to global smoothness

@ also enable variable selection
@ based on impossibility results for plain GPs [Agapiou Wang 22]

— one can conjecture that they are not adaptive to

» spatially inhomogeneous smoothness
> or more generally to ‘local smoothness’

For this could use heavy-tailed process [Agapiou C. 24]

Adaptation to structure/geometry
— next Section
Uncertainty quantification

— next 2 slides



Statistical properties of GPs: uncertainty quantification
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[Szabd, van der Vaart, van Zanten 15]



Statistical properties of GPs: uncertainty quantification

n=1000 n=1e+06
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n=1e+08 n=1e+10
v
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o |
=
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t t

[Szabd, van der Vaart, van Zanten 15]

Are credible sets C(X) also confidence sets?

neX)|Xj~1-a £ PlhelCX)]~1l-a



Statistical properties of GPs: uncertainty quantification

n=1e+06

1.5

1.0

0.5

0.0
1

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Ideally, a credible set C, = C,(X) (i.e. M[C,(X)| X] =1 — @) should have
o coverage Prlfo €Co]l =1 -«
o adaptive optimal minimax diameter Diamy(C,) ~ n=#/(26+1)

However, this is known to be , unless more is assumed on f

This becomes possible under self-similarity type assumptions on fy

Intuition Self-similarity enables to ‘estimate regularity’ of f



Statistical properties of GPs: uncertainty quantification

A few works in this direction for f ~ GP

@ [Szabd, van der Vaart, van Zanten 15]
UQ: adaptive L2 confidence sets under self-similarity for series GPs

@ [Sniekers, van der Vaart 15]
UQ: pointwise confidence sets under self-similarity for Brownian motion

e [Hadji, Szab¢ 21]
UQ: adaptive L? confidence sets under self-similarity for SqExp

One may also be interested in estimating functionals f — (f), BvM-type results

e [C. 12], [C. & Rousseau 15]
Bernstein—von Mises theorems for smooth functionals (< Bayesian CLT)

L(W(F) € | X) = N, Z,"/n)()

[implies quantile credible sets are (asymp) confidence sets]



© Statistical properties of GPs |
@ GPs and geometry: the intrinsic approach
@ GPs and geometry: the extrinsic approach
@ Deep GPs



3. Statistical properties of GPs Il



GPs and geometry



Intrinsic GP

Goal: Infer a regression function over a known manifold M with adaptation to
regularity.

Image source: [Rosa & Terenin & Borovitskiy & Rousseau 2023].
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Intrinsic GP

Goal: Infer a regression function over a known manifold M with adaptation to
regularity.

Idea: Extend the squared exponential GP with
random rescaling to a non-Euclidean input
space.

— If the manifold is Riemannian, replace the Euclidean distance by the geodesic
distance p in
K(x,y) = exp(—p(x,¥)?), x,y € M?

Problem: In most cases, K(-,-) fails to be positive definite.

o Instead, build a positive definite kernel from a linear operator.

Image source: [Rosa & Terenin & Borovitskiy & Rousseau 2023].



Positive definite kernel via the Laplacian
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Positive definite kernel via the Laplacian

[Castillo, Kerkyacharian, Picard 14]

On M compact Riemannian manifold of dimension d without boundary.

— Laplacian A linear operator on functions on M with discrete spectrum
(—Am)ep = Aopp

0< A <<, -

For clarity, we suppose that the eigenspaces H,, are of dimension one.

We have the decomposition,

Lz(M) = @H)\pv

p=>1

and the orthogonal projectors Py, on H,, are kernel operators Qp(x, y),

Qp(x,¥) = ©p(x)pp(y). (Positive definite)



Positive definite kernel via the Laplacian

Consequence: The mixed kernel K(x,y) :=>_ -, 0,Qp(x,y) is positive definite
and is associated with the Gaussian process B

W o= 3" /ouGopp,  (Gp) iid. N(0,1).

p>1

Image source: [Lang & Motschan-Armen 2023]
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Positive definite kernel via the Laplacian

Consequence: The mixed kernel K(x,y) :=>_ -, 0,Q@p(x, y) is positive definite
and is associated with the Gaussian process B

W o= 3" /ouGopp,  (Gp) iid. N(0,1).

p>1

Question: How to choose the ops and how to rescale the sample paths?
(multiplicative rescaling has no sense on manifolds)

Consider solutions of the heat equation on M and use the time t as a scale
parameter.

W

Image source: [Lang & Motschan-Armen 2023]
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Positive definite kernel via the Laplacian
Note that

Apm (eiApt@P) = _/\PeiAptSDP

0
&eﬂpt% = —Xpe Mg,

This is a special solution of the heat equation on M

)
Dpaf = of

Let ¢, ~ N(0,1) i.i.d. A GP "random solution of the heat equation" is

t._ Z e—)\pt/zgp(pp

p>1

The associated family of covariance kernels is

Pi(x,y) = Ze P op(X)ep(y) A pq-Heat Kernel
p>1



Positive definite kernel via the Laplacian

Let (, ~ N(0,1) i.i.d. A GP "random solution of the heat equation" is

t._ Ze—Apt/chwp

p>1

The associated family of covariance kernels is

= Z e o, (X)pp(y) A p-Heat Kernel
p>1

Subgaussian estimates:

WS VOIBL A ws VOIIBly. V1)

o The heat kernel is a natural geometric generalization of the
squared-exponential kernel

o The time t is a natural candidate for a scale parameter.



Adaptation on manifolds

White noise model: [Castillo, Kerkyacharian, Picard 14]
dXM(x) = f(x)dx + dZ(x), xe€ M
Prior I :
o Wl =3 e T/2¢,0, with T~ t~ et 2log’(1/1)

o WT seen as prior on (B, |- ||) = (L2, || - [|2)
o Setg=1+4d/2
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Adaptation on manifolds

White noise model: [Castillo, Kerkyacharian, Picard 14]
dXM(x) = f(x)dx + dZ(x), xe€ M
Prior I :
o WT = >, e MT/2¢ 0, with T ~ o=t *log’(1/t)

o WT seen as prior on (B, |- ||) = (L2, || - [|2)
o Setg=1+4d/2

Suppose fy € Bgoo(./\/t). Then for M large enough, as n — oo,

|
& n 0.

B/(28+d)
I

E,N l”ffoﬂz > M(

The rate is sharp  for small enough p, there exists fy in B) (M),

log m\ /23+9)
M ff02</)< ) | X| =0
n




Extrinsic GP
[Yang & Dunson 2016]
Regression with random design:

Yi = fo(Xi) +ei i ~N(0,07)
X; ~ G, with support in M.

Suppose:
o Unknown manifold M
o Embedded in RP

o Known intrinsic dimension d
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Suppose:
o Unknown manifold M
o Embedded in RP

o Known intrinsic dimension d

— Extrinsic approach




Extrinsic GP

[Yang & Dunson 2016]
Regression with random design:
Yi = fo(Xi) +ei ei ~ N(0,07)

X; ~ G, with support in M.

15 By 3o e
Suppose: ' "’.’:{.f N
' 0] e 0 w3% o,
o Unknown manifold M o fé{é‘:, o -.:'-5"
o Embedded in RP N :2_5;?;’ ¥
o Known intrinsic dimension d 7’-«3':‘.‘ .y’ X
-5 .':Ei' S, [ po
% * o .o!l
— Extrinsic approach 0] T "’W

We consider the squared exponential GP (W, : x € M) with
K(x,y) = exp(—|x — ylI?/2), (|| - || is the Euclidean norm in R?)



Extrinsic GP

For a > 0 length scale parameter, (W2 : x € M) with
K3(x,y) = exp(—a°|x — y||?/2), (|| - || is the Euclidean norm in RP)

Prior 1 :
o WA with A Gamma distribution
o WAis a GP on M



Extrinsic GP

For a > 0 length scale parameter, (W2 : x € M) with
K3(x,y) = exp(—a°|x — y||?/2), (|| - || is the Euclidean norm in RP)

Prior 1 :
o WA with A Gamma distribution
o WAis a GP on M

Suppose M is a compact 7-differentiable submanifold of RP of dimension
If fy € CP(M) with 3 < min{2,y — 1}, then for M large enough,

n— o0

En [I1F9 = £2lliz(6) = Mlog )"~ | (X, ¥)| = 0

where fQ := (f V —Q) A Q is the truncated version of f.




Extrinsic GP

o Estimating the intrinsic dimension ¢ leads to an empirical Bayes procedure.

o The restriction § < 2 is caused by approximating the geodesic distance by
the Euclidean distance.



Comparison Intrinsic vs Extrinsic

Figure: Realization of an intrinsic GP. Figure: Realization of an extrinsic GP.
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Comparison Intrinsic vs Extrinsic

[Rosa & Terenin & Borovitskiy & Rousseau 2023]

Regression with random design:
Y, = f(X)+e, e ~N(0,07)
X; ~ G, with support in a d-dimensional manifold M.

o Prior IMj,; : W an with
smoothness parameter v > d/2
o Prior Mgy : W’ an with smoothness

parameter v > d/2



Comparison Intrinsic vs Extrinsic

[Rosa & Terenin & Borovitskiy & Rousseau 2023]

Regression with random design:
\/i = fO(XI) +€i7

gj ~ N(O,UQ)

X; ~ G, with support in a d-dimensional manifold M.

o Prior IMj,; : W an
smoothness parameter v > d/2

o Prior Mgy : W’ an
parameter v > d/2

with

with smoothness

IN

Mine [IF = oIy

Ef,Mext {Hf — follfz(6)

IN

M -

M -

n-

n-

If fo € H (M) N BL, (M), for 3> d/2, then for M, M’ large enough,

2 min 5 2min(8,v)

wa | X, Y} - 0,
n— oo

2min(8

=X, Y} 0.

n—o0




Deep Gaussian processes



Deep Gaussian processes
A deep GP is a composition of GPs: for some g > 1 and g, Gaussian processes,

f=gg0 08
The GPs at each ‘layer’ are multidimensional g; = (gj;); and gj multivariate

[Damianou, Lawrence 13]

—— First GP
—— Second GP
2 —— Composition of GPs

Remark f = W(gg)o---oWV(g) V(x) = (—=K)V(xAK)



Deep GPs: sampling

What do people do in practice?

@ [Damianou et al. 13]
Automatic Relevance Detection (ARD) kernel on each layer of deep GP

K(S, t) = e 25:1 A,'Z(Si—t,-)z

» this is independent product of SqExp GPs with inv. lengthscales A;
> A; determined by empirical Bayes-type criterion / variational Bayes (VB)
» many follow-up works using VB /inducing points
@ [Sauer et al. 24]
deepgp R package
» ARD kernel on each layer

» with random (Gamma) A; (hierarchical Bayes)
> uses Vecchia approximation + MCMC



Deep Gaussian processes, theory

[Finocchio & Schmidt-Hieber, JMLR 23] To make the deep GP ‘adaptive’
o discrete model selection prior [determines ‘active’ directions]
e draw regularity (e.g. lengthscale) at random
@ condition sample paths to be smooth enough

Optimal minimax posterior contraction rate (up to logs), adaptive to unknown
regularities and compositional structure — Great foundational result on deep GPs!



Deep Gaussian processes, theory

[Finocchio & Schmidt-Hieber, JMLR 23] To make the deep GP ‘adaptive’
o discrete model selection prior [determines ‘active’ directions]
e draw regularity (e.g. lengthscale) at random
@ condition sample paths to be smooth enough

Optimal minimax posterior contraction rate (up to logs), adaptive to unknown
regularities and compositional structure — Great foundational result on deep GPs!

However, practical simulation from M[:| X, Y]
@ need to condition on GP verifying restrictions (e.g. bounded C” norms)

@ need to sample from complex iterative model selection posterior

[Moriarty-Osborne & Teckentrup 25] direct approach for posterior mean
@ use recursion to study posterior mean of deep GP

@ optimal rate for posterior mean in noiseless case

Conor's talk yesterday!



Questions
@ Theoretical support without discrete variable selection?
o for (/close to) above practically used deep GP priors

@ possibly for deep compositional structure, and high dimensional regression

[C. & Randrianarisoa 25] ANR GAP-project paper!



New idea

Perform simultaneous
@ smoothness adaptation

@ soft variable selection
through appropriate prior on inverse lengthscale parameters A; (1)
> A; — oo appropriately fast — rescaling allowing for adaptation
Shrinking of paths

> A; — 0 fast enough — the GP is near-constant on that coordinate
Freezing of paths (!)



Link with standard neural networks

‘H Output

In the infinite width limit, get Gaussian Process (GP)



Link with standard neural networks
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In the infinite width limit, get deep Gaussian Process (GP) [here 2 layers|



Simple model: dimension reduction

Suppose the regression function fy can be written

fO(X17~-~7Xd) :g(Xiu"'aXid*)

where

> 1<d" <d
» g is f—Holder

. -
Target estimation rate is n~ 23+~



Single GP

Prior [T Denote WA(x) = W(Aixi,...

with 7 prior on inverse lengthscale
Consider two choices of 7

@ exponential prior £(A)

o (half-)horseshoe prior H(7)

densi

‘‘‘‘‘‘‘‘‘‘‘



Stretching vs Freezing

Stretching of paths inverse lengthscale A is large [van der Vaart, van Zanten 09]

Freezing of paths inverse lengthscale A is close to 0

Original 1(x)
Freezed 1(0.2x)




Contraction rates [1-layer variable selection]

fo(x1, .. xq) = &(Xiy, - - s Xipw )
Fractional posterior i.e. “p—posterior"

Jg icicn Pr(Xi, Yi)PdN(f)
fl_hg,-gn pr(X;, Yi)rdn(f)’

n°[B| X, Y] = 0<p<l1

Theorem 1. Suppose fy is S—Holder as above. For T GP prior with prior 7 on
random inverse-lengthscales either exponential or horseshoe. For 0 < p < 1,
as n — o

Er,

0o

I'Ip [f Hf— ﬂ)HLZ(u) ZE,,‘X, Y] —0

en = (logn)°n~ T

Optimal contraction rate (up to log) achieved without discrete model selection
prior — soft selection automatically achieved by small A’s [freezing of paths]



Compositional structures and deep GPs



Compositional structure

Compositional class. Let | :=[~1,1]. Consider f : [9 — [ with

f=hgo---0hg,

where hj : 19 — 941 with dy = d, dg+1 =1and
e writing h; = (hy) for 1 <j < djy1,
@ assume all h;'s depend at most on t; < d; variables
@ and | hjjl|g,00 < K

Defines a class F = F(), 3, K) with

>‘:(qadla"'adqat(Ja"'vtq)? 5:(607

 Ba)-



Graph representation

Example

Ex: F*(x1, ..., %)

h1 (ho1(x1, X3, Xa), ho2(x1, Xa, X5), ho3(x2))

OJORONORO,
@ ® ©®
&



Graph representation

Example

Ex: F*(x1, ..., %)

ORONORORO

h1 (ho1(x1, X3, Xa), ho2(x1, Xa, X5), ho3(x2))

()



Graph representation

Example

Ex: f*(x1,...,x5) = h1 (ho1(x1, X3, Xa), hoa(x1, Xa, X5), ho3(x2))
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Graph representation

Example

Ex: f*(x1,...,x5) = hy (ho1(x1, X3, Xa), ho2(X1, Xa, X5), ho3(x2))




Minimax rate for compositional classes

Compositional class. Let f = hgo--- 0 hg where h; = (hjj) for 1 < j < di41,
@ assume all hj;'s depend at most on t; < d; variables
o and [|hjl5,00 < K

Minimax rate. [if t; < max(dp,...,d; 1)] minimax rate over class F for L?(y) loss
e q
o< max n T =6 [[ (5 AY)
j=it1

o t; ‘effective dimension’ at depth /
° ‘effective regularity’ at depth i



Deep Horseshoe Gaussian Process

Let gmax, dmax deterministic ‘large’ [overparametrised]

Setq:qmaxand d1:...: q:dmax

The Deep Horseshoe GP Deep-HGP is defined as the hierarchical prior

A,'J'|q,d1,...,dq ~
-y dg, Aj HRS WA

8ij | q, dla ..
V(gq) oo W(g).

flaq,d,..., dg,gj

with m = 7 horseshoe prior with parameter 7 [or 7 an exponential £()) prior]

Remark (for theory): could also take g and d;'s random



Contraction rates for deep HGP
SUppOSG foe F= -F()‘aﬂ7 K)v and q < Gmax; di < dmax

Theorem 2. For N Deep-HGP prior, take 7 either exponential or horseshoe
prior on inverse lengthscale. For 0 < p < 1,

E,:DI'I,, [f Hf— ﬂ)HLZ(H) ZE,,‘X, Y] —0

g*

en = (logn)?=r; = (log n)czm’ax n

Deep HGP prior achieves optimal rate, with simultaneous adaptation to
smoothness and compositional structure

More generally for prior  on scalings it suffices that
m(x) 2 x“ exp (—szd* log® x)

Allows for m = Ga(\) as in R package deepgp



Comments on deep HGP vs deep model selection GP

There are two main simplifications with deep HGP

© One does not need to

» sample of regularities
» sample of the graph and dimension structure

This is simultaneously done with the horseshoe prior

> large Aj; picks correct ‘regularity’ scaling
» small A;j makes variable i of jth layer (nearly) inactive

@ One does not need to

» restrict paths to be S—Holder
» penalise the complexity of the prior

Use the p—posterior — no need for entropy condition



Comments on deep HGP vs deep model selection GP

There are two main simplifications with deep HGP

© One does not need to

» sample of regularities
» sample of the graph and dimension structure

This is simultaneously done with the horseshoe prior

> large Aj; picks correct ‘regularity’ scaling
» small A;j makes variable i of jth layer (nearly) inactive

@ One does not need to

» restrict paths to be S—Holder
» penalise the complexity of the prior

Use the p—posterior — no need for entropy condition

So far results do not differenciate horseshoe and exponential choices for 7



High dimensional regression

ﬁ)(X17"'7Xd) :g(XI.17"'7XI.d*)

e Want to allow d — oo and possibly also d* — oo (slowly)
@ Better, fully non-asymptotic result in terms of d, d*, n [in paper!]

@ Special case 7 = £(A) prior on inverse lengthscale
The posterior rate ¢, should verify (up to logs)

n5,2, > C [d + )\nzﬁid*}

already for fixed d* and d = n? for any a > 0



Contraction rates for HGP I

fo(x1,. .., Xqg) = 8(Xigs - -+ s Xiyn )

Setting: high ambient dimension d = d, — oo, d* < d with

d=d,=0(n), d* =d* = O(log'/>7 n)

Theorem 3 Let M be Deep-HGP as before, with horseshoe (1) prior and
7= (nd*)~!

Consider p—posterior for p € (0,1)
e High dimensional variable selection (f : [-1,1]¢ — R, C?) One-layer
HGP attains optimal L?(u)-rate (up to small order multiplicative factor)

« 2B(1+d*) _ 28
E% = K?c¢ (log n) 28%a p~ 2B+

e Compositional models with input layer d — oo as above Deep-HGP
attains compositional L?(1)-rate (up to small order multiplicative factor)




Dependence on dimension d, d*

Above results obtained extending earlier results on GP concentration functions
o Small ball probability
@ Approximation term

that were ‘up to C(d)' constants

If we want to allow for ‘large d’ (or even d — 00) — need to understand how
these results depend on dimension

Hard work = getting dimension—dependent versions of small ball proba +
approximation term, e.g. small ball proba, for A=Ay --- Aqg
(in fact, want to apply this to effective dimension d*)



Summary on Deep GPs

@ consider a simple Deep GP prior, close in spirit to [Damianou et al. (13)];
that can be simulated using e.g. deepgp R package

@ prior on lengthscales allows for
simultaneous adaptation to smoothness and structure

@ get (near) optimal rates and adaptation for (fractional) posterior

Remark. Results for p = 1 (standard posterior) possible via additional prior on
noise variance



Remark: Results for classical posteriors (no tempering)

Y, = f(Xi)+€;, €;NN(O,7'2)

If noise variance 72 unknown, one may put a prior on it 72 ~ 7,

Set M =N ® 7, and M = M; @ #,, with

My = HT DNN prior as before

1_
7. = Gamma ( 5 L 1,p> , 7. =Exp(1)

Fact N[ x R X, Y] =,[ x R| X, Y]



@ Scalable GPs: approximations and surrogates
@ Variational Bayes
@ Vecchia GPs
@ Future directions



4. Scalable GPs: approximations and surrogates



Computating GP posteriors

Even in Gaussian regression model where posterior is ‘explicit’ (conjugacy)

Some issues with posterior sampling

e Computation time of the posterior for training O(n®)
Becomes impractical for large data sets



Computating GP posteriors

Even in Gaussian regression model where posterior is ‘explicit’ (conjugacy)

Some issues with posterior sampling

e Computation time of the posterior for training O(n®)
Becomes impractical for large data sets

e Standard MCMC methods computationally too costly for large data sets

Scalable approaches
@ Variational Bayes
@ Vecchia approximation

@ probabilistic numerics methods, distributed GPs, other sparse/low rank
approximation of the covariance/precision matrix (e.g. banding),...



Variational Bayes

Motivation: in nonparametrics/high dimensions I1[:| X] can be
@ a complex distribution with ‘dependencies’

@ expensive to sample from
using ‘classical’ methods such as MCMC

Variational Bayes (VB) approach
@ propose a family of 'simple’ distributions Q for 6

@ solve the optimisation problem
Q" = argmin KL(Q, MN[-| X]), KL(g,p) = /qlogg
QeQ p

Idea: this is an ‘optimisation’ problem
for which (sometimes) fast algorithms are available



The ELBO

The KL to be minimised in @ can be rewritten

e ()
K(Q.NC1X) = [ og (=0 o)

_ /|og ((@()) q(0)dp + log Dx,

Q

log Dx = K(Q, (| X)) + / log ( ) 4(0)dy:

@ log Dx is called evidence (indep of @, 6)

o [log(po(X)m(8)/q(6)) q(0)du is the Evidence Lower BOund (ELBO)

log Dx > ELBO(Q)

Minimising the K(Q,M(:| X)) in @ is equivalent to maximising the ELBO



Variational Bayes, trade-offs

Variational Bayes (VB) approach
@ propose a family of 'simple’ distributions Q for 6

@ solve the optimisation problem

Q" = argmin KL(Q, M[-| X]), KL(g,p) = /qlogg
QeQ p

Complex sparse

distributions in RP Example Common choice for Q
Fectorizable 40 mean-field (factorisable) distributions
Q*0),
%ﬂ(alm Q(O) = Ql(el) R Qp(ep)

o e

[Credit: Kolyan Ray]

Trade-offs Simple class Q < faster computations
Much faster than standard MCMC < possibly less ‘informative’ @* than M[-| X]



Variational Bayes: theoretical challenges

What we (start to) understand:

o For well-chosen Q (e.g. mean-field), can show under some conditions that
VB-posterior @* converges at same rate as M[-| X]

This is a global rate result

» [Alquier, Ridgway 20], [Bhattacharya et al. 20], [Zhang, Gao 20]
Nonparametric models
» [Ray, Szabd 22] high-dimensional models, logistic regression

However, one may be interested in other aspects of the posterior
@ posterior for functionals? [Wang, Blei 20]
@ uncertainty quantification for functionals? [C., L'Huillier, Ray, Travis 25+]
@ model selection?



Variational Bayes & (sparse) GPs



Variational GPs

Variational class: using inducing variables method [Titsias (09)]

Let f follow a GP prior
e Take uy, ..., un linear functionals of f [e.g. u; = f(z) or u; = [a;-f ..]
e Then f|(u1,..., un) follows again a GP with updated mean and covariance

X > KXUKJ”lu,

(x,2) — k(x,z) — KX,,KJ‘,lK,,Z.

where
Kyew = covn(f(x),u) = K.

Kuu = [covn(uj, uj)|i<ij<m

Idea: Keep f|(u1, ..., um) as for the prior; assume (uy, ..., un) ~ N(p, X), then
optimise in pu, ¥



Variational GPs (cont)

The variational class is the collection of Q, 5 € Q with
o (up, ..., tum) ~N(p,X)
e f|(u1,..., umn) same distribution as under GP prior

These are GPs, with mean and covariance given by
x = Keu Ko 11

(x,2) = k(x, 2) = Keu Kt (Kuw — ) Kt Kuz,

Facts:
@ There exists an optimal ¢/, %’ [Titsias 09]

o Q* = Q. 5 is a particular rank-m approximation of M(:|x, y
W,



VB GPs: examples of inducing variables

Inducing point methods

o f(z1),....,f(zm) with z; € {x1, ..., xn}
Computational complexity O(m?n) after selecting the points z;
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VB GPs: examples of inducing variables

Inducing point methods

o f(z1),....,f(zm) with z; € {x1, ..., xn}
Computational complexity O(m?n) after selecting the points z;

Population spectral features method

o uj = [ fi);dGy, for ¢ eigenfunctions of the covariance kernel k
Computational complexity: O(m?n)

Sample spectral features method

o uj = [f(x1),..., f(xn)]dj, where i is the jth eigenvector of K.



VB posterior contraction

[Nieman, Szabé, van Zanten 22]

o Y, =f(X)+e;
o h(ps, ps,) Hellinger distance between densities in model

@ Ry be the covariance matrix of flu

Denote by Q* the variational posterior

Theorem For fy : X — R assume that

(CondGP) ¢, (ep) < ne?
(CondVB) Extr(Rg) < Cne2, Ex||Re| < C.

Then ,
Q*(h(pr, p) < Me,) 31

Idea of (Cond VB): how well the prior distribution of f|u approximates the prior f



VB inducing points, minimax contraction rates
[Nieman, Szabo, van Zanten 22| Gaussian regression model

e For fy € CA([0,1]9), B-Matérn covariance kernel, and m > N7 the
contraction rate is n—?/(4+28) for the population spectral features method.

e For fy € CA([0,1]), squared exponential kernel (with rescaling parameter
b= n~1/(428)) and m > niz7 the contraction rate is n~#/(1+28)(log n)5/4
both for the sample and population spectral features methods.

e For fy € SP([0,1]?), B-regular sequence prior M = > k1 k=12=B¢ oy,

Ck %’N(Q 1) and m > nﬁ the posterior mean concentrates with rate
n—P/(d+26) for the DPP-inducing points method.



VB inducing points, minimax contraction rates
[Nieman, Szabo, van Zanten 22| Gaussian regression model

e For fy € CA([0,1]9), B-Matérn covariance kernel, and m > N7 the
contraction rate is n—?/(4+28) for the population spectral features method.

e For fy € CA([0,1]), squared exponential kernel (with rescaling parameter
b= n~1/(428)) and m > niz7 the contraction rate is n~#/(1+28)(log n)5/4
both for the sample and population spectral features methods.

e For fy € SP([0,1]?), B-regular sequence prior M = > k1 k=12=B¢ oy,

Ck %’N(Q 1) and m > nﬁ the posterior mean concentrates with rate
n—P/(d+26) for the DPP-inducing points method.

Inducing variables GPs for Linear Inverse Problems [Randrianarisoa, Szabo 23]

Thibault Randrianarisoa’s talk this afternoon!



Vecchia GPs



Vecchia Approximations of GPs

Consider a mother Gaussian process Z on X, with joint density

P(Zx,) = P(Zx) [ | P(Zx125.<1).

i=2
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Consider a mother Gaussian process Z on X, with joint density

P(Zx,) = P(Zx) [ | P(Zx125.<1).

i=2
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Vecchia Approximations of GPs

Consider a mother Gaussian process Z on X, with joint density
p(Zx,) = p(Zx) [ [ P(Zx12x.5<1)-
i=2

The Vecchia approximations of Gaussian Processes (Vecchia GPs) replace each
conditional set {Xj,j < i} with a much smaller parent set pa(X;)

p(z/\’n) = P(2X1) H p(zx,. |2I>H(Xi))7

i=2

such that the conditional distributions given parent sets remain unchanged (with K.
denoting the covariance matrices):

[ZX ‘ )“1(X - Z] [ZX | pa(X;) = Z]
T T
NN(Kp‘d ), X; K. q(x) pa(x;)%s Kx.,x; — Kpa ), Xi K}n X),pa(Xf)KI"’(Xﬂ’X")'

Evaluating p(Zx,) takes O(nm?) time if card(pa(X;)) < m,Vi.



Vecchia Approximations of GPs

[Szabé, Zhu 25+

Fact. It is possible to choose parent sets of cardinality of order (a;“d
minimax rates

) to achieve

Theorem Let fy € C® and Z a Matérn GP with smoothness parameter 3. The
Vecchia GP Z with above choice of parent set achieves a posterior contraction
rate of

_ 28
EnXn 23+d

Adaptation to smoothness is also possible by suitable rescaling

Botond Szabé's talk on Vecchia GPs this afternoon!



Conclusion and some work in progress/open problems
Gaussian processes are a flexible tool for nonparametrics

In these lectures, we have presented theory including the following results:

e GPs achieve optimal minimax rates in L2

» Generic tools via the concentration function quantify rates
» RKHS H quantifies both approximation and complexity (small ball)

@ By choosing hyperparameters via empirical or hierarchical Bayes

> adaptation to global smoothness (e.g. small lengthscale)
> variable selection (e.g. large lengthscale)
> adaptation to structure (compositional, geometric) e.g. DeepGPs

Current/future directions
@ Theory and implementation for scalable versions
@ Deep Vecchia GPs [with Thibault R., Botond S., Yichen Zhu]

@ Local rates via flexible GPs (e.g. deep GPs) [with Thibault R., Botond S.,
Yichen Zhu]

@ theory/implementation for heavy tailed processes



Thank you!



