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What are detectors?



Detectors at the LHC

Em) = lim dtr*n'To; (t, ) .

r—00 0

[Basham Brown Ellis Love, Korchemsky Sterman]



Detectors are light-ray operators
Energy detector £(7i) = L[T](c0, ), z = (1,7) in a one-point event
shape [EHT "19]




Event shapes, energy-energy correlators

(BH BHIE(71)E(7i2)|BH BH)




General detectors

More general detectors are fuzzier, measuring nontrivial angular
distributions.




What is the space of detectors?



What are allowable asymptotic measurements?
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What is the “space” of detectors in a theory (CFT)?

Detectors <  what we can measure in a cross section.

Theory dependent!

C.f. bare local operator Oy(z): “measure at a point”
= renormalize: “good” operator Op(z) = ZOy(z).

e.g. ¢*(z) in Wilson-Fisher theory.

Similarly, detectors Dy suffer from IR divergences

= renormalize detectors: Dpr = ZDy



On hammers and cameras

)

=) v movo

experiment vs  dynamics



No hammers just cameras in gravity




O vs D

local operator O detector D
“measure at a point” | “measure in cross-sections”
QFT: v GR: X QFT: v GR: v
UV divergence IR divergence
need to renormalize need to renormalize
theory-dependent theory-dependent
OPE light-ray OPE
radial quantization ?




Some simple detectors

E;(m), nesi?

Free massless theory: counts particles propagating along 7, weighted by
E7L



Some simple detectors

E;(n), nesi?

Free massless theory: counts particles propagating along 7, weighted by
E7L

Turn on interactions: J # 2 is not IR safe!

E is conserved. E# not due to soft and collinear radiation.

Renormalize to obtain good detectors.



Detectors in free massless scalar theory

Leading twist trajectory in free theory given by “E7~1" detectors:
o)
L[T](R) = &(7) o / dE E% 24" (ER)a(ER)
0

0;(M) = £7(N) x / dE E7T4 46T (BR)a(ER)
0

For J € 2Z,

Ey :/ Oy
null line

where O; = ¢0,, -+ Oy, ¢
= Ve, ~ VO,

More generally, £; makes sense as a “light-ray operator” of the leading
twist Regge trajectory. In particular, not fn O for some O.

ull line



Regge trajectories and the Chew-Frautschi plot
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Local operators do not make sense at continuous J. Trajectories are
light-ray operators (O)iiJ. [Kravchuk Simmons-Duffin '18]



Regge trajectories and the Chew-Frautschi plot
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Local operators do not make sense at continuous J. Trajectories are
light-ray operators (O)iiJ. [Kravchuk Simmons-Duffin '18]

Today: What does this plot look like in perturbative quantum gravity?



Some questions on detectors in quantum gravity

1. What is the spectrum of asymptotic detector operators in quantum
gravity?

2. What are the dynamics of asymptotic states and detector operators
in quantum gravity?

3. What is the detector OPE in quantum gravity?

4. What is the interplay of asymptotic symmetries with detector
operators?
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Some questions on detectors in quantum gravity

1. What is the spectrum of asymptotic detector operators in quantum
gravity?

2. What are the dynamics of asymptotic states and detector operators
in quantum gravity?

3. What is the detector OPE in quantum gravity?

4. What is the interplay of asymptotic symmetries with detector
operators?

We begin with a few humble first steps.

Need to compute accessibles observables to address these questions.

= Detector event shapes.



Suitable observables: event shapes

In order to understand detector operators and extract physics, we need to
study their correlation functions inside suitable states: event shapes

(U|D---D|T).

Energy correlators have been very useful in extracting interesting physics
from collider experiments, e.g. extraction of as from the EEC at LHC

[CMS "23].



Suitable observables: event shapes

In order to understand detector operators and extract physics, we need to
study their correlation functions inside suitable states: event shapes

(U|D---D|T).
Energy correlators have been very useful in extracting interesting physics

from collider experiments, e.g. extraction of as from the EEC at LHC
[CMS "23].

What can the EEC and other event shapes teach us in gravitational
theories?



Event shapes in gravity: classical and quantum

Recently, classical parts of event shapes in gravity have been studied, via
soft limits [Gonzo Pokraka '20]. They have also computed the factorizing
piece (€)? of the EEC in gravity. This does not include the correlations

between detectors: “(£2) — (£)2".

Detector one-point functions are very useful and natural observables. For
example, LIGO measurements of gravitational waves can be thought of
as one-point event shapes

(LIGO detector) ~ gravitational waveform ~ (/ dae™® 0y, h;j) .

A lot of interesting work in computing waveforms and other classical
observables [Kosower Maybee O'Connell '18, .. .].



Event shapes in gravity: classical and quantum

Recently, classical parts of event shapes in gravity have been studied, via
soft limits [Gonzo Pokraka '20]. They have also computed the factorizing
piece (€)? of the EEC in gravity. This does not include the correlations

between detectors: “(£2) — (£)2".

Detector one-point functions are very useful and natural observables. For
example, LIGO measurements of gravitational waves can be thought of
as one-point event shapes

(LIGO detector) ~ gravitational waveform ~ (/ dae™® 0y, h;j) .

A lot of interesting work in computing waveforms and other classical
observables [Kosower Maybee O'Connell '18, ...].

Focus has been on properties of states rather than of detectors. We
propose the reverse. Compute quantum correlations of detectors in
simple states and extract properties of detectors.



Plan

® Review detectors / light-ray operators in QFT.

Construct some simple detectors in gravity.

Reformulate computation of detector event shapes in perturbation
theory from underlying scattering amplitudes.

Compute EEC (and more) in perturbative quantum gravity.

® More in progress!



Results

e EEC in gravity to leading nontrivial order in G .
® Collinear DDC in gravity to leading nontrivial order in Gy .

In progress:
® Collinear EEEC in gravity to leading nontrivial order in Gy .
® Energy correlators in supergravity.

® |oop corrections and detector renormalization in
gravity /supergravity.



Review: Detectors in QFT



Detectors in free (perturbative) massless scalar theory

Expected structure:

AN ay




Detectors in free (perturbative) massless scalar theory

Expected structure:

NN S S

Features: Diagonal trajectories, shadow symmetry, intersections, and
horizontal trajectories.



Review: Light-transform

Introduce polarizations,
Oz, z) = ORI (2)z, - - 24,
Spin is homogeneity degree in z:
O(z,\2) = M O(x, 2).

Define light-transform of a local operator
o0
L[O = [ da(—a) 20 (x—-2,2).
Olw.) = [ da(-a) 2770 (o= 2.2)
Quantum numbers are
L:(AJ)—-(1-J1-A).

Continuous spin representation of the Lorentz group.

L[O](z, 2)|2) = 0.



Review: general light-ray operators [Kravchuk Simmons-Duffin '18]

More general light-ray operators O(z, z) are not L[O] for some O.
Convenient to denote the quantum numbers of O as
(AL,JL) = (1 — J, 1-— A)

Non-perturbatively, they are best thought as more general representations
appearing in the OPE of local operators.

They can be constructed by projecting via a suitable kernel
Oa,(z, 2) = /ddmlddxglCAJ(:ﬁl,xz;x,z)@l(xl)(?z(mg).

The residues (coming from lightcone singularities < OPE) are the
light-ray operators
0; 5(z,2)

©A,J(x3z) ~ A-A(J) *



Shadow trajectory

Ss[0)(z, 2) = /Dd*QZ/(sz )i Q(x, )

_ 2d%25(2%)0(2°)

h Dd—2
where z Vol R

Note homogeneity in z: 1 —d/2 —v—1—-d/2+v.
Shadow transform implements v <+ —v symmetry of Chew-Frautschi plot.



Light-ray operators as detectors: the detector frame

.0‘




Detectors in free scalar theory

Sample primary detectors:

Dy(z) = /dal...danw(al,...,an) s (g, 2) - Plan, 2)

where

d—2
d(a;2) = lim L2 ¢(x + Lz), a=2z-zand Ay = ——.
L—oo 2

Primary if ¢(«;) is homogenous and translationally invariant, since

[P*, ¢(a, 2)] = =22"0ad(a, 2).

Detector spin:
JL['Dw] = n(l — A¢) + deg, .



Twist-2 detectors in free scalar theory

Leading trajectory detectors measuring “E”~1" given by

Dy (z) =

1
/dalda2|a1 — PR (ay, 2) 0, 2) 1
Cy,
Diagonal trajectory with quantum numbers satisfying

AL,Q:JL—I—d—Q.

Shadow trajectory ﬁJL (Z) = SJ['DQ,d,JL](Z) with AL,O =-Jr.
Together, they are the v = +J trajectories.

Compute matrix elements in perturbation theory and renormalize!



Detector smorgasbord: results in Wilson-Fisher theory

® Construct and renormalize the leading twist-2 Regge trajectory D,
from detector renormalization.

® Construct and renormalize the Pomeron by resolving the intersection
of the leading trajectory D, with its shadow D, = S;[Da_4-J,] -

® Construct and renormalize horizontal trajectories, explicitly at
J=-1:

Ho(2) = /Dd_2Z1Dd_222KJL (21,22 2) : L[g](21)L[6](22) :

® Compute and renormalize higher-point event shapes:
(¢(D)| D,y (21) D,y (22)|(P)), ... [Gonzalez MK Moult, WIP]

® Compute the most general light-ray OPE in perturbation theory.
[WIP]

® Investigate detectors in similar theories such as O(N) models,
including “E7~! x Q" detectors, D7, . [Gonzalez MK Korchemsky
Moult Zhiboedov, WIP]

® Even more general theories!



Detectors in perturbative gravity



Graviton energy detectors in perturbative gravity

Take g, = N + V327G by, Useful to define the asymptotic metric
field
: A
h;w(Oé, z) = Lh—>H;oL h hw,(a;‘ +Lz2).
where Ay, = d%Q. Graviton energy detector is
oo
En(z) = 2/ da : (Oahuw(a, 2))(0ah (o, 2))

—00

Originally introduced by [Gonzo Pokraka '20] in d = 4, Bondi gauge:

1 o0
() = o / (D Co) (Do C™™)

_9 / 0o T - (52 (O, (1, 0, w,0)) (B higs (v, 0,70))
oo r—oo T



Graviton energy detectors: mode expansion

In terms of the mode expansion
0= [ @5 3 6 @hasto)e + 6 hal (e ]

Here, €}, are polarization tensors, where s runs over physical
polar|zat|ons

Evaluating h,, (o, ) in terms of the mode expansion using a stationary
phase method vyields

Ty (0, 2)
8

O‘/O dpps™ 12[ S (B2)ay (B2)e " F —ieF e, (82)al(82)e 7 .

Yielding
eu(s) o [ d382 3 al(B)an(52).



A Regge trajectory of detectors in gravity

Graviton E7/~! detector trajectory is

Dy, (Z) =

The wavefunction is
Y, (a1, 0) = |ag — ag|2En=DHL
Acts on asymptotic graviton states |X) = [{p1,81}, -, {Pn,sn}) as

Dy, ()X) =Y / 4pp7+2 (i( ))|X>

1€X

(o, a2) t hyy (o, 2)WY (ag, 2) © .



A Regge trajectory of detectors in gravity

Graviton E7/~! detector trajectory is

Dy, (z) = (o, a2) t hyy (o, 2)WY (ag, 2) © .

The wavefunction is

Y, (a1, ) = |ag — ap|?Br=DHL

Acts on asymptotic graviton states |X) = [{p1,81}, -, {Pn,sn}) as
Dy, ()X) =Y / a2 0
i€ X ( )

One can also construct higher-twist trajectories, and all of their shadows
just as in QFT.



The start of a “Chew-Frautschi plot” in perturbative

gravity

Horizontal trajectories in GR? Analogs of “reggeized gravitons” as
detector trajectories? What else is missing?



Event shapes from amplitudes



Perturbation theory in the detector frame
Recall, detectors annihilate the vacuum:

D(z)|Q2) =0.
So, compute observables:
(U1|D(2)[¥2).

Use in-in formalism with Schwinger-Keldysh contour:

(v

fold




Schwinger-Keldysh contour and Feynman rules

T
Wightman D(z) t=c0

t=—o00 )’\/W\/\/

T

t=—00




Tree level matrix element: scalar detector
Tree level matrix element

(0l¢(—q) D, (2)(p)|0) = (2m)*6%(p — @) Vs, (2:p)

t = —00
t =00
z
t = —00
p

One computes

V), (i) = / dpp~r 154 p — B2).
0



Tree level matrix element: graviton detector

Tree level matrix element

(01hyuw (=)D, (2)hper (0) 0) = (27) 6% (P — @) Lyuvpr () Vir,, (25 0)

where II is the projector onto physical states.

b, pv

p, po

Once again, universal factor:

V), (5:p) = / dpa~""15%(p — B2).
0



Event shapes from perturbative amplitudes

c?dqa V. (Qa, za)] [H Jde W(Qb)] X

beX

~

St . Han + Qx — P) [Mynyx (pis @)

2



Loop expansion of event shapes

E, — g2(k+n-2) []ng)) +g?ED 4. }




Two point event shape from perturbative amplitudes

3
E(Ql)(pi§zlaz2):/Hdan Vi (a1, 21) Vi, (a2, 22) 67 (5)
a=1

X |Mys(pi, a1, Q2,Q3)|2 g+ a2 +as—P)
- / ABrdfaBT 7 B 1S (P—fro— o))
0

2
X |Mios(pi, 1=P121, a=P222, gs=P—P121—B222)| "



Gravity amplitudes



A simple state in a simple theory of gravity
Consider Einstein gravity with minimally coupled massive scalar field:
d
SEH+<1>—/dQE\/ (16G R+ (I)(D m)@)

We are interested in the EEC in a simple state; we pick two annihilating
scalars. To compute the EEC we need the following underlying amplitude

squared:
p1 P2
K g’ a
n P2

where Mgi?) is the tree level amplitude for ®® — hhh.



Color-kinematics duality and double copy

Using cubic representation of tree level amplitudes, in manifestly
color-kinematic dual form:

Q
(Y Y\

= fabefecd o faCEfebd o faedfebc =0
Double copy gauge theory amplitudes to gravity amplitudes:

niCi

1., p2,°

PATe(1,2,3,...,m) = g™~ QZ

replace ¢; — n; :

K\ m—2 ’I’Lﬁ
iME(1,2,...m :(f) i
( 1= ;Hmpii



Reverse unitarity

Can compute amplitude and sew and square it, or use reverse unitarity on
a suitable loop amplitude:

D1 D2

Cut | Mo (p1, pa—sp1,pa) | =-- ,
252(P1,P2—P1, P2 @ q3

Y43 P2

—(0
= ZMQO_),g(phpz; qi)Mélg(m,pz; i)-

states



Some of the diagrams that enter into the computation

M(Q(zg. is a sum of 15 (cubic) diagrams, |/\/l(20l3|2 is 15 x 15 =225
diagrams, e.g.:

p1 D2 b1 /pz
ai G Sq; T T

D1




Gravitational Detectorology



Gravitational energy correlators

Want to compute EEC, EEEC in asymptotically-flat GR.

Easiest to compute in scattering massive scalars:

EEC = (@(p1)@(p2)|E(21)E(22) |2 (p1) P (p2))
EEEC = (®(p1)®(p2)[E(21)E (22)E (23)| P (p1) P (p2)) -

We have computed the EEC to leading nontrivial order in Gy. This is
beyond the classical result, exhibiting quantum correlations between
detectors in GR.

We are finishing computing the EEEC in the collinear limit.



Leading (finite-angle) G’ correction




The detector integrals

This leads to the following result, after performing the trivial integrals
due to delta functions:

1
(27T)2d71

1
x / doray ™71 (1— a1) "7 (1 — as0) 72 | MP (i, ),
0

BS (pi, %) = i

where P = p; + po, the detector separation cross ratio is

(221 . ZQ)(Pz) - 1 —h\l -ﬁg

(== 5P 2P ) 2
and the amplitude squared is evaluated at special kinematics for the
gravitons
* P2 * P2 1- aq * * *
a = a1z, o G3=P—-q —q.

2P - 2 TPl BT



The EEC integral

EEC is determined by the dimensionless integral:
2

G >/1d 21— (1—ag) Mo (22, L
eec\& X1, X2, T) = ) Qo o o 253 /5 s

We have defined P = p1 + p2, Q = p1 — p2 and the following cross ratios,

Q- za Vs —4m?

Xa = P'Za7 T = \/g
In CoM frame,
1—cosf
(=2
X1 = X CcoSY,

X2 = xcosfcosty — xsinfsiny cos .



Kinematics in the center of mass (CoM) frame

1 N ~
s=—(p1 +P2)2, P12 = 5(\/§7 +2Vs —4m?), z; = (1,n;)



EEC in GR: full angular dependence

EEC in gravity in its full glory:
7

|(51E)C(C X1,X2,T ) - T(O)(<7X17X27x)+z T(i) (C,Xl,XQ,x)Xf(i)(Ca X1, XQ) .
i=1

Rational coefficients r(*) of the basis of transcendental functions

arctan [ X2ZX1 426 X1 | _5pepan [ X2 X1 =26
arctan | X2=X1H2CT o [X27x1 —2¢
FPCxax2) = A }\/Z ezl :
FP¢x1,x2) =log (1= x1) FOC X1, x2) =log (14 x1)
FOCxasx2) = log (14 x2) FOCxa,x2) = log (1 = x2)
m(C X1, x2) = log (1 = ¢) -

The discriminant A is given by

A=4¢(1-¢) +2x1x2(1-20) — X3 — X3



EEC in GR: 2d plots

0=1/12, ¥ =nr/4 ¢=n/3, v =m/d
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EEC in GR: 3d plots

¢ =m/3, x=9/10
3

(7722
G 0.2 ”’,J"l —
o LT
0.1 ‘liq'l 'I"".'""
LT 77 TS L
00 .::c,z:’,w"g’Q."A
s
e

¢ =7/3, x=9/10




EEC in GR: Collinear limit
The EEC in GR is finite in the collinear limit { — 0.

gI(E}E)C (9 — 07 ¢7 (ba 33) =90 (wa x)+92 (’(/}7 .7}) COS(2¢)+94 (1/% JJ) COS(4¢)+O(9) )

where we define the coefficient functions

11y? 14y 2839 1037 361 9 1
— (1 — 22 2 =Y 24—
g0 z) = (1 - 27) ( 36 T 9 840 252y T 1052 5y 2y4)

o/ 11y2 14y 1003 459 92 7
4oty ) = (1 - 22) (— _ My

36 9 315 140y 4552 1043

1+ y)?

— (1 — g2 2 (

g @) = (L= %) Tog55

and y = % In the massless limit (xz = 1),

11
Grec(6 = 0.9, 6,0 = 1) = Tosin® Usin® 6 + O(9).



EEC in GR: back-to-back limit

Another interesting limit to study is in the back-to-back region, where
6 — m. In comparison to the collinear limit, we find a power divergence
as we approach 6 — m:

b ) b —
Giec(® =m0, 6,2) ~ erO((G—w) .

where b(1), ¢, ) is a transcendental function of the form

arctan (I cosdsing d))
b(1, ¢, x) = by + by arctanh (x cos ) + be EW0.7)

A, ¢, )

where A(y), ¢, ) = 1 — 22 (cos? ) + cos? ¢ sin? V).



Collinear DDC in GR

One can also compute the event shapes of more general E/~1 type
detectors, Dy, , in the collinear limit.

1 c
1 —Ji—1 —Jra—1 ol. ZAh
G, s (0002) = [ dona 7 (1= ) g (2 ).

PRI 2= Jia) ) 22149
T(4— Jp1— Jr2) 2y?
+ ha(x, x) cos 2¢ + ho(x, ),

g‘(]:;)l,JL27CO|. (w’ ¢7 LL’) =

cos4¢

where hs and hg are some known but unwieldy polynomials in x, z
(meromorphic in Jp1,J12).

The result has interesting pole structure in J1 and Jrs. What are the
implications for the spectrum of detectors in GR?



An IHES special



Fresh off the bakery: EEC in A/ = 8 supergravity

Visiting IHES has already paid off! Thanks to Julio for his warm

hospitality and for computing |M;(2’?fv:8|, | present. ..
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Fresh off the bakery: EEC in A/ = 8 supergravity

Visiting IHES has already paid off! Thanks to Julio for his warm

hospitality and for computing |/\/l2(2?fv 8|, | present. ..

..drumroll ...
GN=8 _ 4 +4¢ (xix2 — 1) + a — x2)?
BEC T (1-0¢—xD) (1 —x3) 2(2¢ — Dxax1 + x5 +x3)
arctan(7(%_1})3-”(2 )
X |4¢ (a + xe2) e

arctan (7244?/%7’(2 )

+ ( 2+ 2C (2x2x1 + X1 + X2)) S/ —
arctan(zc*x%)

( > +2¢ (2x2x1 — X1 — Xz)) —

+ (x1 — x2) (arctanh (x1) — arctanh (XQ)):| .



Fresh off the bakery: EEC in A/ = 8 supergravity plots
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Fresh off the bakery: EEC in A/ = 8 supergravity limits

Collinear limit:
GLR =80 — 0,4, 0) = 8esc! Ysin® 6 + O(6).
Back-to-back limit:

1 4csctapsin g
(0 —m)% (cot? ) + cos? )
X [4 cos 1 sin ¢ arctanh(cos ¢)
— 2cos ¢ (m — 2arctan(cot @) |

+0(01W).

GON=E(0 = 7,9, ¢) =




EEEC in gravity and supergravity



EEEC leading order




EEEC in the collinear limit

While the full EEEC is computationally challenging, the triple-collinear
limit, where all three detectors approach each other with fixed ratios is
achievable.

The computation is achieved by first computing the triple-collinear limit
of the 2 scalar — 4 graviton amplitude, squaring (sewing) the collinear
amplitude, then performing the detector integrals:

1
EEEC|CoII ~ /0 dodazf(1 — oy — ao)atad(l — ag — as)?
x |M|%H4,coll(piuq;>7
where

3
S
G =55 0z, forl<j<3, g =P-3) q
2P - z; =

a3:1—a1—a2.



EEEC in the collinear limit

While the full EEEC is computationally challenging, the triple-collinear
limit, where all three detectors approach each other with fixed ratios is
achievable.

The computation is achieved by first computing the triple-collinear limit
of the 2 scalar — 4 graviton amplitude, squaring (sewing) the collinear
amplitude, then performing the detector integrals:

1
EEEC’con ~ /0 dodazf(1 — oy — ao)atad(l — ag — as)?
x |M|§H4,coll(piuq;)7
where

3
S
¢ =55 —ajz, forl<j<3, ¢ =P-) q,
2P - z; =

a3:1—a1—a2.

Interesting crossing equation and detector OPE encoded within. ..



Getting ahead of ourselves:
Renormalization and mixing of detectors in GR



Loop corrections to detector one-point functions in GR

EP (pi;2) D --




Loop integrals

The qualitatively new piece to compute is the following loop integral

E? (pi; 2 / dpp—Iet / d1g>5" (G2)5 ((P—B2 — 42)?)
X ‘MIH:s(pi,Q1=52,Q2>Q3=P—5Z—Q2)‘2

We expect interesting divergences to appear in this observable which
indicate (additive) renormalization / mixing of the detectors.

No collinear divergences in gravity, but soft divergences!



Expected mixing

Since the interactions carry mass dimension, the expected
renormalization is schematically:

[Ds,]g =Dy, +GNOY) +GZOP + -

Onset of the vertical collapse of the Chew-Frautschi plot in a theory with
scale.



Expected mixing

Since the interactions carry mass dimension, the expected
renormalization is schematically:

[Ds,]g =Dy, +GNOY) +GZOP + -

Onset of the vertical collapse of the Chew-Frautschi plot in a theory with
scale.

One could detect the presence of horizontal trajectories as they should
appear as poles in J in the loop corrections,

= reggeized graviton trajectories?



Concluding remarks



Conclusions

Introduced new families of detector operators in gravity.

Modernized computation of detector event shapes from perturbative
amplitudes.

Computed new observables in gravity and supergravity: EEC,
EEEC...

® A foray into new quantum observables in gravity!



Gravitational hopes and dreams

® The spectrum of asymptotic observables (detectors) in GR.

® A notion of "Regge trajectories” of detectors in gravity? Analyticity?
e Descendent detectors, K and AN, and such.

® The light-ray OPE in gravitational theories.

® A unified language for scattering states and detectors.

® An improved understanding of asymptotic symmetries and the
organization of detectors in representations.

® Coupling a CFT to gravity: deformation of a CFT Chew-Frautschi
plot.



Thanks!




Appendix: Detectorology in WF



Detectors in Wilson-Fisher theory



Wilson-Fisher spectra

Recall, leading Regge trajectory

O,(z) = [¢d)o,s(z)
0¥ (x, 2) = L[OJ](z, 2) for J € 2Z>¢

Analytic curve
AT) =204+ T +~(J)

where
11 109 217 20(3)
A —1-—= - oY 3 o 4 5
2+ T08° T Tr664° (1259712 243 >6 +0(€),
B 1, [(2202-320-21  2H(J) \ s y
") =577+ < w8621 gL O

with H(J) = T5E + 6.

Note (Jp,Ar) = (1—A,1-J).



A toy model for intersecting trajectories

Consider diagonal shadow trajectories
ve(J)==+J

Combine trajectory and its shadow into single complex curve
v’ —J*=0.

Turn on interactions. A toy model:

V- J 4+ =0

=>A:%:|:\/J2—e2
—d 4 J,i 4
2 2J

However, the curve 12 — J? 4+ €2 = 0 is smooth!



Resolving the WF intercept

Leading trajectory and its shadow given by
vi(J) =284+ +7(J)— %) .
Combine into single complex curve:

V2= (284 — d/2+ J +~(J))?

J o1 2
:JQ_J < - = 2
6+<27+4 9(J+1)>6
109.7% + 164J2 + 2657 — 114 AH
09.7% + 164.J2 + 265.7 _ AU N s o,
2016(J + 1) 27(J + 1)

Resolved the J = 0 poles!

Further poles at J = —1,—2,... indicate other intersections that are
expected to be similarly resolved.



Resolved leading trajectory in WF

Leading Regge trajectory in Wilson-Fisher fixed point in 4 — € dimensions.
Order €?* interactions, € = 0.3.

0.5

0.4

0.3

0.2

0.1

0.0

—-0.1F

-0.2

-0.4 0.4



Regge intercept

1 V2 11v2 + 21
<]()(f) = <2 + 3) € — TEQ
N 465 + 4211/2 + 54(4 + 3v/2) 72 — 648+/2¢(3) 3
17496

+ cset + O(%)
= 0.971405¢ — 0.225656¢> 4 0.248731¢® — 0.631547¢* + O(e°).



The ¢? operator

Setting J =0,

€ 19¢2 937  4¢(3)
6 162

_ 3 4
17496 T 27 >€ +0(<)

v =

matches with

d
Age =A_(0) = 5~ .

[Alday Henriksson van Loon '17, Caron-Huot Gobeil Zahraee '20]

In fact, adding the known O(e?) term in A2 + analyticity allowed us to
predict the €* term in J.



Renormalization of detectors



The detector frame

.0‘




Generators in renormalization

Lorentz generators are exact in perturbation theory.

Local operator Oy(z = 0):

primariness [K*, O(0)] = 0, corrected in perturbation theory,

spin J,

J
J
dimension A }

[D, Og(x)] = AgOp(x).

exact in perturbation theory,

corrected to A = Ag + v(J).

Detector D(x = o0, 2):

primariness [P*, D(z)] = 0,
exact in perturbation theory,
detector spin Jp,

detector dimension }

D, D(00,2)] = — Ay D(oo,2).  ( orrected A= Aro(Jn) +72.(J1):



Anomalous dimension or anomalous spin

Traditional frame:

fix J, renormalize A
= (J)

Detector frame:

fix J, =1— A, renormalize A;, =1—J
= 'YL(JL) = 'VT(A — To).

Recall, (Jp,Ar) =(1—-A,1—-J).



Reciprocity

J=1-A;

N
y
>

\

vl

d—2
2

Il

|
~

\



Two loop diagram

F. (2)(2 p) =

(]
AP

p

One computes
Fi (z:p)
(N (+iAp) [ dYq A%k i j

= [ (10
x (2m)26% (k*)0™ ((p — g — k)?)

, vol S92 T(42)I(—Jy)
2d(27r)2d—2 F( J +d22)

— ()

(=22 - p)7e(—p?) T T 20(—p?



Two loop divergence

The result looks regular, but has a hidden divergence:

a-4_ L—4 m —JL— —
<2z ()72 = s [ aae 50— 52+ O(E)
s
" a0

Therefore, the two loop event shape has a divergence proportional to the
tree level vertex:

1 A2 1

€ 2(471’)4 JL(JL + 1)

<DJL (Z)>2—Ioop = <DJL (Z)>tl’e€ + 0(60)'

So, the detectors are multiplicatively renormalized.



Two loop anomalous dimensions
The bare detector has

(QUon(—p)Dy, ()6rm)IQ) = 25" (Vi (z:0) + F32 (.0)) + OO,
Define the renormalized detector

Dy, (2)lr = Z; Dy, (2)

1 A2 1
Z;, =21 (1-=
=% ( € 2(4m)* Jp(Jp + 1)

) +O(\®).
The anomalous dimension in the detector frame is then

_OlogZy, S 1 1
) = =B = (4m)* (.]L(JL +1) 6) +O(X)

Finally, we land on the known curve (agrees with A(J))
J(A)=A-(d=2)—y(1-4)

€ 1 1
:A—2+€+9((A1)(A2)—6)+O<63>



The Pomeron of Wilson-Fisher



Resolving the intersection

Want to recover

0.5

0.4r

0.3

0.2

0.1

0.0

-0.1F

-0.2

-0.4

Study D, and ﬁJL = §J[D2_d_JL] near the intercept.



The two loop divergence, again

Turns out, to be expected, the two loop diagram has another divergence:

1 )\2,LL26
Ji — Jo 2(4m)*

FP (z;p) ~ R(€)S[Ve-a-.)(:p)

where J4 = d%@', coming from

1

. 2‘12;47@7297 2\
(=p) (=p°) 7,

5(p%).

The coefficient has the form
1
R(e) = E-l—l—i—O(e).

With this we have

1 )‘2M26

T, —J 2(47T)4R(€)<5J<>tree + (regular at J;, = J.).
- Jq

<DJL> ~




Mixing of the leading trajectory and its shadow

Schematically, we have the divergences of the form

1 1 1
D ~J .
(Do) J—Je " T-7, "¢

We seek to renormalize all of these divergences.



Basis of operators at free theory

A convenient, nondegenerate basis is given by

Dy, = (D/JL> p, = 12Dy, — Dy,
L D, )’ Ju J, — 2=d

2

These operators have the same mass dimensions and Lorentz spin Jy,.
However, Df,L do not have definite scaling dimensions.

In fact, D', 2-a and D2_a _ form a log-multiplet in the free theory.
Interactlons break th|s log-multiplet into two independent operators.

Summarize divergences as

s 11 R(e)
(Pon) = gy ({126 T 2e 20U - JQ)} (Daruree

&(D}L)tree) + (regular)




Dilatation operator at loop level

Define renormalized operators
_ o1
D, ]r=Z; Dy,

with suitable 2 x 2 matrix Z;, .

Dilatation operator D acts on this 2-dim basis as the 2 x 2 matrix

(2—d-J, 0
(N )

+ -1 €R (e
b ( s R0 >+O(>\3).

2
(4m)* JL(2—d—J1) 2—d—JL,

1
6



The Pomeron and the Regge intercept

The (left) eigenvectors 2 give the Pomeron and subleading Reggeon

walDo )i ve = (Li (1+0() + om)

A
V2(4m)?

and the eigenvalues give the Regge intercepts

Jy = (; + f) e+ O(?).



Reggeized scalars in Wilson-Fisher



Horizontal trajectory

Consider the product of operators

HJL17JL2 (217 ZQ) = DJLI (Zl)DJLz (22)

The most important one will be

H3—q3—d(z1, 22) x: L[$?](c0, 21)L[¢?] (00, 22) :

Decompose into Lorentz irreps:

HJLI’JL%JL(’Z) E/Dd_2ZlDd_222KJL(ZlvZQ;Z)HJLl,JLz(ZhZ?)'



Horizontal trajectory renormalization

q1

q2

D1

Z1

P2

q1

D1

G2 —p2—k

22




Horizontal trajectory divergence

(Mgi1,70. (215 22))2 1oop,
conn.

iz
4(27T)2d72 Jrp1+ Jra +2

~

X /Dd_QZBDd_2Z4Ka(ZI;Z2;Z?nz4)</H37d,37d(z3;Z4)>tree

with kernel

[0} (e}
z13\ _ [z
o ™ (223) <Z24> JLl - JLQ
Ko(21, 22523, 24) = — , o= ——"=.
Sinmo 294213 — 214223 2

Diagonalizing to Lorentz irreps, we have

(AF? -1

<HJL1,JL2;JL (Z)>2c(1)%%l?a ~ (47T)d Ji1+ Jpe + 2KQ(JL)<’H3*d,3*d;JL (Z)>tree7
where
2
(1) = g cos(H)D(— 4T (252 — 0)T(2452 + ) +O(0).



Horizontal trajectory anomalous spin?

The full picture is a lot more complicated.

Disconnected diagrams give rise to mixing within infinitely many
horizontal trajectories. Computing the dilatation matrix and extracting
anomalous spins is an interesting future directions.

In the meantime, we can consider a modified theory with only the
diagrams we considered, in which case we have

2

17AL(JL):*1+ (17A)+O(>\3)

J(A) i

™)
A2 2% sin(7%)
(4m)* (2 = A) cos(7)?

=—1+ +0(\?).



Renormalizing two-point event shapes
[Gonzalez MK Moult, WIP]



(D, (21)Dy,,(29)): tree level contact term

p

21 | %2

(3(D)| Dy, (21)Dgyy (22)10(p)) ~ 6772 (21—22)(G(P) Dy 1 s+ d—2(22) |0 (p))

“E'n/” X “Em77 ~ LLEn+m”



<D=]L1 (Zl )DJLQ (22)> : tWO_lOOp

D ()
VAN

p

/
N

= Fi(p, z1, 22) = Fy(p, 21, 22)




Regular piece and the general light-ray OPE

Event shapes of “fuzzier” detectors (beyond L[O)):

Fl(p7 21, 22) — 2(;:;};2)(11(_21) . Zl)JLl (_2p . Z2)JL2(_p2)—3—JL1—JL29(p0)
x G(¢)

where z; = (1,7;),

G(¢) = Flg_(JLJIL)lr(;ZQL;) oI (=Jr1, —Jr2s —Jr — Jr2;0),
¢ = (=221 - 2)(=p?) _ 1—7y -7
(=2p-21)(=2p- 22) 2

Decomposition into celestial blocks computes Dy, (z1) x Dy, ,(22)
light-ray OPE in perturbation theory. Celestial MFT-like structure;
Dy, (z) ~P_y,(y), OPE has celestial “double twist” operators:
[Ps, Ps,ln.o ~ “¢* type detectors”.



Contact term divergence

Fi(p, z1, 22) secretly has a contact term divergence at z; = 25!

Renormalization of individual detectors Dy, , (z1) and Dy, ,(z2) does not
remove this divergence. Need to renormalize the product. (Think

?x P~ gt

These observables are related to multi-hadron fragmentation functions in
QCD. New insights for the renormalization of such objects.

Computing contact term contributions to the light-ray OPE. Novel
contributions?



Generalization to O(N) models and &g detectors
[together with G. Korchemsky and A. Zhiboedov]

We can generalize to O(NN) models and to CRT-odd trajectories.
Leading “odd spin” trajectory D; D Q= [ dvld,.

Charge detectors Q notoriously have pathologies, whereby multiple
insertions are ill defined.

One can get around these issues by considering energy xcharge detectors
&g — or more generally E7~1 x () detectors Dj, — which have milder
singularities due to the extra power of energy.

We are able to compute the two point event shapes of Di operators in
the O(N) models, for example, and study their renormalization.

= odderon,

= QCD, collider physics...



Appendix: Some Lorentzian dynamics in CFTs



OPE Inversion formula

4 jco
(O1(x1)O2(22)O3(x3)O4(x4)) Z}{ %C’ A, J)UA g(x;)

oo 2T

where

C(A, Jo) ~ —Lzof e



OPE Inversion formula

4 jco
(O1(x1)O2(22)O3(x3)O4(x4)) Zy{ %C’ A, J)UA g(x;)

s 2T

where

C(A, Jo) ~ —7%0,%3 .

There is a “Lorentzian” inverse, [Caron-Huot '17]

C(A, J) o / ddxldd$2ddl'3ddx4<[01 (i[l), 04(1'4)] [03 (.’Eg), 02 (LCQ)D

X Gyyd—1,A—d+1(T1, T2, 23, Ta).



OPE Inversion formula

+7,oo
(01(21)02(22) O3 (w3)Os () Z ]( 92 (A, )W ()

21

where

C(A, Jo) ~ _7fz‘if?§2* .

There is a “Lorentzian” inverse, [Caron-Huot '17]
C(A, J) 0.8 /ddxldd$2dd$3dd.’[4<[01 (i[l), 04(1'4)][03(.’[3), OQ(LCQ)D
X é]+d71,A7d+1(x171'2»3331 x4).
CFT data is analytic in J. Poles at Regge trajectories

A=A ().



Regge trajectories and the Chew-Frautschi plot




Regge trajectories and the Chew-Frautschi plot

e
|
[S][SW

Local operators do not make sense at continuous J. Trajectories are
light-ray operators OF ;. [Kravchuk and Simmons-Duffin '18]



Lorentzian geometry




Light-transform

Introduce polarizations,
Oz, z) = ORI (2)z, - - 24, -

Define light-transform of a local operator

L[O)(z,2) = /00 da(—a)™2770 (:v - i,z) .

oo @
Quantum numbers are
L:(AJ)—=(1-J1-A).
Makes sense for continuous spin!

L[O](z, 2)|Q) = 0.



Light-ray operators

Construct continuous spin object from local operators,

Ox s(x,2) :/dd$1ddw2K§,J($1,fU2,$,2)¢1(l‘1)</52($2)~

Residues are light-ray operators,

1

A= az ) P2

@iJ(x, z) ~

They agree with local operators when they coincide,
(=17
0; ;" = fi20,,L[Oi ], J € ZLxo.
Inversion formula computes matrix elements of light-ray operators,

(Q]$40% ;(x, 2)$3|Q) = —CF(A, J){0|¢4L[O](x, z)$3]0).



An OPE for light-ray operators on a null plane?

L[O,] L[O]

I~



The light-ray OPE

[Hofman Maldacena '08, MK Kravchuk Simmons-Duffin Zhiboedov '19 + Chang '20]

/ d'Ul Ol;v~--v(u = 07 U1, gl) / d'U2 O2;v~--v(u = 07 V2, 52)
—00 —00

=l
A

61-7(A1—1)7(A271)@

7.



The light-ray OPE

[Hofman Maldacena '08, MK Kravchuk Simmons-Duffin Zhiboedov '19 + Chang '20]

oo e
/ dvl Ol;v---v(u = 0, V1, :171) / d’Uz OQ;U...U(U = 0, V2, :172)
o oo
=mi Z ZcAi—l(%?, 95,)07 = sy 40,—1(92)
s=+ i

+ higher transverse spin.



The light-ray OPE

[Hofman Maldacena '08, MK Kravchuk Simmons-Duffin Zhiboedov '19 + Chang '20]

00 0o
/ d’Ul C’)l;v...v(u = 0,’1}17:171)/ d’Uz Og;v...v(u = 0,’1}2,:172)

—00 —00

=i Y Y Car1(§12,05,)05 1— g4 gy—1 (82)

s=+ i
+ higher transverse spin.

Dilatations around x for L[O1](x, 21)L[O2](x, 22) & J = J1 + Jo — 1.



Energy detector OPE

_ + + +
ExE = Z (@i,J=3,j=O + @i,J=3,j=2 + @:J:3,j:4)+z D2n©yz,,/:3+2n,j:4-

n,:

j=0,24.0,2 4




Transverse spin j conjugate to ¢




Appendix: Deriving the light-ray OPE

Decompose product on the celestial sphere

L{¢1](x, z1)L{¢2](x, 22) ZZCIQz 21, 22,02)Wa, j(x, 22),

v 7=0



Appendix: Deriving the light-ray OPE

Decompose product on the celestial sphere

L{¢1](z, z1)L[¢2](z, 22) ZZCIQz (21, 22, 02)Wa, j (7, 22) ,

v 7=0

if and only if
Wa,j(z,2) /ddzld 2o Lin j (21, 225 2)L[g1] (2, 21)Ligo] (x, 22)

ddwld xZACA] T1,T2;T, Z)¢1($1)¢2($2)



Appendix: Deriving the light-ray OPE

Decompose product on the celestial sphere

L{¢1](x, 21)L{¢2] (2, 22) ZZCIQz (21, 22,00)Wap, j(z, 22),

v 7=0

if and only if
WA,j(xv Z) = /dleddZ?LA,j(zla 223 Z)L[¢1]($, Zl)L[¢2K‘T, 22)

:/ddmddfﬂzﬁA,j(%»x%%Z)ﬁbl(xl)ﬁbz(@)'

Relate the kernel LA ; to the light-ray operator kernel,

(O)i](x,z) = /ddxlddngi,J(xl,xg,x,z)(bl(a:l)(bg(xg).



Appendix: Deriving the light-ray OPE

Decompose product on the celestial sphere

L{¢1](x, 21)L{¢2](z, 22) ZZCIQz (21, 22,00)Wap, j(z, 22),

v 7=0

if and only if
Waj(z,2) = /dleddZ2LA,j(Zla22;Z)L[Qsl](x,Zl)L[%}(%Zz)

:/ddmddfﬂzﬁA,j(%»x%5U7Z)¢1(351)¢2($2)'

Relate the kernel LA ; to the light-ray operator kernel,

(O)A gz, 2) /ddxlddngi,J(xl,xg,x,z)(bl(a:l)(bg(xg).
Turns out
La;x DjKZ,J:—Hj + DK j——14s
and we have

1
Wa, iz, 2) Dj@(A J),71+J(x 2)



Appendix: LHC physics



OPE in nature: N-point energy correlator at the LHC

E(M1)0,(R2) ~ [n12["V V041 (R2)

5 ]
CMS2011AJets Unfolded -
Pt € [500,550] GeV -
Anti-kr, R = 0.4, |y < 2.5 b
41 k)
g B
_ | HC
(e 2
Qid g N=2F N=7 =
S + ~N=3 + N=38 PR
T~ + N=4 N=9 L]
3 + N=5 N=10 -
Zlg 21+ N=6 -
<4 ]
|| g . I
< 2 5

[Komiske Moult Thaler Zhou '22]



Applications: transverse spin interferometry

EXE = Z( T resjm0 t

+
@i,J::},j:Q

All-order EEEC, A = —0.4

n,t

+ +
+ @LJ=3J=4> + D20 s _gion o

Analytic f Toy shower O(a2) %2?;”;; !
%«10-3 Quark jet Gluon jet x1073
RN 12.98
1.080 F N
a |
1075} S 1297
g3 ‘
LZ 1.070F : d 3 12.96
b
1.065 / {2.95
1.060 P
| | | | | L 12.94
-T —7/2 0 /2 T -m -2 0 /2 ™
A Ay

[Salam et al, Moult et al]




Applications: top quark decay

“E detectors” (£2E2E2) and “E? detectors” (€3€3E€3) in top quark decay:

2
m;

IS

L LA N L L B BB BN
Pyruia8, pp — (= bqq') + X, Hadron Level{
3607 =02
my =172GeV 7]
pr = 600GeV
R=12

(o)
T

Tnormd{PP)
)

L —— n=1, No MPI —— n =2, No MPI
[ —=-n=1WithMPI - —. n=2, With MPI

[Holguin Moult Pathak Procura '22]
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