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Cyclotomic multiple zeta values
Let N ∈ Z>0.

Definition
A Multiple Polylogarithm Value at N th roots of unity (short N -MPV) is a
complex number given by the series

Li(k1,...,kr)(z1, . . . , zr) :=
∑

m1>···>mr>0

zm1
1 · · · zmr

r

mk1
1 · · · mkr

r

where r, k1, . . . , kr ∈ Z>0 and z1, . . . , zr in µN the group of complex N th

roots of unity, with (k1, z1) ̸= (1, 1).

Example
If N = 1, we have a Multiple Zeta Value (short MZV)

Li(k1,...,kr)(1, . . . , 1) =
∑

m1>···>mr>0

1
mk1

1 · · · mkr
r

= ζ(k1, . . . , kr).
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Cyclotomic multiple zeta values

Proposition
N -MPVs can be expressed in terms of iterated integrals

Li(k1,...,kr)(z1, . . . , zr) =
∫ 1

0
Ωk1−1

0 Ωz1Ωi2−1
0 Ωz1z2 · · · Ωkr−1

0 Ωz1···zr

with Ω0 = dt
t and Ωζ = dt

ζ−1−t
for ζ ∈ µN .

where “iterated integrals” means:
∫ b

a
ω =

∫ b

a
f(s)ds for ω = f(s)ds∫ b

a
ω1 · · · ωn =

∫ b

a
f1(s)

(∫ s

a
ω2 · · · ωn

)
ds for ωj = fj(s)ds
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Double shuffle relations of N -MPVs

Fact
A product of N -MPVs can be expressed as a Q-linear combination of
N -MPVs.

Example (z1, z2 ∈ µN⧹{1})

L1(z1)L1(z2) =
∑

m1,m2>0

zm1
1 zm2

2
m1m2

=
( ∑

m1>m2>0
+

∑
m2>m1>0

+
∑

m1=m2>0

)
zm1

1 zm2
2

m1m2

= L(1,1)(z1, z2) + L(1,1)(z2, z1) + L2(z1z2)

L1(z1)L1(z2) =
∫ 1

0
Ωz1

∫ 1

0
Ωz2 =

∫ 1

0
Ωz1Ωz2 +

∫ 1

0
Ωz2Ωz1

= L(1,1)(z1, z−1
1 z2) + L(1,1)(z2, z1z−1

2 )
where second equality comes from∫ b

a
ω1 · · · ωn

∫ b

a
ωn+1 · · · ωn+m =

∑
σ∈S(n,m)

∫ b

a
ωσ−1(1) · · · ωσ−1(n+m)
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Double shuffle relations of N -MPVs

Fact
Via iterated sums and iterated integrals, we obtain algebraic relations
between N -MPVs called Double Shuffle Relations.

Example (z1, z2 ∈ µN⧹{1})
From previous example we obtain

L(1,1)(z1, z2) + L(1,1)(z2, z1) + L2(z1z2)
= L1(z1)L1(z2)
= L(1,1)(z1, z−1

1 z2) + L(1,1)(z2, z1z−1
2 ).

Therefore, we have a new relation

L(1,1)(z1, z2) + L(1,1)(z2, z1) + L2(z1z2) = L(1,1)(z1, z−1
1 z2) + L(1,1)(z2, z1z−1

2 ).
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Double shuffle relations of N -MPVs

Fact
By formal vanishing of divergences, we obtain Regularization Relations
(Hoffmann, Ihara-Kaneko-Zagier (N = 1), Arakawa-Kaneko, Zhao
(N ≥ 1)).

Example (roughly)

ζ(2, 1) + ζ(1, 2) + ζ(3) sum= ζ(2)ζ(1) int= ζ(1, 2) + 2ζ(2, 1)

Therefore,
ζ(3) = ζ(2, 1).

Consequence
We obtain a Double Shuffle and Regularization system of relations.
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Another formulation of the double shuffle relations

Set ζN := e
i2π
N ∈ µN . The series

ΦKZ,N :=1 +∑
(−1)rLi(k1,...,kr)(ζl2−l1

N , . . . , ζ
lr−lr−1
N , ζ−lr

N )xk1−1
0 x

ζ
l1
N

· · · xkr−1
0 xζlr

N

+ (regularized terms) ∈ C⟨⟨x0, (xζ)ζ∈µN
⟩⟩

is such that
∆x(ΦKZ,N ) = ΦKZ,N ⊗ ΦKZ,N ,

where ∆x : C⟨⟨x0, (xζ)ζ∈µN
⟩⟩ → C⟨⟨x0, (xζ)ζ∈µN

⟩⟩⊗2 is the algebra
morphism given by

x0 7→ x0 ⊗ 1 + 1 ⊗ x0 and xζ 7→ xζ ⊗ 1 + 1 ⊗ xζ
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Another formulation of the double shuffle relations

Proposition (Racinet 2002)
The series ΦKZ,N satisfies double shuffle and regularization relations if and
only if

∆∗(ΦKZ,N,∗) = ΦKZ,N,∗ ⊗ ΦKZ,N,∗.

Here ∆∗ : C⟨⟨(xk−1
0 xζ)(k,ζ)∈Z>0×µN

⟩⟩ → C⟨⟨(xk−1
0 xζ)(k,ζ)∈Z>0×µN

⟩⟩⊗2 is
the algebra morphism given by

∆∗ : xk−1
0 xζ 7→ xk−1

0 xζ ⊗ 1 + 1 ⊗ xk−1
0 xζ +

k−1∑
η∈µN
l=1

xl−1
0 xη ⊗ xk−l−1

0 xζη−1

and

ΦKZ,N,∗“ = ” exp

∑
n≥2

(−1)n−1

n
(ΦKZ,N |xn−1

0 x1)xn
1

 · twist(ΦKZ,N ).
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Basic ingredients

G : finite commutative group of order N .
k : commutative Q-algebra.
XG := {xg | g ∈ {0} ⊔ G}.
YG := {yk,g | (k, g) ∈ Z>0 × G}.

Define the k-module automorphism qG of k⟨⟨XG⟩⟩ by
qG(xk1−1

0 xg1xk2−1
0 xg2 · · · xkr−1

0 xgr x
kr+1−1
0 ) =

xk1−1
0 xg1xk2−1

0 xg−1
1 g2

· · · xkr−1
0 xg−1

r−1gr
x

kr+1−1
0
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Main ingredients of Racinet’s formalism

k⟨⟨YG⟩⟩ ≃ k ⊕
⊕

g∈G
k⟨⟨XG⟩⟩xg ↪→ k⟨⟨XG⟩⟩

πY
↠ k⟨⟨YG⟩⟩

∆∗ yk,g 7→ xk−1
0 xg ∆x︸ ︷︷ ︸ ︸ ︷︷ ︸

Hopf alg Hopf alg

where
∆x : xg 7→ xg ⊗ 1 + 1 ⊗ xg, (g ∈ {0} ⊔ G);

∆∗ : yk,g 7→ yk,g ⊗ 1 + 1 ⊗ yk,g +
k−1∑
h∈G
l=1

yl,h ⊗ yk−l,gh−1 ,

((k, g) ∈ Z>0 × G).
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The scheme DMR

Definition (Racinet, 2002)
Denote by DMR(k) the set of elements Φ ∈ k⟨⟨XG⟩⟩ such that (Φ|1) = 1
and (Φ|x0) = (Φ|x1) = 0 that satisfy

1 ∆x(Φ) = Φ ⊗ Φ;
2 ∆∗(Φ⋆) = Φ⋆ ⊗ Φ⋆;

where

Φ∗ := exp

∑
n≥2

(−1)n−1

n
(Φ|xn−1

0 x1)xn
1

 · q ◦ πY (Φ) ∈ k⟨⟨YG⟩⟩.

Remark
The the double shuffle and regularization relations on N -MPVs are
expressed as the statement ΦKZ,N ∈ DMR(C).
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Main ingredients of Arakawa-Kaneko’s formalism

Q⟨YG⟩ ≃ Q ⊕
⊕

g∈G
Q⟨XG⟩xg ↪→ Q⟨XG⟩

∗ yk,g 7→ xk−1
0 xg x︸ ︷︷ ︸ ︸ ︷︷ ︸

Alg Alg
where the products ∗ and x are defined inductively as follows:

1 x w = w x 1 = w for w a word in HG

uw1 x vw2 = u(w1 x vw2) + v(uw1 x w2) for w1, w2 words in HG

and u, v ∈ XG,
1 ∗ w = w ∗ 1 = w

yk1,g1w1 ∗ yk2,g2w2 =
yk1,g1(w1 ∗ yk2,g2w2) + yk2,g2(yk1,g1w1 ∗ w2) + yk1+k2, g1g2(w1 ∗ w2),

for words w, w1, w2 in H1
G, (k1, g1), (k2, g2) ∈ Z>0 × G.
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Main ingredients of Arakawa-Kaneko’s formalism

Lemma
Denote by

H0
G := Q +

∑
g∈G

x0Q⟨XG⟩xg +
∑

g∈G∖{1}
xgQ⟨YG⟩.

Equipped with the x-product, H0
G is a subalgebra of Q⟨XG⟩.

Example (1)
Consider the Q-linear map ZC : H0

µN
→ C given by 1 7→ 1 and

xk1−1
0 xz1 · · · xkr−1

0 xzr 7−→ Li(k1,...,kr)(z1, . . . , zr).
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Main ingredients of Arakawa-Kaneko’s formalism

Example (2)
Then the harmonic product

y1,z1 ∗ y1,z2 = y1,z1y1,z2 + y1,z2y1,z1 + y2,z1z2

corresponds to the identity

Li1(z1)Li1(z2) = Li(1,1)(z1, z2) + Li(1,1)(z2, z1) + Li2(z1z2).

The shuffle product

xz1 x xz2 = xz1xz2 + xz2xz1

corresponds to the identity

Li1(z1)Li1(z2) = Li(1,1)(z1, z−1
1 z2) + Li(1,1)(z2, z1z−1

2 ).
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The scheme EDS

Definition (Espie-Novelli-Racinet 2002 (N = 1), Bachmann-Y. 2024
(N ≥ 1))
We define EDS(G)(k) to be the set of elements Zk ∈ HomQ(H0

G, k) such
that

1 Zk : H0
G,x → k is an algebra morphism;

2 ρ−1
Zk

◦ Zx
k ◦ q−1

G : (Q⟨YG⟩, ∗) → k[T ] is an algebra morphism;
where

Zx
k : (Q⟨YG⟩,x) → k[T ] is the algebra morphism which agrees with

Zk on H0
G and maps x1 to T

ρZk the linear automorphism of k[T ] given by

ρZk(exp(Tu)) = exp

∑
n≥2

(−1)n

n
Zk(xn−1

0 x1)un

 exp(Tu).
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Comparison between DMR(k) and EDS(k)

Denote by L = XG or YG and by • = x or ∗. Define the pairing

k⟨⟨L⟩⟩ ⊗ Q⟨L⟩ −→ k
Φ ⊗ w 7−→ (Φ | w),

Lemma
For any Φ ∈ k⟨⟨L⟩⟩ we have

∆•(Φ) =
∑

u,v∈L∗
(Φ | u • v)u ⊗ v.
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Comparison between DMR(k) and EDS(k)
Given a Q-linear map φ : Q⟨L⟩ → k, denote by

Φφ :=
∑

w∈L∗
φ(w)w.

Proposition (The following two statements are equivalent)
1 The map φ : (Q⟨L⟩, •) → k is an Q-algebra homomorphism.
2 We have ∆(Φφ) = Φφ ⊗ Φφ.

Proof.
From previous Lemma

∆•(Φφ) =
∑

w,v∈L∗
(Φφ|w • v)︸ ︷︷ ︸

= φ(w•v)

w ⊗ v.

By direct calculation we have

Φφ ⊗ Φφ =
( ∑

w∈L∗
φ(w)w

)
⊗
( ∑

v∈L∗
φ(v)v

)
=

∑
w,v∈L∗

φ(w)φ(v) w ⊗ v.
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Comparison between DMR(k) and EDS(k)

Theorem (Espie-Novelli-Racinet 2002 (N = 1), Bachmann-Y. 2024
(N ≥ 1))
Let Zk : H0

G → k be a Q-linear map. We have

Zk ∈ EDS(G)(k) ⇐⇒ Φevk
0 ◦Z

x
k

∈ DMR(G)(k),

where
evk

0 : k[T ] → k is the evaluation of polynomial at 0;
Z

x
k : (Q⟨XG⟩,x) → k[T ] is the algebra morphism which agrees with

Zx
k on Q⟨YG⟩ and maps x0 to 0.

Proof.
Uses Proposition of previous slide + the identity

(Φevk
0 ◦Z

x
k
)∗ = Φevk

0 ◦ρ−1
Zk

◦Zx
k ◦q−1

G
.
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Distribution relations of N -MPVs

From now let, let N > 1. For a N -MPV Li(k1,...,kr)(z1, . . . , zr), define
Depth : r;
Weight : wt(k1, . . . , kr) = k1 + · · · + kr.

Lemma (Goncharov, 2001)
Distribution relations among N -MPVs are expressed by

Li(k1,...,kr)(z1, . . . , zr) = dk1+···+kr−r
∑

td
i =zi

1≤i≤r

Li(k1,...,kr)(t1, . . . , tr),

for any divisor d of N and z1, . . . , zr ∈ µd
N .
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Racinet’s formulation of regularized distribution relations
Recall that G is a group of order N . For any d | N , define

Gd = {gd | g ∈ G}.

Definition (Racinet 2002)
We define DMRD(G)(k) to be the set of Φ ∈ DMR(G)(k) such that for
every divisor d of N , we have

pd
∗(Φ) = exp

( ∑
gd=1

(Φ|xg)x1
)
i∗
d(Φ),

where i∗
d : k⟨⟨XG⟩⟩ → k⟨⟨XGd⟩⟩ and pd

∗ : k⟨⟨XG⟩⟩ → k⟨⟨XGd⟩⟩ are the
algebra morphisms given by

i∗
d :

x0 7→ x0

xg 7→
{

xg if g ∈ Gd

0 otherwise
and pd

∗ :
x0 7→ d x0

xg 7→ xgd
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Formulation with EDS setting

Definition
Define the algebra morphisms i♯

d : k⟨XGd⟩ → k⟨G⟩ and
pd

♯ : k⟨XGd⟩ → k⟨G⟩ given by

i♯
d :

x0 7→ x0

xh 7→ xh

and pd
♯ :

x0 7→ d x0

xh 7→
∑

gd=h

xg

Lemma
We have

1 (i∗
d(S2), P1)Gd = (S2, i♯

d(P1))G, for S2 ∈ k⟨⟨XG⟩⟩ and P1 ∈ k⟨XGd⟩.
2 (pd

∗(S1), P2)Gd = (S1, pd
♯ (P2))G, for S1 ∈ k⟨⟨XG⟩⟩ and P2 ∈ k⟨XGd⟩.
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Formulation with EDS setting

Definition
A Q-linear map Zk : H0

G → k satisfies distribution relations if for every
divisor d of the order of G, we have (equality of Q-linear maps H0

Gd → k)

Zk ◦ pd
♯ = Zk ◦ i♯

d.

Example
Recall the Q-linear map ZC : H0

µN
→ C. For any divisor d of N and any

word xk1−1
0 xz1 · · · xkr−1

0 xzr of H0
µd

N
, we have

ZC ◦ pd
♯ (xk1−1

0 xz1 · · · xkr−1
0 xzr

) = dk1+···+kr−r
∑

td
i =zi

1≤i≤r

ZC(xk1−1
0 xt1 · · · xkr−1

0 xtr
).

On the other hand,
ZC ◦ i♯

d(xk1−1
0 xz1 · · · xkr−1

0 xzr ) = ZC(xk1−1
0 xz1 · · · xkr−1

0 xzr ).

Yaddaden Khalef (Université de Nagoya) Schémas EDSD et DMRD de MZV cyclo 06 Mars 2025 21 / 25



Formulation with EDS setting

Definition
We define EDSD(G)(k) to be the set of elements Zk ∈ EDS(G)(k) such
that for every divisor d of N , we have we have an equality of Q-linear
maps k⟨XGd⟩ → k:

Z
x
k ◦ pd

♯ = σZk ◦ Z
x
k ◦ i♯

d,

where σZk is the k-module automorphism of k[T ] such that

σZk(exp(Tu)) = exp
( ∑

gd=1
g ̸=1

Zk(xg)u
)

exp(Tu),

Theorem (Bachmann-Y. 2024)
Let Zk : H0

G → k be a Q-linear map. We have

Zk ∈ EDSD(G)(k) ⇐⇒ Φevk
0 ◦Z

x
k

∈ DMRD(G)(k).
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A conjecture of Zhao

Conjecture (Zhao 2010)
In weight two, all regularized distribution relations are consequences of the
extended double shuffle relations, distribution relations of weight one and
distribution relations of depth two.

This conjecture is equivalent to:
Theorem (Bachmann-Y. 2024)
Let Zk : H0

G → k be a Q-linear map and d | N such that:
1 Zk ∈ EDS(G)(k);
2 Zk ◦ pd

♯ (xh) = Zk ◦ i♯
d(xh), for any h ∈ Gd ∖ {1};

3 Zk ◦ pd
♯ (xh1xh2) = Zk ◦ i♯

d(xh1xh2), for any h1 ∈ Gd ∖ {1}, h2 ∈ Gd;
where (2) and (3) are equalities in k. Then (equality in k[T ])

Z
x
k ◦ pd

♯ (xh1xh2) = σZk ◦ Z
x
k ◦ i♯

d(xh1xh2),
for any h1, h2 ∈ Gd ⊔ {0}.
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A conjecture of Zhao

Idea of the proof
Depending of the values of h1 and h2, the proof is an evaluation at all
possible cases displayed in the following table:

h1

h2 0 1 Gd ∖ {1}

0 Case 3 Case 4 Case 5
1 Case 6 Case 2 Case 7

Gd ∖ {1} Case 6 Case 1 Case 1

In Case 4 and Case 5, we define

DTd,1(h) := d
∑

gd=h

x0xg − x0xh,

DTd,2(h1, h2) :=
∑

gd
1=h1

∑
gd

2=h2

xg1xg2 − xh1xh2 ,
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A conjecture of Zhao

Idea of the proof.

DS(g1, g2) := x0xg1g2 + xg1xg1g2 + xg2xg1g2 − xg1xg2 − xg2xg1 ,

RDS(g) := x0xg + xgxg − xgx1.

We then have

DTd,1(h) =



∑
g1,g2∈Kd∖{1}

DS(g1, g2) + 2
∑

g∈Kd∖{1}
RDS(g) if h = 1

∑
gd

1=h
g2∈Kd∖{1}

DS(g1, g2) +
∑

gd=h

RDS(g) − RDS(h) otherwise

+ DTd,2(h, 1) − DTd,2(h, h)

where Kd = {g ∈ G | gd = 1}.
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