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@ Double shuffle relations of N-MPVs



Cyclotomic multiple zeta values

Let N € Z>0.
Definition
A Multiple Polylogarithm Value at N*M roots of unity (short N-MPV) is a
complex number given by the series
S M
Litey o) (21, 20) 1= Z lk—rk
My > >me>0 M M
where 7, ki, ..., ky € Zsg and z1,..., 2. in uy the group of complex N
roots of unity, with (k1,21) # (1,1). )
Example
If N =1, we have a Multiple Zeta Value (short MZV)
1
Ll(k ,...,k:r)(]-v"‘?]-): Z ﬁ :C(kl,...,kr).
1 my>e>me>0 M1 Mt )
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Cyclotomic multiple zeta values

Proposition

N-MPVs can be expressed in terms of iterated integrals

1
- k1—1 jn—1 -1
Ll(kl,.l.,k,«) (Zl, ceey Zr) = /O Q01 Qz1 %2 Qz1z2 e QOT QZl“'ZT

with Qo = % and Q. = =4 for ¢ € py.

where “iterated integrals” means:

/ w—/ for w = f(s)ds
/aWI wn—/ fi(s </ wn) ds for wj = fj(s)ds
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Double shuffle relations of N-MPVs

Fact

A product of N-MPVs can be expressed as a QQ-linear combination of
N-MPVs. )

Example (z1, 22 € un\{1})
m12£n2

Li(z1)Li(z2) = ) %:< DI DR DD >Z71n1m2

mi,ma>0 mi1>ma>0 mo>mi>0 mi=ma2>0

= L(1,1)(21, 22) + L1,1)(#2, 21) + La(z122)

1 1 1 1
Ll(zl)Ll(z2) = / Qzl / QZQ = / Qzlgzz +/ szgzl
0 0 0 0

= L, (a1, 2 z) + L1,1)(22, 212‘2_1)

where second equality comes from
b

b b
/ Wy - wn/ Wn+1 " Wntm = Z / Wo—1(1) """ Wo—1(n+m)
a a

O’EG(nym) a
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Double shuffle relations of N-MPVs

Fact

Via iterated sums and iterated integrals, we obtain algebraic relations
between N-MPVs called Double Shuffle Relations.

Example (21, 22 € un\{1})
From previous example we obtain

L11y(21, 22) + L1,1)(22, 21) + La(2122)
= Li(2z1)L1(22)
= Ly (21,21 '22) + L gy (22, 2123 ).

Therefore, we have a new relation

L1y (21, 22) + L1y (22, 21) + La(z122) = L(1,1y (21, 21 "22) + L(1,1) (22, 2125 ). )
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Double shuffle relations of N-MPVs

Fact

By formal vanishing of divergences, we obtain Regularization Relations
(Hoffmann, lhara-Kaneko-Zagier (N = 1), Arakawa-Kaneko, Zhao
(N > 1)).

Example (roughly)
¢(2,1) +¢(1,2) + ¢(3) "= ¢(2)¢(1) = ¢(1,2) +2¢(2,1)

Therefore,

¢(3) =¢(2,1).
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Double shuffle relations of N-MPVs

Fact

By formal vanishing of divergences, we obtain Regularization Relations
(Hoffmann, lhara-Kaneko-Zagier (N = 1), Arakawa-Kaneko, Zhao

(N > 1)).

Example (roughly)
¢(2,1) +¢(1,2) + ¢(3) "= ¢(2)¢(1) = ¢(1,2) +2¢(2,1)

Therefore,

¢(3) =¢(2,1).

Consequence

We obtain a Double Shuffle and Regularization system of relations.
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Another formulation of the double shuffle relations

i27m
Set (y := e N € upn. The series

— . Ir—1 li—lro1 ol ky—1 kr—1
Prz,N =1+ 3 (=) Lig, k(¥ e Cy Gy )T Tely = o Tp" ety

+ (regularized terms) € C((zo, (x¢)ceun))

is such that
Ap(PkzN) = Prz N @ Prz N,

where Ayt C((zo, (x¢)cepy)) — CUo, (2¢)ceuy ) is the algebra
morphism given by

To—2o®1+1®z0and v¢ = 2, @1+ 1® ¢
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Another formulation of the double shuffle relations

Proposition (Racinet 2002)
The series Py N satisfies double shuffle and regularization relations if and
only if

Ay (Prz N ) = Pz N+ ® PKZ N«

Here A, : C{((a6 ™ 2¢) (b,0)eZsoxpun)) = CUE@E T 00) ()20 xpn )) 2 S

the algebra morphism given by

A aclg_lmc — xlg_lajc RI1+1Q a: CL‘C + Z xo 33,7 & xlg = 1$<n—1
NEUN
=1
and
« ” (_1)71,—1
Pz N ="exp | Y T(q)KZ Nz re)at | - twist(Pz ).
n>2
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© Formal study of double shuffle relations



Basic ingredients

e G : finite commutative group of order N.

@ k : commutative Q-algebra.

o X¢g:={z4|9g€{0}UG}.

o Yo :={uyrg|(k,g) € Zso x G}.
Define the k-module automorphism q¢ of k((X¢)) by
QG($](§1_1$9133I(§2_11’92 o '$§T_1$grxlgr+l_1) =

k1—1 ko—1 kr—1
xo xglxo xg;lgz . 'xo x

kr41—1
— T
gr_llgr 0
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@ Racinet's formalism



Main ingredients of Racinet’s formalism

Y

k((Yg)) ~ ko GBGk«XG))% — k({(Xa)) — k{(Ya))
g€
A, Yk,g —> xlg_lajg A
—— ——
Hopf alg Hopf alg
where
o Ap:zg—2,01+1®xg, (9 €{0}UG);
k—1
@ Ay i UYkg P Ykg R 1+ 1R ypg + Z Yi,h @ Yg—1,gh—1,
heG
=1

((k7g) € Zxo % G)
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The scheme DMR

Definition (Racinet, 2002)
Denote by DMR(k) the set of elements ® € k({X¢)) such that (®[1) =
and (®|zp) = (®|x1) = 0 that satisfy

O An(d) =3 ;

QO A (D)) = Pk ® Dy

where
D, 1= exp (Z %(‘I’\xo o))z ) qomy (®) € k((Ya)).
Remark

The the double shuffle and regularization relations on N-MPVs are
expressed as the statement ®xz n € DMR(C).
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© Formal study of double shuffle relations

@ Arakawa-Kaneko's formalism



Main ingredients of Arakawa-Kaneko's formalism

QYg) ~ Qo & QXg)zy, — Q(Xg)
geG

* Yk,g wlg_lxg I
— ——
Alg Alg

where the products * and mr are defined inductively as follows:

lmw=wml=w for w a word in $H

wwy m vwe = u(w m vws) + v(uwy m wy) for wy,we words in He
and u,v € Xg,

lxw=wx1l=w

Yk1,91 W1 * Yky,go W2 =

Yk1,g1 (wl * yk2792w2) + Yka,go (y/ﬁ g1 W1 * w2) T Yki+k2, g1go (wl * w2)v

|
for words w, w1, wy in H5, (k1,91), (k2, 92) € Zso x G.
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Main ingredients of Arakawa-Kaneko's formalism

Lemma
Denote by

9% =Q+ Y zoQ(Xa)zg+ D, z,Q(Ya).

geqG geG{1}

Equipped with the m-product, 2, is a subalgebra of Q(X¢).

Example (1)
Consider the Q-linear map Z¢ :5’)2N — C given by 1 — 1 and

Ty oo xlgr_l

k1—1 2
xol xz'r = Ll(kl,...,kr) (217 R ZT’)'
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Main ingredients of Arakawa-Kaneko's formalism

Example (2)

Then the harmonic product
Yiz1 ¥ Ylzo = Y1,20Y120 T Y1,20Y1,210 + Y2,2120
corresponds to the identity
Liy (21)Li1(22) = Li(1,1)(21, 22) + Lig,1)(22, 21) + Lia(2122).
The shuffle product
Ty MLy = Ty Ly + Top Ty
corresponds to the identity

Liy (21)Li1(22) = Lig, 1) (21, 27 20) + Li(,1) (22, z2123h).
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The scheme EDS

Definition (Espie-Novelli-Racinet 2002 (N = 1), Bachmann-Y. 2024
(N >1))
We define EDS(G) (k) to be the set of elements Zy, € Homg($%, k) such
that
Q 7y : H¢u — kis an algebra morphism;
Q p}i o Zi¥ o qg' : (Q(Yg), %) — K[T] is an algebra morphism;
where
o Zi': (Q(Yg), m) — Kk[T7] is the algebra morphism which agrees with
Z) on F)OG and maps z1 to T’
® pz, the linear automorphism of k[T'] given by

n>2

pz(exp(Tw)) = exp (Z (‘;)”zkuglxl)u”) exp(Tw).
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@ Relation between the two formalisms



Comparison between DMR(k) and EDS(k)

Denote by £ = X or Y and by e = mr or *. Define the pairing

k((£)) @ Q(L) — k
DR w—s (D |w),

Yaddaden Khalef (Université de Nagoya) Schémas EDSD et DMRD de MZV cyclo 06 Mars 2025 15/25



Comparison between DMR(k) and EDS(k)

Denote by £ = X or Yi and by e = m or *. Define the pairing

k((£)) @ Q(L) — k
DR w—s (D |w),

Lemma
For any ® € k((L)) we have

Ad(P) = Z (P luev)u®w.

u,vEL*
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Comparison between DMR(k) and EDS(k)

Given a Q-linear map ¢ : Q(£) — k, denote by

O, = Z o(w)w

weL*
Proposition (The following two statements are equivalent)

©Q The map ¢ : (Q(L),e) — k is an Q-algebra homomorphism.
@ We have A(®,) = O, ® Dy,

Proof.
From previous Lemma
Ad(@p) = > (Rplwev)w .
w,weEL* —

= p(wev)
By direct calculation we have

¢®®¢—(Z<p ) (Zﬁ(p(v)v) Z o(w)p(v)w @ v.

w,wEL* ]
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Comparison between DMR(k) and EDS(k)

Theorem (Espie-Novelli-Racinet 2002 (N = 1), Bachmann-Y. 2024
(N>1))

Let Zy : 9 — k be a Q-linear map. We have

7y € EDS(G)(k) <= @, ,7n € DMR(G) (K),

where

o evg : k[T] — k is the evaluation of polynomial at 0,

o Zy : (Q(Xg), m) — k[T is the algebra morphism which agrees with
Z on Q(Yq) and maps xq to 0.

Proof.

Uses Proposition of previous slide + the identity

(q)evgoii‘)* =0

ke, —1 om_ _—1.
eVOOkaOZkqu
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Distribution relations of N-MPVs

From now let, let N > 1. For a N-MPV Li(k'l,...,k:r)(zla .oy %), define
@ Depth : r;
o Weight : wt(ky,... k) = ki + -+ k.

Lemma (Goncharov, 2001)

Distribution relations among N-MPVs are expressed by

: _ gkitetho—r :

Ligy,.. k) (21, 2) = d™ "N Ligy, k) (1o te),
tf:zi
1<i<r

for any divisor d of N and 21, ...,z € u%.
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Racinet’s formulation of regularized distribution relations

Recall that G is a group of order N. For any d | N, define
G'={g’|geG}.

Definition (Racinet 2002)

We define DMRD(G) (k) to be the set of & € DMR(G)(k) such that for
every divisor d of N, we have

pl(®@) = exp (Y (Dlwg)an )ig(®),

g?=1

where i : k((X¢)) = k({(Xqa)) and p? : k((Xg)) — k((Xqa)) are the
algebra morphisms given by

To = X9
o . d d o — dIEO
i zg fged and  py:
Ty > ] Tg > Tga
0  otherwise
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Formulation with EDS setting

Definition

Define the algebra morphisms iz 1 k(Xga) = k(G) and
pﬁl : k(Xqga) — k(G) given by

T —> T .TEQP—}dZCO
4

d
i and pg:
a s ¢ :ch»—>d§:a:g
=h

Lemma

We have
Q (i%(S2), P1)ga = (S2,i%(P1))a, for S» € k(X)) and Py € k(X ¢a).
Q@ (p4(S1), P2)ga = (S1,p{(Pa))a, for Si € k((Xq)) and Py € k(Xga)

y
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Formulation with EDS setting

Definition

A Q-linear map Zy : 53% — k satisfies distribution relations if for every
divisor d of the order of G, we have (equality of Q-linear maps Y)OGd — k)

Zkopg:ZkoiEl.

Example
Recall the Q-linear map Z¢ : QBN — C. For any divisor d of N and any
word zf g, gk Tly of $H4 . we have
N
ki1—1 k —1 k kr— k 1 kr—1
Z(Copﬁ(xol By zer T x,, ) = dort e Z Ze(zg' " my o xg” T Tt
tl—zl
1<i<r

On the other hand,

Ze o iy(ay " asy -2y ws) = Ze(ag e o ap ws,).
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Formulation with EDS setting

Definition
We define EDSD(G) (k) to be the set of elements Zy € EDS(G)(k) such
that for every divisor d of N, we have we have an equality of Q-linear
maps k(X5a) — k:

Ty ont =g, 070 ok,

where o, is the k-module automorphism of k[T'| such that

oz (exp(Tu) = exp (3 Zic(ey)u) exp(Tu),

Theorem (Bachmann-Y. 2024)
Let Zy : ﬁ% — k be a Q-linear map. We have

7\ € EDSD(G) (k) <= ®,c. 7w € DMRD(G) (k).
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A conjecture of Zhao

Conjecture (Zhao 2010)

In weight two, all regularized distribution relations are consequences of the
extended double shuffle relations, distribution relations of weight one and
distribution relations of depth two.

This conjecture is equivalent to:
Theorem (Bachmann-Y. 2024)
Let Zy : 9 — k be a Q-linear map and d | N such that:

Q@ 7y € EDS(G)(k);

Q 7y opg(xh) = Zygo iﬁd(:z:h), for any h € G~ {1};

Q 7y opg(:chlxhz) =Zyxo z’(ﬁi(xhlth), for any hy € G%~ {1}, hy € G4;
where (2) and (3) are equalities in k. Then (equality in k[T')

Zs. opg(whlwm) =0z 027y 0 i(ﬁi(xhlxhz),

for any hy,hy € G% 11 {0}.
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A conjecture of Zhao

Idea of the proof

Depending of the values of A1 and hg, the proof is an evaluation at all
possible cases displayed in the following table:

ha

0 1 G4\ {1}
ha
0 Case 3 | Case 4 | Case b
1 Case 6 | Case 2 Case 7
GT~ {1} | Case 6 | Case 1 | Casel

In Case 4 and Case 5, we define
DTdyl(h) =d Z ToLg — TOLh,
g9=h

DTdQ(thQ Z Z Lg1Lgs — LhyLhys
=h1 gg=ho
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A conjecture of Zhao

Idea of the proof.

Ds(glng) = X0Tggy + Ly Lgigy T LgaTgigs — Tg1 gy — TgaTygys

RDS(g) := xoxg + 4T4 — Tg21.

We then have

S DS(gig)+2 > RDS(g)  ifh=1
g91,92€ Ka~{1} gEK {1}
DT, (h)={ 2. DS(g1.2)+ > RDS(g) —RDS(h) otherwise
gi=h gi=h
gQEKd\{l}
+ DTgp(h,1) = DTgz2(h, h)

where K; = {g € G| g¢¢ = 1}. O
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