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Set-up

We’ll deal with aspects of density matrices and (subregion) modular
Hamiltonians in field theory.

For factorizable Hilbert spaces HΣ “ HA bHĀ pΣ “ AY Āq

ρA “ e´HA “ TrĀ
`

|ψyxψ|
˘

ρĀ “ e´HĀ “ TrA
`

|ψyxψ|
˘

A better defined quantity in field theory is the extended modular Hamiltonian
Ø

H

Ø

H “ ´ log ∆ “ ´ log pρA b ρ
´1
Ā
q “ HA ´ HĀ

§ We compute modular Hamiltonian HA and the associated
Ø

H for an excited
state obtained via perturbing vacuum state by a unitary operator U.
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Set-up

|ψy “ U|0y “ e´iεG
|0y “ exp

„

´iε

ż

Σ

dd´1x f pxqOpxq


|0y

Here Opxq is a Hermitian operator, f pxq is a real-valued function, and ε is an
expansion parameter. Σ is some spacelike/null hypersurface.

§ Our framework is a field theory in arbitrary dimensions d and we compute
the change in modular Hamiltonian δHA to first order in perturbations.
For most part A “ Rindler half-space.

§ The non-factorizability of Hilbert space in QFT shows up in an interesting

way in δHA or δ
Ø

H.

§ We provide a general form for δ
Ø

H for perturbations by Jpnq, which is a
local hermitian operator of modular weight n under vacuum modular flow.

Jpnqpxq
ˇ

ˇ

s
“ e i

Ø
H
p0q

s{2πJpnqpxqe´i
Ø
H
p0q

s{2π Rindler
ÝÑ ensJpnqpesx`, e´sx´, xKq
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Earlier works

A good amount of literature already studied similar problems

§ Modular Hamiltonians in excited states:

Lashkari 2015, Sarosi-Ugajin 2016-2017, Casini-Teste-Torroba 2017,
Lashkari et al. 2018, Arias et al. 2020, Lamprou-de Boer 2020 etc.

§ Modular Hamiltonians under shape deformations:

Allais-Mezei 2014, Faulkner et al. 2015-2016, Lewkowycz-Parrikar 2018,
Balakrishnan-Parrikar 2020 etc.
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Contributions to δHA

Naively for spatial slice Σ P AY Ā, implies G “ GA b 1Ā ` 1A b GĀ.

Since GA and GĀ commute, the unitary transformation factors into

U “ UA b UĀ

The reduced density matrices, modular operators and modular Hamiltonian for
the state |ψy would then behave as

ρA “ UA ρ
p0q
A U:A , ρĀ “ UĀ ρ

p0q

Ā
U:

Ā

∆ “ ρA b ρ
´1
Ā
“ U∆p0qU: ,

Ø

H “ U
Ø

Hp0qU: .

The first-order change in the modular Hamiltonian would then be given by

δ
Ø

Hcommutator
“ ´iεrG ,

Ø

Hp0qs
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Only true for factorized systems and doesn’t strictly hold for FTs. An explicit

‘endpoint’ (surface separating A and Ā) contribution arises to δ
Ø

H in various
examples .

δ
Ø

H “ δ
Ø

Hcommutator
` δ

Ø

Hendpoint

§ For perturbations via Jpnq, δ
Ø

Hendpoint
n“2,3,4... is a sum of light-ray moments of

Jpnq and its descendants on the x` horizon (similar result for negative n).

´2πε
n´2
ÿ

k“0

1

k!
f pkqp0q

t n´2´k
2 u
ÿ

l“0

p´θql

l!
pn´k´2l´1q

ż 8

´8

dx`px`qk`l
B
l
´J
pnq
px`, 0, 0q

§ The simplest example is for stress-tensor perturbations in CFT2, for which

δ
Ø

Hendpoint
n“2 “ ´2πε f0

ż 8

´8

dx` T``px
`
q “ ANEC operator.

§ The endpoint contribution is absent for modular weights n “ ´1, 0, 1.
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A property of the endpoint term

To first order in ε, modular Hamiltonian annihilating the state implies

`
Ø

Hp0q ` δ
Ø

H
˘`

1´ iεG
˘

|0y “ 0

For δ
Ø

H “ ´iεrG ,
Ø

Hp0qs ` δ
Ø

Hendpoint, we should have δ
Ø

Hendpoint
|0y “ 0.

This is indeed how the lightray operators and the lightray moments behave.

Kravchuk- Simmons-Duffin 2018, Kologlu et al. 2019

The light-ray moments of the form

Lk
rJpnqs “

ż 8

´8

dx`px`qkJpnqpx`, x´, xKq for k “ 0, 1, 2, . . .

annihilates the conformal vacuum both to the left and the right provided
k ă ∆` n ´ 1.

Lk
rJpnqs|0y “ 0 “ x0|Lk

rJpnqs for k ă ∆` n ´ 1 .

Same goes for the descendants.



Outline

§ CFT vacuum perturbed by stress tensor (4 ways)

- Conformal transformation,

- General operator methods (two ways),

- Path integral method.

These methods can be generalized to obtain higher order Opεmq contributions
as well.

§ CFT vacuum perturbed by higher modular weight operators (2 ways)



CFT2 vacuum perturbed by stress tensor

Start with

Ø

Hp0q
pu,vq “ 2π

ż 8

´8

dz
pv ´ zqpz ´ uq

v ´ u
T``pzq ` pright-moversq

. . . Casini-Huerta-Myers 2011

Under the action of a conformal transformation z Ñ gpzq

Ø

Hpu,vq “ 2π

ż 8

´8

dz
pgpvq ´ gpzqqpgpzq ´ gpuqq

g 1pzqpgpvq ´ gpuqq
T``pzq

Das-Ezhuthachan 2018

We will be interested in the linearized perturbation gpzq “ z ` εf pzq which is
equivalent to perturbation by a stress tensor with the generator

G “

ż

dz f pzqT``pzq.
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Resulting change in the modular Hamiltonian

δ
Ø

Hpu,vq “
Ø

Hpu,vq ´
Ø

Hp0q
pu,vq

“ 2πε

ż 8

´8

dz T``pzq

«

´ f 1pzq
pv ´ zqpz ´ uq

v ´ u
` f pzq

u ` v ´ 2z

v ´ u

`f pvq

ˆ

z ´ u

v ´ u

˙2

´ f puq

ˆ

v ´ z

v ´ u

˙2
ff

§ The first line is commutator contribution ´iε

„

G ,
Ø

Hp0q


.

§ The second line is an endpoint contribution. Vanishes for f puq “ f pvq “ 0.
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Endpoint contribution for Rindler half-space

We can zoom in on endpoints by choosing (a, b ą 0). For example,

f pxq “ f0θpx ` bq ´ f0θpx ´ aq

a−b

0
f

x

The resulting change in Rindler modular Hamiltonian (u “ 0, v Ñ8)

δ
Ø

Hp0,8q “ 2πεf0

ż 8

´8

dz T``pzq
“

bδpz`bq`aδpz´aq`θpz`bq´θpz´aq´1
‰

a, b Ñ 0` gives

δ
Ø

Hendpoint
p0,8q Ñ ´2πεf0

ż 8

´8

dz T``pzq.

Note that naively taking a, b Ñ 0` to begin with, gives vanishing f pxq and G .
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Endpoint effects at higher orders

δpnq
Ø

H “ δpnq
Ø

Hcom
`δpnq

Ø

Hep with δpnq
Ø

Hcom
“
piεqn

n!

„

. . .

„„„

Ø

Hp0q,G



,G



,G



. . .



The endpoint contribution depends on the endpoint effect of the conformal
transformation at that order.

gpzq “
8
ÿ

n“0

εnhnpzq “
8
ÿ

n“0

g pnqpzq . For example, h0pzq “ z , h1pzq “ f pzq etc.

δp1q
Ø

Hendpoint
p0,8q “ r

Ø

Hp0q,E p1qs

δp2q
Ø

Hendpoint
p0,8q “ piεqrr

Ø

Hp0q,E p1qs,G s ` r
Ø

Hp0q,E p2qs

δp3q
Ø

Hendpoint
p0,8q “

piεq2

2!
rrr
Ø

Hp0q,E p1qs,G s,G s ` piεqrr
Ø

Hp0q,E p2qs,G s ` r
Ø

Hp0q,E p3qs

. . .
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Endpoint effects at higher orders

E p1q “ ´iεf p0q

ż `8

´8

dx`T``px
`
q , E p2q “ ´

iε2

2!
f p0qf 1p0q

ż `8

´8

dx`T``px
`
q ,

E p3q “ ´i
ε3

3!

´

f p0qpf 1p0qq2 ` pf p0qq2f 2p0q
¯

ż `8

´8

dx`T``px
`
q . . .

E pnq “ ´ig pnqp0q

ż `8

´8

dx`T``px
`
q “ ´ig pnqp0q pANECq ,

In total, the endpoint effect is also a unitary transformation

ÿ

n

δpnq
Ø

Hendpoint
“ e´iεG

˜«

Ø

Hp0q,´i
8
ÿ

n“0

g pnqp0q pANECq

ff¸

e iεG

“ ´2π gp0qU pANECqU: .

Ø

Hexcited
“ U

"

Ø

Hp0q ´ 2π gp0q pANECq

*

U: .
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δHA for more general perturbations

Start with

|0y “
1
?
Z

ÿ

i

e´βEi {2 |iyA b |iyĀ

ρ
p0q
A “ TrĀ |0yx0| “

1

Z

ÿ

i

e´βEi |iyAAxi |

ρ
p0q

Ā
“ TrA |0yx0| “

1

Z

ÿ

i

e´βEi |iyĀĀxi |

Similarly for ρA etc. for state |ψy.

We assume G “ GA b GĀ and expand ρA to first order in ε

xl |δρA|my “
1

Z

ÿ

i

e´βpEi`Emq{2p´iεqxl |GA|iyxm|GĀ|iy
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ρ
p0q
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`
1

Z

ÿ

i

e´βpEi`El q{2piεqxi |GA|myxi |GĀ|ly
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We assume G “ GA b GĀ and expand ρA to first order in ε

xl |δρA|my “
1

Z

ÿ

i

e´βpEi`Emq{2p´iεqxl |GA|iyxm|GĀ|iy
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δHA for more general perturbations (cont’d)

The expression can be brought to a simpler form by defining modular
conjugated operators rGĀ by their matrix elements

Axi | rGĀ|jyA “ Āxj |GĀ|iyĀ ñ rGĀ “ JGĀJ

. . . Witten 2018

giving

δρA “ ´iεGApρ
p0q
A q

1{2
rGĀpρ

p0q
A q

1{2
` iεpρp0qA q

1{2
rGĀpρ

p0q
A q

1{2GA

Generalizable to

δpnqρA “
piεqn

n!

””

¨ ¨ ¨

””

pρ
p0q
A q

1
2 G̃ n

Āpρ
p0q
A q

1
2 ,GA

ı

,GA

ı

¨ ¨ ¨

ı

.

A nice formula exists converting between δρA and δHA to first order

Hp0qA ` δHA “ ´ log
´

ρ
p0q
A ` δρA

¯

“ ´ log ρp0qA ´
1

2

ż 8

´8

ds

1` cosh s
pρ
p0q
A q

´ 1
2
´ is

2π δρA pρ
p0q
A q

´ 1
2
` is

2π .

Sarosi-Ugajin 2017



δHA for more general perturbations (cont’d)

The expression can be brought to a simpler form by defining modular
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δHA for more general perturbations (cont’d)

In our case,

δHA “
iε

2

ż 8

´8

ds

1` cosh s
´

pρ
p0q
A q

´ 1
2
´ is

2π GApρ
p0q
A q

1{2
rGĀpρ

p0q
A q

is
2π ´ pρ

p0q
A q

´ is
2π rGĀpρ

p0q
A q

1{2GApρ
p0q
A q

´ 1
2
` is

2π

¯

In terms of modular-flowed operators (the second equality holds for operators
that just act on HA)

O
ˇ

ˇ

s
“ ∆´ is

2π O∆
is

2π “ pρ
p0q
A q

´ is
2π Opρp0qA q

is
2π

we have

δHA “
iε

2

ż 8

´8

ds

1` cosh s

´

GA

ˇ

ˇ

s´iπ
rGĀ

ˇ

ˇ

s
´ rGĀ

ˇ

ˇ

s
GA

ˇ

ˇ

s`iπ

¯



Two special cases

§ If GA “ 1A, then

δHA “
iε

2

ż 8

´8

ds

1` cosh s

´

GA

ˇ

ˇ

s´iπ
rGĀ

ˇ

ˇ

s
´ rGĀ

ˇ

ˇ

s
GA

ˇ

ˇ

s`iπ

¯

gives δHA “ 0.

§ If GĀ “ 1Ā, then

δHA “
iε

2

ż 8

a

dx f pxq

„
ż 8

´8

`

ż ´8`2πi

8`2πi



ds

1` cosh s
∆´ 1

2
´ is

2π Jpnqpxq∆
1
2
` is

2π

Using
¿

ds

1` cosh s
gpsq “ ´4πi g 1ps “ iπq ,

one can show

δHA “ ´iε

ż 8

a

dx f pxq rJpnq,
Ø

Hp0qs
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Spacelike perturbation by Jpnq

The best way to approach is to instead write the perturbation as

G “ GA b 1Ā ` 1A b GĀ

with

GA “

ż a

0

dx f pxq Jpnqpx` “ x , x´ “ ´θx , 0q

and

GĀ “

ż 0

´b

dx f pxq Jpnqpx` “ x , x´ “ ´θx , 0q .

x

x+t

a

−b



Spacelike perturbation by Jpnq (cont’d)

In this case, a careful analysis at early and late modular times (s Ñ ˘8) gives
the required endpoint effects.

The resulting Sarosi-Ugajin formula looks like (w “ e´s)

δHA “
iε

2

ż 8

´8

ds

1` cosh s

”´

GA

ˇ

ˇ

s´iπ
` rGĀ

ˇ

ˇ

s

¯

´

´

GA

ˇ

ˇ

s`iπ
` rGĀ

ˇ

ˇ

s

¯ı

“ iε

ż 8´

0`

dw

pw ` 1q2

”´

GA

ˇ

ˇ

s´ir
` rGĀ

ˇ

ˇ

s

¯

´

´

GA

ˇ

ˇ

s`ir
` rGĀ

ˇ

ˇ

s

¯ı

For concreteness, study δHA inside a correlation function with Jpnqpyq. Only in

conjunction with rGĀ, well-behaved correlator independent of n at s Ñ ˘8

x
`

GA

ˇ

ˇ

s˘iπ
` rGĀ

ˇ

ˇ

s

˘

Jpnqpyqy „

#

1{w∆ for w Ñ8

w∆ for w Ñ 0
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Spacelike perturbation by Jpnq (cont’d)

xGA

ˇ

ˇ

s˘ir
Jpnqpyqy “

ˆ

e˘ir

w

˙n ż a

0

dx`f px`qxJpnq
`e˘irx`

w
,´

θwx`

e˘ir
, 0
˘

Jpnqpyqy

x rGĀ

ˇ

ˇ

s
Jpnqpyqy “

ˆ

´
1

w

˙n ż 0

´b

dx`f px`qxJpnq
`

´
x`

w
, θwx`, 0

˘

Jpnqpyqy

There are also a few branch-cuts which rotate as r Ñ π

w

xx xx xx

�y�

✓b
y�

✓a
� a

y+
b

y+�1

xδHAJ
pnq
pyqy “ iε

ż

U

U

dw

pw ` 1q2

ˆ

´
1

w

˙n ż a

´b

dx`f px`qxJpnq
`

´
x`

w
, θwx`, 0

˘

Jpnqpyqy
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Perturbation either on A or Ā

Perturbation acting on A alone: a ą ´b ą 0 ñ δHA “ iε
“
Ø

Hp0q,G
‰

w

xx xx x x

b
y+�1 �y�

✓b
y�

✓a� a
y+

Perturbation acting on Ā alone: ´b ă a ă 0 ñ δHA “ 0

w

xx xxxx

�y�

✓b �1y�

✓a
� a

y+
b

y+
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Perturbation straddles the endpoint (a, b ą 0)

Switching x` and w integrals we have δHA “ iε
şa

´b
dx`f px`qI px`q with

I px`q “

ż

U

U

dw

pw ` 1q2

ˆ

´
1

w

˙n

Jpnq
`

´
x`

w
, θwx`, 0

˘

.

Study xδHAJ
pnq
pyqy leading to

xI px`qJpnqpyqy “

ż

U

U

dw

pw ` 1q2

ˆ

´
1

w

˙n
1

´

´ x`

w
´ y`

¯∆`n

p´θwx` ` y´q∆´n

For x` ą 0 e.g.

w

x x xx

y�

✓x+�1 �x+

y+



Perturbation straddles the endpoint (cont’d)

Large w , n ě 0:

xI px`qJpnqpyqy „

#

1{wn if x` “ 0

1{w∆ if x` ‰ 0

No problem closing the

U

-shaped contour.

w Ñ 0, n ě 0:

xI px`qJpnqpyqy „

#

1{wn if x` “ 0

w∆ if x` ‰ 0

As long as x` is non-zero, no problem closing the U -shaped contour.

x` large and negative: Contours don’t encircle cuts. xI px`qJpnqpyqy “ 0

x` large and positive: Contours give commutator contribution.

I px`q “ θpx`q
“
Ø

Hp0q, Jpnqpx`,´θx`, 0q
‰
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Perturbation straddles the endpoint (cont’d)

Near x` “ 0, the singularity involves p´1qkδpkqpx`q for k “ 0, . . . , n ´ 2. The
coefficients are found by computing

ż α

´β

dx`px`qkxI px`qJpnqpyqy

x` Ñ 0: Consider (possible for our relevant moments)

ż α

´β

dx`px`qkxI px`qJpnqpyqy Ñ

ˆ

´

ż 8

α

´

ż ´β

´8

˙

dx`
´

px`qkxI px`qJpnqpyqy
¯

take x` Ñ ´wx` and expanding in θwx`

ż α

´β

dx`px`qkxI px`qJpnqpyqy

“ ´

8
ÿ

l“0

p´θql

l!

ż

U

dw

pw ` 1q2

ˆ

´
1

w

˙n´k´2l´1

ˆ

´

ż 8

´α{w

`

ż β{w

´8

¯

dx`px`qk`l
xB

l
´J
pnq

`

x`, 0, 0
˘

Jpnqpy`, y´, 0qy
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Perturbation straddles the endpoint (cont’d)

We can strip off Jpnqpyq and obtain (for k ` 2l ą n ´ 1)

I px`q “
ÿ

k

p´1qk

k!
δpkqpx`q Ek with z “ 1{w

Ek “ ´

8
ÿ

l“0

p´θql

l!

¿

z“0,´1

dz

pz ` 1q2
p´zqn´k´2l´1

ż 8

0

dx`px`qk`l
B
l
´J
pnq
px`, 0, 0q

Putting everything together, for n ě 2 we have

I px`q “ θpx`q C `
n´2
ÿ

k“0

p´1qk

k!
δpkqpx`q Ek with

C “
“
Ø

Hp0q, Jpnqpx`,´θx`, 0q
‰

and

Ek “ 2πi

t n´2´k
2 u
ÿ

l“0

p´θql

l!
pn ´ k ´ 2l ´ 1q

ż 8

0

dx`px`qk`l
B
l
´J
pnq
px`, 0, 0q
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Takeaways

For a general perturbative excitation

G “

ż a

´b

dx`
ż

dd´2xK f px`, xKqJ
pnq
px`,´θx`, xKq

algebraic non-bipartition manifested in δ
Ø

H “ δ
Ø

Hcommutator
` δ

Ø

Hendpoint

δ
Ø

Hendpoint
“ ´2πε

ż

dd´2xK

n´2
ÿ

k“0

1

k!
f pkqp0, xKq

t n´2´k
2 u
ÿ

l“0

p´θql

l!
pn ´ k ´ 2l ´ 1q

ż 8

´8

dx`px`qk`l
B
l
´J
pnq
px`, 0, xKq pfor n ě 2q

For n ď ´2

δ
Ø

Hendpoint
“ `2πε

ż

dd´2xK

|n|´2
ÿ

k“0

1

k!
f pkqp0, xKq

Y

|n|´2´k
2

]

ÿ

l“0

p´1qk`l
p|n| ´ k ´ 2l ´ 1q

l! θk`l`1

ż 8

´8

dx´px´qk`l
B
l
`J
pnq
p0, x´, xKq .



Final comments

§ Discrete systems

§ KMS conditions

§ Perturbations over a causal diamond?

§ Similar contribution in related quantities?

§ Algebraic derivation

§ Applications in holography

and many more . . .



Thank you for your attention



Backup slides



Why n ě 2: some intuitive remarks

Endpoint contributions arise when the generator G can move operators from A
to Ā or vice versa along the x` Rindler horizon. Can be explicitly seen for
CFT2 case.

Insert Opx`, x´, xKq at the endpoint x` “ 0 and look for B`O in

Jpnqp0qOpxq „ ¨ ¨ ¨ ` BpnqλBλOpxq ` ¨ ¨ ¨

On general grounds, for x` “ 0, the modular weight of Bpnqλ is ě 0 as it is
made up of either metric or xµ. So, B`O can only appear in the OPE with an
operator of weight n ě 1.

However, in the equal-time commutator rJpnqp0q,Opxqs, it can only appear for
n ě 2.
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Effects on entanglement entropy

Hexc
modpηq “ Hexc

modpzq `
A

4G
´

cε

12

ż v

u

dz
pv ´ zqpz ´ uq

v ´ u
f 3pzq

´
cε

24

ż v

u

dz

˜

u ´ v

pv ´ zqpz ´ uq
f 1pzq `

pv ´ uqpv ` u ´ 2zq

pv ´ zq2pz ´ uq2
f 1pzq ´

f puq

pz ´ uq2 ` f pvq

pv´zq2

¸

Now take f as constant perturbation as f pzq “ f0θpz ` bq ´ f0θpz ´ aq;

Hexc
modpηq “ Hexc

modpzq `
A

4G
´

cεf0
6a3

´
cεf0
24a

`
cεf0
24

ˆ

1

z

˙

ˇ

ˇ

8

0

Finally, for a localized perturbation inside the pu, vq region:

Hexc
modpηq “ Hexc

modpzq `
A

4G
`

c ε f0 pv ´ uq

24

˜

1

bpv ` u ` bq
´

1

pa´ 2uqpv ` u ´ aq

´
1

pv ´ bqpb ´ uq
`

1

pv ´ aqpa´ uq

¸


