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A few questions

Let R be a (noetherian) ring. Given an ideal I C R, let u(I)
be the minimal number of generators of I.

Basic question: Can we compute (1) for any ideal I ?

The answer is rather depressing.

Macaulay showed a long time ago that given any
intfeger r € N there exists a prime ideal p C C[X;, X9, X3

such that u(p) > r .



Murthy's conjecture

Despite the previous result, we would like to have a chance
to compute w(I) in some situations.

We can consider the R/I-module I/I? and an easy
application of Nakayamas lemma vyields

p(I/T%) < p(I) < p(I/1%) 41

Murthys conjecture: In case R = k[X;,..., X,]

the equality (1) = u(I/I1°) holds for ideals of correct
height.



A stronger question

Let R be a ring and I be an ideal. Given the following
diagram

RS S S

y y
(R Il 1/ 1°

does there exists a surjective lift?



The Euler class groups

The first "general” answer to the previous question was
developed by the indian school (Bhatwadekar, Nori,
Sridharan, etc...). Given n € N, consider the abelian
group E"(R) freely generated by pairs (/,w;) where I is
of height n, subject to the relations

- (I,wr) = (I,wy o g) for any elementary operation g of
(

R/I)".

- (I,wr) = 0 if there exists a lift as in the previous
diagram.

- (l,wr) = (J,wy) + (K,wk) if J and K are comaximal
of height n and JN K = I.



Results

In principle, this group allows to answer the previous
question for any (noetherian) ring provided a few
assumptions are satisfied.

Theorem. Let R be a noetherian ring of Krull dimension d and let n € N be
such that d < 2n — 3. Then the pair (I,wy) lifts if and only if (I,wr) = 0 in
E"(R).

In particular, the above theorem is enough to answer
Murthy's conjecture in case the ideal has correct height
(basically due to Mohan Kumar), i.e. has height n and
d<2n-—3.



Yet...

The Euler class group has some congenital defects.

@ It deals only with ideals of a given height.

@ It doesnt satisfy obvious functorial
properties.

For instance, the Euler class groups of non affine varieties
are not defined, and there is by consequence no long exact
sequence of localization.

This certainly calls for a new approach.



The universal Segre class

Let then R be a k-algebra and let w;: (R/I)" — I/I?
be a surjective homomorphism. Choosing lifts of the
images of the canonical basis of the left-hand term, we
get elements a;,...,a, € 1.

By Nakayamas lemma, there exists s € I such that
(1 —S)I (i <CL1,...,CLn>

Consequently, we obtain b;,...,b, € R such that

n

Zaibi = s(1 — s).

Tl



The (2n+1)-tuple

(al,...,an,bl,...,bn,s)

corresponds to a morphism
Spec(R) — Qap,

where ()2, is the affine variety whose ring of global
sections is the following

Agn = k[ X1, 0, XX, 80, Z) /0 AR T — 7))



Naive homotopies

We've associated to w; : (R/I)" — I/I* a morphism

f : Spec(R) — Q2
which depends on many choices...

Recall that two morphisms fo, f1 : Spec(R) — Q2
are naively homotopic if there exists

F : Spec(R) x A; — Qo

such that F(0) = fo and F(1) = f; .



Being naively homotopic generates an equivalence relation ~
and we obftain a set

m0(Q2n)(R) := Hom(Spec(R), Qan)/~

Lemma. The assignment

(I,w]) i (al, s e Dt .,bn,S) = WQ(QQn)(R)

is well defined. We denote by S(I,wr) the latter.

The class S(I,w;y) is called the universal Segre class of
the pair (I, wy).



Why do we call this class “universal Segre class’? Imagine
that you want obstruction for the lifting problem. The
natural way to do it is to associate to any smooth affine
scheme X a pointed set F(X) and a class sp(/,wy) € F(X)

satisfying the following properties:

@ The above data are contravariantly functorial
in X.

® We have sp(l,w;) =% € F(X)if there is a
lift ©2.

@ The map F(X) — F(X x A') induced by the
projection is a bijection.



Consider (2, as pointed by vy = (0,...,0) . It is easy to
check that the pointed functor

X = WQ(QQn)(X)

together with the universal Segre class is initial among
such functors. Consequently, it should detect all
phenomena.



The theorem

In fact, one can prove the following theorem.

Theorem. Let k be an infinite perfect field of characteristic different from 2
and n > 2. Then S(I,wr) = vg if and only if (I,wr) lifts (in a strong sense).

By construction, the set mo(Q2,)(X) doesnt see
polynomial extensions. It follows that Murthy's
conjecture is solved.



Sketch of the proof

In characteristic different from 2, the variety ()5, can
be seen as the homogeneous space of norm 1 elements

of the split quadratic form

Z z;y; + 27,
i=1
For a smooth k-algebra R, we find

QQn(R)/E02n+1 (R) =3 WO(QZTL)(R) -

It suffices then to check that the “strong” lifting
property is preserved by the action of the generators
of EOQn—I—l(R).



The strong lifting property

Let v = (a17°'°7an7b17°'°7bn78) < QQn(R) and set
I(v) = {aq, S e a5

We say that the strong lifting property holds for
if there exists A1,..., A, € Rsuch that

Hv)=la, T Ns". . d, —00or



Improving known results

Recall that the Euler class group E" () was doing a
pretty good job in detecting liffable pairs (1,w;), with I
of height nand d < 2n — 3.

Why should the set mo(Q2,)(R) be better?

By construction, it is functorial and homotopy invariant.
Yet, the same holds for Euler class groups (for smooth
algebras)!

Can we endow 7o(Q2,)(R) with an abelian group
structure?



The unstable category

Let (k) be the unstable A'-homotopy category of
smooth schemes associated to an infinite perfect field k.
Basic features:

@ There is a well-behaved notion of homotopy.
@ Two kind of spheres: S*, G,,

@ Every (pointed) space has higher homotopy
sheaves: WOA (X), w (X x), etc..

@ Classical theorems in algebraic topology have
their analogues in this setting.



Resultfs
In the category H(k), the following results hold:

Theorem (Asok,Wendt,Hoyois). Let k be a field with char(k) # 2. For any
smooth k-algebra R, we have

Spec(R), Qa2nlar = mo(Q2n)(R).

Theorem (Asok, Doran, F.). For any n € N, we have



Freudenthals theorem

In topology, it is well-known that the set of maps

Ly

up to homotopy is an abelian group, provided X is of “small
size” relatively to n. The analogue result in H(k)is:

Theorem. Forn > 2, the set mo(Q2y,)(R) is endowed with the structure of an
abelian group provided R is of dimension d < 2n — 2.

In fact, mo(Q2n)(R) = [Spec(R), Qan|aris S'-stable.



The explicit group structure

Miraculously, the group structure provided by the above

theorem can be explicitly described. Let v, w € Q2,(R)
with corresponding ideals I(v) = (a1,...,a,,s) and
IHw) = Qissealliz

Applying a moving lemma, we may suppose that

@ The ideals I(v) and I(w) are of height n .

@ They are comaximal.



Using the Chinese reminder lemma, we see that if
J =al(v) ArPGE
then J/J? = I(v)/I(v)* x I(w)/I(w)* and we may find
crihn s e R

such that the classes modulo the respective ideals
generate I(v)/I(v)? and I(w)/I(w)?.

Up to homotopy, we have I(v) = (ci,...,¢cpn,u) and
I(w) = {c1,...,¢n,u’). One can check that
= (@], NG, ui

and we have [(v) + I(w) = J in X, Qan]ar -



Consequences

As a consequence, we can obtain the following result:

Theorem (Asok, F.). Let R be a smooth k-algebra of dimension d and n € N
be such that d < 2n — 3. Then, the Segre class yields an isomorphism

So, we recover the Euler class group but not only.
Indeed, the group on the right-hand side satisfies
extended functorial properties, making computations
easier.



Cohomological approach

In the category #(k), there is a useful construction
called Postnikov towers. It allows to understand the

set of morphisms [ X, Y].: for reasonable spaces X
and Y.

for i > 2 and the cohomology groups H’(X, w?l (Y,y))
for j < d, where d is the dimension of X.

The inputs needed are the homotopy sheaves o (Y;9)

Now, (2, is a sphere and there are lots of efforts to
compute the homotopy sheaves of these objects.



Top dimension

As a test, lets try to compute the group

X, Q2dlar = m0(Q24)(X)

when d > 3. A formal argument shows that it is
1 ——d
H(X, 73 (Q24)) = CH (X)

and we find a purely cohomological answer to our initial
question. In particular, for a smooth affine algebra R,

E%(R) ~ @\fld(Spec(R)) :



Beyond

The goal is of course to be able to go further than
the dimension of the affine scheme X. Suppose that we
want to understand the ideals of height d — 1.

The required sheaf is Wﬁil(de—z) and we made a
precise conjecture regarding its structure with A. Asok.
An easy consequence of this conjecture is the following
(conditional) theorem.

Theorem. Let X be a smooth affine variety of dimension d > 2 over an alge-
braically closed field k. Then

X, @5 =G e O



As a consequence, suppose that C'is a curve in a
smooth affine scheme X of dimension d.

Suppose moreover the the conormal bundle of C'admits
a trivialization. Then C'is a complete intersection if and

only if its associated class

(] € CHY 7 5X0)

IS trivial.



Thank your for your
attention!



