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» U,, n > 1 : unitary group of size n.
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Product of conjugacy classes and their density

» U,, n > 1 : unitary group of size n.
» Space of conjugacy classes of U, ~ H = (R/Z)"/S,
» For9=(912922~--29n)6?{,

6217r91 0
0 62r7r92

o) =u| . , U, Ue U,

2imwl,

eZiﬂ’B
» Group structure on U, <> Convolution * : Mq(H) X M1(H) — Mi(H)
» 0y * 09, = Distribution of p(UyUs/) where

® Uy (resp. Ug) is sampled uniformly on O(6) (resp. O(6")),

® p: U, — H maps an element of U, to its conjugacy class in H.
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Product of conjugacy classes and their density

» Un, n > 1 : unitary group of size n.
» Space of conjugacy classes of U, ~ H = (R/Z)"/S,
| 4 For9:(91 >02 >"’>€n)€7‘[reg:

e2i7r91 0
0 6217r92

o) =u| . _ U, Ue U,

2iwh,

e2iTé
» Group structure on U, <> Convolution * : My(H) X M1(H) — M1(H)
» ¢ * 9o, = Distribution of p(UyUy/) where

® Uy (resp. Uy) is sampled uniformly on O(6) (resp. O(0")),

® p: U, — H maps an element of U, to its conjugacy class in H.
> If n>3and 6,0 € Heeg, dg * o has a density fy o (7) on H.

Objective : compute fy o/ (7).
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Moduli space of flat connections on a Riemann surface

» S Riemann surface of genus g, p1,...,pr € S, M =5\ {p1,...,pr}.
» Gauge group G = C*°(M, U,).
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Moduli space of flat connections on a Riemann surface

» S Riemann surface of genus g, p1,...,pr € S, M =5\ {p1,...,pr}.

» Gauge group G = C*(M, U,).

> we QY(M,u,) (u,-valued connection with u, Lie-algebra of U,)

~ Holonomy w[y] € U, for all closed path + : [0,1] — M based at x € M.

> o € C(M, U,) acts on Q' (M, u,) by 0 - w(x) = Ad,pyw(x) + o(x) ' dox.
~ 0.w[y] = Ady(xy 0 wlv].
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Moduli space of flat connections on a Riemann surface

» S Riemann surface of genus g, p1,...,pr € S, M =5\ {p1,...,pr}.
» Gauge group G = C*(M, U,).
> we QY(M,u,) (u,-valued connection with u, Lie-algebra of U,)
~ Holonomy w[y] € U, for all closed path + : [0,1] — M based at x € M.
> o € C(M, U,) acts on Q' (M, u,) by 0 - w(x) = Ad,pyw(x) + o(x) ' dox.
~ 0.w[y] = Ady(xy 0 wlv].
» Curvature form : F : Q'(M,u,) = Q*(M,u,), F(w) = dw + 1w, w].
® if F(w) =0, w[y] = 1y, for v contractible.
® if F(w)=0, F(o.w) =0 for o € C>=(M, U,).
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Moduli space of flat connections on a Riemann surface

» S Riemann surface of genus g, p1,...,pr € S, M =5\ {p1,...,pr}.
» Gauge group G = C*(M, U,).
> we QY(M,u,) (u,-valued connection with u, Lie-algebra of U,)
~ Holonomy w[y] € U, for all closed path + : [0,1] — M based at x € M.
> o € C(M, U,) acts on Q' (M, u,) by 0 - w(x) = Ad,pyw(x) + o(x) ' dox.
~ 0.w[y] = Ady(xy 0 wlv].
» Curvature form : F : Q'(M,u,) = Q*(M,u,), F(w) = dw + 1w, w].
® if F(w) =0, w[y] = 1y, for  contractible.
® if F(w)=0, F(o.w) =0 for o € C>=(M, U,).
» Moduli space of flat connections : 0&), ... () € 4, ~; small loop around p;.

MM, 0D o) = {w € Q'(M,u,), wlv] € 0(Y), F(w) = o} /G.

~~ smooth finite dimensional manifold when 2g — 2+ r > 0 and 10
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The volume form on moduli space

MM, 6D, 90y = {w € QY (M, ), wlri] € O(0V), F(w) = o} /G.
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The volume form on moduli space

MM, 6D, 90y = {w € QY (M, ), wlri] € O(0V), F(w) = o} /G.
» Algebraic view point w1 : w1 (M) generated by {as, bs, s < g, ¢, s < r},

/\/l(l\/l,@(l)7 .. ,9(’)) ~ {Rep p:m1 — Un,p(ci) € Op;,1 < i< n}/U,.
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MM, 6D, 90y = {w € QY (M, ), wlri] € O(0V), F(w) = o} /G.
» Algebraic view point w1 : w1 (M) generated by {as, bs, s < g, ¢, s < r},

MM, 0D 0 ~ {Rep p: m — Un, p(ci) € Op,,1 < i < n} /U
» Symplectic view point (Atiyah and Bott, 1986) : Q'(M,u,) is an infinite

dimensional symplectic space quotiented by G.
~~ Sym. reduction theorem: v (0, ... 00 := Vol(M(M, 0D ... 01)).
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The volume form on moduli space

MM, 6D, 90y = {w € QY (M, ), wlri] € O(0V), F(w) = o} /G.
» Algebraic view point w1 : w1 (M) generated by {as, bs, s < g, ¢, s < r},
MM, 0D 0 ~ {Rep p: m — Un, p(ci) € Op,,1 < i < n} /U

» Symplectic view point (Atiyah and Bott, 1986) : Q'(M,u,) is an infinite
dimensional symplectic space quotiented by G.

~~ Sym. reduction theorem: vz (M ... 00 := Vol(M(M, 6V, ... 61)).
Example

Ifg=0,r=3m=/{ca,o aglaca=1):
M(M, 6D 9P 9P ~ {¢; € Oy, 1 < i <3|cicres =1} /U,
~ {g,- €0p,1<i<3lae= c3_1} /U,

and s
f9(1)’9(2) (—0( ))

vo(e(l),9<2),9(3)) = 7\/0/(0(_9(3)) .
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Approach of Witten and patching of pants

» Yang-Mills measure on (M, G) : random element of Q'(M,u,) with

probability
—exp (—7/ |F(w)]| >

with Z; = fM(M) exp (—1 [}, IF(w)[?) dw partition function of the theory.
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holonomies aroung ci, ..., ¢cr)
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Approach of Witten and patching of pants

» Yang-Mills measure on (M, G) : random element of Q'(M,u,) with

probability
—exp (—7/ |F(w)]| )

with Z; = fM(M) exp (—1 [}, IF(w)[?) dw partition function of the theory.

» Rigorous definition by random holonomies (Levy, 2000) with distribution
invariant by conjugation : p o (6W, ... ") (joint law of random
holonomies aroung ci, ..., ¢cr)

» Witten approach : As t goes to zero,

» Pants/disks decomposition of M ~+ computation of v, ((8®,...,6(")
reduces to the ones vo(6™,6? ™) and vo(0).

@) @ o) 1 (i)
W0, 07,07 = Vorio—aany) oo (¢ deAH’“(e)

Mlrr

~ Witten's formula : v ((0W,...,000) =CY,,, m [Ty x2(69).



Introduction to the volume problem Main result Sketch of the proof
00000 ®000000 0000000

Main result |

» Remark : f9(1),9(2)(0(3)) # 0 can only happen if

zn:e,@” + ie,@ - zn:a,@) —deZ
1 i=1 i=1

i=
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Main result |

» Remark : fem,e(z)(a(”) # 0 can only happen if
S0+ N0 =d ez
i=1 i=1 i=1

Theorem

For each n > 3 and 0 < d < n, there exists a finite set S™? of explicit
polytopes with boundaries depending linearly on (9(1)7 6, 9(3)) such that,
when 60 0@ 00 € M,y and S0 0 + 350 0P — 30 6% =4,

i=1"i

(gﬂ)(nfl)(nfz)ﬂ Hz;ll k!A(eziﬂeﬁ)

(3)y _
)= n!A(ezme(U )A(eQI'ﬂ-G(Z))

) > Vel(P),

Pesn.d

fe(l),e(z)w

where A(e*™0) = 2n(n=1)/2 [I;jsin(7(6i — 6))) for & € H.

(1)
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Description of Sy4, : toric hive

For 0 < d <n,

Ra,n = {(Vl,V2) e [o, n]]2,d <vi+w<n+ d}

Figure: The set Ry 3 represented through the map (vi, v2) — vi + we

in/3

Sketch of the proof
0000000
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Description of Sy, : toric hive

For 0 < d <n,

Ra,n = {(Vl,vz) efo,n*,d<vi+wv<n+ d}

Figure: The set Ry 3 represented through the map (vi, v2) — vi + voel™/3,
Snda: PC{f:Raqn— R} with:
1. a form of concavity with frozen region depending on P.

2. some boundary conditions depending only on #() 1 < i < 3,
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Description of Sy , : rhombus concavity

Sna: PC{f:Riqn— R} with:
1. a form of concavity with frozen region depending on P.

2. some boundary conditions depending only on #() 1 < i < 3,

A rhombus of Ry, : any sequence (v*,v?, v3 v*) € (Ry,»)* corresponding to

o !
V2 e o 4 Vi e o 3 Ve o 2
o 3 vl e o 2 vhoe o 1

Figure: Three possible lozenges (v!, v2,v3, v*) (beware of the labeling).

of the proof
00



Main result
[e]e] le]e]ele)

troduction to the volume problem

Description of Sy , : rhombus concavity

Sna: PC{f:Ryn— R} with:
1. a form of concavity with frozen region depending on P.

2. some boundary conditions depending only on #() 1 < i < 3,

A rhombus of Ry, : any sequence (v*,v?, v3 v*) € (Ry,»)* corresponding to

Figure: Three possible lozenges (v!, v2,v3, v*) (beware of the labeling).

Definition (Rhombus concavity)

A function f : R4, is called rhombus concave when

f(v2) + f(va) > f(v1) 4 f(v3) on any rhombus £ = (v}, v v3 v*).
~~ introduced by Knutson and Tao to address the Horn problem.
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Description of Sy , : frozen region

Sp,d P CA{f: Ry, — R} with:
1. a form of concavity with frozen region depending on P.

2. some boundary conditions depending only on (1), 1 < i < 3,

» A labeling g : R4, — Zs is regular whenever g starts at 0 at (n — d,0),
decreases by 1 clockwise on the boundary and on any rhombus

(e(v*) = g(v")) = {a(v'),&(v*)} = {a(v*) + 1,8(v*) +2}.
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Description of Sy , : frozen region

Sp,d P CA{f: Ry, — R} with:
1. a form of concavity with frozen region depending on P.

2. some boundary conditions depending only on (1), 1 < i < 3,

» A labeling g : R4, — Zs is regular whenever g starts at 0 at (n — d,0),
decreases by 1 clockwise on the boundary and on any rhombus

(e(v*) = g(v")) = {a(v'),&(v*)} = {a(v*) + 1,8(v*) +2}.

» A rhombus £ is called rigid if
(g(v'),8(v?), 8(v*), g(v") = (a,a+ 1, a+2,a+1).

1* o° 1—0
VARRVARN
2 1°* 2° 2—1—2
L. /NN /N
0 0 0 1 0
oL VAV,
1 2 0 1—2—0

Figure: A regular labeling on Ry , and its colored representation
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Description of Sy , : frozen region
Sp,d: P CA{f: Ry, — R} with:

1. a form of concavity with frozen region depending on P.

2. some boundary conditions depending only on 6(1) |1 < i < 3,

Figure: A regular labeling on Ry , and its colored representation
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Description of Sy , : frozen region

Spd: P CA{f:Ry, — R} with:
1. a form of concavity with frozen region depending on P.

2. some boundary conditions depending only on 6(1) |1 < i < 3,

1* o° 1—0
VARRVARN
2 1°* 2° 2—1—2
L. AVAVA
0 0 0 1 0 0 0—1
R NN/
1 2 0 1—2—0

Figure: A regular labeling on Ry , and its colored representation

» A function f : Ry, is called rhombus concave with respect to a regular
labeling g : Rg,n — Z3 when f(v2) + f(va) > f(v1) 4+ f(v3) on any lozenge
0= (v', v?, v3, v*), with equality if £ is rigid with respect to g.

» Toric hive cone C, with respect to g :

C¢ = {f : Rq,n = R toric rhombus concave with respect to g} .
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Boundary conditions

Spd:PC {f: Rpd = R} with :
1. a form of concavity with frozen region depending on P.

2. some boundary conditions depending only on (1)1 < i < 3,

46 33
23 23
/ / N\ . " .
52 4 2 Figure: Element of P@(l),9(2),0(3) with
23 23 23 1 /13 6 2
NNV 0= (3252 5)
s s o 18 00 = (523 2>%)
23 23 23 23 3 = (@ > 09 5 ;)
23 = 23 = 23)°
NSNS
52 43
23 23

o g
Definition (Polytope P{)(l)_()m’o@)

g
Ps(l) ,62) 6(3)

£ = z:egz) - 209), 2 =(d—i)"+ 299, € =d+ 299.

C Cg polytope of functions f € Cg with, for 0 < i < n,
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Description of Sy
» For 9(1)79(2)79(3) € Hreg and 37, ‘951) +3ih 952) -0 0% = d,

i=1"i

_ @m0 T kA

(3)
fﬂ(l)ﬁ(?)(‘9 ) nlA(e2im0@) A (270

Z VO/g(Pg(l)’gu)’g(B))’

8:Ry n—1Z3 regular
(2)

with Vol; adequate volume function.
» If d =0, unique regular labelling on Ry, ~» Knutson-Tao hive, related to
Littlewood-Richardson coefficient (see Coquereaux-Zuber (2018)) .
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Description of Sy
» For 00,0 603 € U and 327 00 + 527 6P 57 6% = g,

(27T)(n71)(n72)/2 Hz;ll k!A(e””gm)

(3)y —
) (2)(6 )= n!A(ezfﬂe(l))A(eywe@))

Z VO/g(Pg(l)’gu)’g(B))’

8:Ry n—1Z3 regular
(2)

with Vol; adequate volume function.

» If d =0, unique regular labelling on Ry, ~» Knutson-Tao hive, related to
Littlewood-Richardson coefficient (see Coquereaux-Zuber (2018)) .

» Pattern of the proof : set

_ A0 )A(eziwe(z)) @)
J9<1 2)(0 ) 27r)(n—1)(n—2)/2 Hﬂ;ﬁ k!A(ez/‘weB)) f9<1 (2)(0 )
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(27T)(n71)(n72)/2 Hz;ll k!A(e””gm)

(3)y —
) (2)(6 )= n!A(ezfﬂe(l))A(eywe@))

Z VO/g(Pg(l)’gu)’g(B))’

8:Ry n—1Z3 regular
(2)

with Vol; adequate volume function.

» If d =0, unique regular labelling on Ry, ~» Knutson-Tao hive, related to
Littlewood-Richardson coefficient (see Coquereaux-Zuber (2018)) .

» Pattern of the proof : set
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1 Jyw g )(9 %)) semi-classical limit of quantum-LR coefficients (Verlinde,
1988 Wltten, 1992)).
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Description of Sy
» For 00,0 603 € U and 327 00 + 527 6P 57 6% = g,

n—1)(n— n— i 3
0% = (2m)n" D=2 T KIA(E2 ™) Z
,6(2) n!A(ezfﬂe(l))A(eywe@))

VO/g(Pg(l)’gu),g(B))v

(2)

8:Ry n—1Z3 regular

with Vol; adequate volume function.

» If d =0, unique regular labelling on Ry, ~» Knutson-Tao hive, related to
Littlewood-Richardson coefficient (see Coquereaux-Zuber (2018)) .

» Pattern of the proof : set
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1 Jyw g )(9 %)) semi-classical limit of quantum-LR coefficients (Verlinde,
1988 Wltten, 1992)).

2. Quantum LR coefficients are particular instance of classical Schubert
calculus in the two-step flag manifold (Buch, Kresch, Tamvakis, 2003).



Main result
000000

Description of Sy
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) (2)(6 )= n!A(ezfﬂe(l))A(eywe@))
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(2)

with Vol; adequate volume function.

» If d =0, unique regular labelling on Ry, ~» Knutson-Tao hive, related to
Littlewood-Richardson coefficient (see Coquereaux-Zuber (2018)) .

» Pattern of the proof : set

_ A0 )A(eziwe(z)) @)
J9<1 2)(0 ) 27r)(n—1)(n—2)/2 Hﬂ;ﬁ k!A(ez/‘weB)) f9<1 (2)(0 )

(1)

1 Jyw g )(9 %)) semi-classical limit of quantum-LR coefficients (Verlinde,
1988 Wltten, 1992)).

2. Quantum LR coefficients are particular instance of classical Schubert
calculus in the two-step flag manifold (Buch, Kresch, Tamvakis, 2003).

3. Classical Schubert calculus in the two-step case solved by puzzles
(Conjecture of Knutson, Theorem of BKPT, 2014).
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Description of Sy
» For 9(1)79(2)79(3) € Hreg and 37, ‘951) +3ih 952) -0 0% = d,

i=1"i

_ (27T)(n—1)(n72)/2 Hz;ll k!A(e2fTr9(3)) Z

(3)
fﬂ(l)ﬁ(?)(‘9 ) nlA(e2im0@) A (270

VO/g(Pg(l)’gu),g(B))v

(2)

8:Ry n—1Z3 regular

with Vol; adequate volume function.

» If d =0, unique regular labelling on Ry, ~» Knutson-Tao hive, related to
Littlewood-Richardson coefficient (see Coquereaux-Zuber (2018)) .

» Pattern of the proof : set

iro(1) iro(2)
(3) o n!A(eZI‘IrG )A(EZHré? ) (3)
Jeil),8(2)(0 )= (@m)n—Dn=2)/2 [~ L kia(e2imo®)) f0<1),8(2)(6 )-

1. Jg(l)’g(Q)(GB)) semi-classical limit of quantum-LR coefficients (Verlinde,
1988, Witten, 1992)).

2. Quantum LR coefficients are particular instance of classical Schubert
calculus in the two-step flag manifold (Buch, Kresch, Tamvakis, 2003).

3. Classical Schubert calculus in the two-step case solved by puzzles
(Conjecture of Knutson, Theorem of BKPT, 2014).

4. Convex reformulation of the puzzles and asymptotic of point counting in
convex bodies.
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Quantum Littlewood-Richardson coefficients
> Flagin C": F={{0} CAC---C Fy =C"}, dimFi = i.
» Grassmanian space for 0 < n < N: G,y = {V c C",dim V = n}.
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Quantum Littlewood-Richardson coefficients
> FlaginCV : F={{0}Cc R C---C Fy=C"}, dimF; =i.
» Grassmanian space for 0 < n < N: G,y = {V c C",dim V = n}.
» Homology of G,y : {Q7 } indexed by I ={0< i, < - - < i <N —1} with

Qf ={V e Gun,dim(VNF,_;)>1,1<1<n}.
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Quantum Littlewood-Richardson coefficients
» Flagln CN : ]::{{O}C F C"'CFN:(CN}, dimF = /.
» Grassmanian space for 0 < n < N: G,y = {V c C",dim V = n}.
» Homology of G, n : {Qf } indexed by I = {0 < i, < --- < it < N — 1} with
Qf ={V e Gun,dim(VNF,_;)>1,1<1<n}.
» Littelwood-Richardson coefficient : for generic flags F, 7', F"',

o = #(Q,F N Qf/ N Q],F,ZK) (0 if infinite or empty).
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Quantum Littlewood-Richardson coefficients
> FlaginCV : F={{0}Cc R C---C Fy=C"}, dimF; =i.
» Grassmanian space for 0 < n < N: G,y = {V c C",dim V = n}.
» Homology of G, n : {Qf } indexed by I = {0 < i, < --- < it < N — 1} with

Qf ={V e Gun,dim(VNF,_;)>1,1<1<n}.
» Littelwood-Richardson coefficient : for generic flags F, 7', F"',
o = #(Q,F N Qf/ N Q],F,ZK) (0 if infinite or empty).
» Set d > 0.

G\% = {f : PY(C) = Gun,deg f = H#F (Unn 2. 0)=d}.

N T U 2 A 2 M NG MRS D e T B8 (n,n=2,...,

» Quantum Littelwood-Richardson coefficient : for generic flags F, ', F"

il = H{f € G2y, F(0) € QT F(1) € Q, f(c0) € QX ).
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Quantum Littlewood-Richardson coefficients
> FlaginCV : F={{0}Cc R C---C Fy=C"}, dimF; =i.
» Grassmanian space for 0 < n < N: G,y = {V c C",dim V = n}.
» Homology of G, n : {Qf } indexed by I = {0 < i, < --- < it < N — 1} with

7 ={VeGundm(VNF_;)>11<1<n}
» Littelwood-Richardson coefficient : for generic flags F, 7', F"',
o = #(Q,F N Qf/ N Q],F,ZK) (0 if infinite or empty).
» Set d > 0.
Gy = {f : PY(C) = Gu, deg f := #f (Qrn2,..0) = d}-

» Quantum Littelwood-Richardson coefficient : for generic flags F, F', F”
ol = #{f € GIy, £(0) € Q,f, f(1) e Qf’, f(o0) € Q5 k).

» Semi-classical limit : as % — 0(1) — 0@ KL 5 90 with
Zi(li +Ji — K,') = nd,

=102 en g 5
N 2 CIN_]N T) Jo) 9(2)(0( ))'
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Quantum to Classical theorem of Buch-Kresch-Tamvakis
0<m<m<n
» Two-step flag variety :
Dnhnz,N = {V1 Cc W, C (Cn}, dim V) = n, dim WV, = ng}.
» Homology of Dp, ny,n : {Q}}(—O)’,(l)} with

1900 11, N, 19 = o, 1] = nz — g, 19 01® = 0.
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Quantum to Classical theorem of Buch-Kresch-Tamvakis
0<m<m<n
» Two-step flag variety :
Dnhﬂz,N = {V1 Cc W, C (Cn}, dim V) = n, dim WV, = n2}.
» Homology of Dp, ny,n : {Q}}(—O)’,(l)} with

1900 11, N, 19 = o, 1] = nz — g, 19 01® = 0.
» Approach of Buch : ker f = M,epi(c)f(2), span(f) = 3_,cpi(c) F(2).

fe G,‘,{N ~> (ker f, span(f)) € Dy—d,ntd,n-
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Quantum to Classical theorem of Buch-Kresch-Tamvakis
0<m<m<n
» Two-step flag variety :
Dnl,ng,N = {V1 Cc W, C (Cn}, dim V) = n, dim WV, = nz}.
» Homology of Dp, ny,n : {Q}}(—O)’,(l)} with

1900 11, N, 19 = o, 1] = nz — g, 19 01® = 0.
» Approach of Buch : ker f = M,epi(c)f(2), span(f) = 3_,cpi(c) F(2).
f e Gly~ (kerf, span(f)) € Dp—g.nid.n-
» For generic flags F, F', F"
fe#{feGly f0)eQl f(1) € Q] f(oo) € Q%) if and only if
(ker £, span f) € Qo) 0 N o) o N L) xw, with

o /O [ with d largest integers discarded,

o /M) . d largest entries of I and d lowest entries of /.

K,d F F! '’
Gy = #Q/(O),/(l) n QJ(O)J(U n QK(U)J<(1) (BKT,2003).
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Puzzles

o /O [ with d largest integers discarded,
o /). ¢ largest entries of | and d lowest entries of /°.

Exemple : N =20,n=5,d = 2.
| ={18,12,11,9,5} ~ I = {11,9,5}, IV = {18,12,2,1}.

0, 0 1 1 1 4, 0

Two-step puzzles : filling of a trian-

gle with the following pieces (which
can be rotated), such that label on

neighboring edges coincide.

Figure: Possible pieces of the puzzle

Sketch of the proof
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Puzzles

o /O [ with d largest integers discarded,
o /). ¢ largest entries of | and d lowest entries of /°.

Exemple : N =20,n=5,d = 2.
| ={18,12,11,9,5} ~ I = {11,9,5}, IV = {18,12,2,1}.

0, 0 1 1 1 4, 0

Two-step puzzles : filling of a trian-

gle with the following pieces (which
can be rotated), such that label on

neighboring edges coincide.

Figure: Possible pieces of the puzzle

Theorem (BKPT,2014) : #Q . N QJ(O @ N Q 0, ) is the number of
puzzles of size n with boundanes labeled wy, w, wx where

0ifie I
wi(i)=<1ifieci® (Exemple: w, = 11220222020122222122).

2 otherwise.
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Convexification of puzzles

N=20,n=5,d=2,

| ={18,12,11,9,5}, J = {16,14,7,6,2}, K = {18,13,12,10,7}.

Figure: Contribution to cﬁ(’d
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Convexification of puzzles

Figure: Labelling of blue/red paths
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Sketch of the proof
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Convexification of puzzles

&
AR
o R
LA f\Jev/fig
LRI ORI,

X

Figure: Sum equal to n+ 2 (resp n+ 1) around upward/downward triangles.

From puzzles to polytopes :
® colored path structure ~~ regular labeling,

® position of the path ~» rhombus concave function with respect to the
labeling,

® frozen region ~~ rigid crossing.

Technical part of the proof : from polytope to convex bodies.
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