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The mecharism
The Kaluza—Klein idea (T. Kaluza 1919, O. Klein 1926)

Consider a 5-dimensional pseudo-Riemannian manifold (), h). Assume

that, in coordinates (x!, x?, x>, x*, x%), the metric h reads

h = h;w h,u5 — gﬂl/ + A;LAZ/ Ap
hs, hss A, 1
where 1 < i, v < 4. Impose that
@ The fields g,,, and A, do not depend on x°
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The mecharism
The Kaluza—Klein idea (T. Kaluza 1919, O. Klein 1926)

Consider a 5-dimensional pseudo-Riemannian manifold (), h). Assume
that, in coordinates (x!, x?, x>, x*, x%), the metric h reads

h = huu h,u5 — gﬂl’ + A;LAZ/ Ap
hs, hss A, 1
where 1 < i, v < 4. Impose that

@ The fields g,,, and A, do not depend on x°

@ The metric h satisfies the 5-dimensional generalization of the Einstein
equation in vacuum

1
for 1 < /,J < 5, RiC(h)U — §R(h)h[_j =0
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The mecharism
The Kaluza—Klein idea (T. Kaluza 1919, O. Klein 1926)

Consider a 5-dimensional pseudo-Riemannian manifold (), h). Assume
that, in coordinates (x!, x?, x>, x*, x%), the metric h reads

h = huu h,u5 — gﬂl’ + A;LAZ/ Ap
hs, hss A, 1
where 1 < i, v < 4. Impose that

@ The fields g,,, and A, do not depend on x°

@ The metric h satisfies the 5-dimensional generalization of the Einstein
equation in vacuum

1
for 1 < /,J < 5, RiC(h)U — §R(h)h[_j =0

@ Then, if it works, (gW,Au) are solutions of the Einstein—Maxwell
system
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Introduction The mechanism

Some inconsistency

A problem is that the two conditions

aguu . 8Ay,
Ox®  Oxb

=0

and
1
forlg /,J§5, RiC(h)U*ER(h)hU:O

are overdetermined together and has actually few solutions.

Hence two variants have been proposed.
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Introduction The mechanism

First variant by Thiry, Jordan—Muller, Pauli—Fierz...
(during the 1940's)

We add an extra scalar field ¢ (Thiry, Jordan—Miiller, Pauli-Fierz...)

h = hl“’ h#5 — g;1,1/+()2A/LAV ("2A/1,
hs, hss »%A, $?

where 1 < i, v < 4. Impose that
@ The fields g,,,, A, and ¢ do not depend on x°
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Introduction The mechanism

First variant by Thiry, Jordan—Muller, Pauli—Fierz...
(during the 1940's)

We add an extra scalar field ¢ (Thiry, Jordan—Miiller, Pauli-Fierz...)

h = hl“’ h#5 — g;1,1/+()2A/LAV ("2A/1,
hs, hss »%A, $?

where 1 < i, v < 4. Impose that
@ The fields g,,,, A, and ¢ do not depend on x°

@ The metric h satisfies the 5-dimensional generalization of the Einstein
equation in vacuum

1
fOFlS/,J§5, RiC(h)/J—ER(h)h/JZO
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Introduction The mechanism

First variant by Thiry, Jordan—Muller, Pauli—Fierz...
(during the 1940's)

We add an extra scalar field ¢ (Thiry, Jordan—Miiller, Pauli-Fierz...)

h = hl“’ hﬂ5 — g/1,1/+02A/1,AV ("2A/1,
hs, hss »%A, $?

where 1 < i, v < 4. Impose that
@ The fields g,,,, A, and ¢ do not depend on x°

@ The metric h satisfies the 5-dimensional generalization of the Einstein
equation in vacuum

1
fOFlS/,J§5, RiC(h)/J—ER(h)h/JZO

@ Then (h,,,A,, ¢) are solutions of a modification of the
Einstein—Maxwell system.
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Introduction The mechanism

Second variant

No extra scalar fields so that
h= hul/ h;tS _ g,,,,, + A/LAI/ A[L
hs, hss A, 1

where 1 < p, v < 4. We impose that ;;5” = %A“ =0and thathis a

critical point of the Einstein—Hilbert action

8 LV A '
/' (h) = /y R(h)dvol, under the constraint ;}:5 = gxé =0
Then
@ h is not a solution of the higher dimensional Einstein equation in
vacuum
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Introduction The mechanism

Second variant

No extra scalar fields so that
h= hul/ h;tS _ g,,,,, + A/LAI/ A[L
hs, hss A, 1

where 1 < p, v < 4. We impose that ;;5” = %A“ =0and thathis a

critical point of the Einstein—Hilbert action

8 LV A '
/' (h) = /y R(h)dvol, under the constraint ;}:5 = gxé =0
Then
@ h is not a solution of the higher dimensional Einstein equation in
vacuum

@ But (g, A,) are solutions of the Einstein—Yang—Mills system
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Introduction The mechanism

Second variant

No extra scalar fields so that
h= hul/ h;tS _ g,,,,, + A/LAI/ A[L
hs, hss A, 1

where 1 < p, v < 4. We impose that ;;5” = %A“ =0and thathis a

critical point of the Einstein—Hilbert action

8 LV A '
/' (h) = /y R(h)dvol, under the constraint ;}:5 = gxé =0
Then
@ h is not a solution of the higher dimensional Einstein equation in
vacuum

@ But (g, A,) are solutions of the Einstein—Yang—Mills system

@ We will follow this approach
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Introduction The mechanism

A further improvement (R. Kerner, 1968, D. Bleecker,
1981 )

® is a compact Lie group of dimension r and g is its Lie algebra. Let ) be
a (4 + r)-dimensional manifold which is the total space of a &-principal
bundle over a 4-dimensional manifold X and let

h— ( h > _ ( 8.+ kjALAL Ak )
hi, h; kigAY ki

where 1 < 1, <4 <i,j <4+ r and kj; is a Adg-invariant metric on g.
Impose

@ The constraint that fields g, and A, are invariant along the fibers
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Introduction The mechanism

A further improvement (R. Kerner, 1968, D. Bleecker,
1981 )

® is a compact Lie group of dimension r and g is its Lie algebra. Let ) be
a (4 + r)-dimensional manifold which is the total space of a &-principal
bundle over a 4-dimensional manifold X and let

h— ( h > _ ( 8.+ kjALAL Ak )
hi, h; kigAY ki

where 1 < 1, <4 <i,j <4+ r and kj; is a Adg-invariant metric on g.
Impose

@ The constraint that fields g, and A, are invariant along the fibers
@ The metric h is a critical point of the Einstein—Hilbert action

o/ (h) = /y R(h)dvol,

under the previous constraint
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Introduction The mechanism

A further improvement (R. Kerner, 1968, D. Bleecker,
1981 )

® is a compact Lie group of dimension r and g is its Lie algebra. Let ) be
a (4 + r)-dimensional manifold which is the total space of a &-principal
bundle over a 4-dimensional manifold X and let

h— ( h > _ ( 8.+ kjALAL Ak )
hi, h; kigAY ki

where 1 < 1, <4 <i,j <4+ r and kj; is a Adg-invariant metric on g.
Impose

@ The constraint that fields g, and A, are invariant along the fibers
@ The metric h is a critical point of the Einstein—Hilbert action

o/ (h) = / R(h)dvoh,
y
under the previous constraint

@ Then (g,,, AL) are solutions of the Einstein—Yang—Mills system
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Introduction The mechanism

Fundamental questions

@ Why the manifold ) should be fibered over a space-time manifold X' ?
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Introduction The mechanism

Fundamental questions

@ Why the manifold ) should be fibered over a space-time manifold X' ?

@ ... with a &-action on the fibers ?
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Introduction The mechanism

Fundamental questions

@ Why the manifold ) should be fibered over a space-time manifold X' ?
@ ... with a G-action on the fibers 7

@ ... and why are the fields constant along the fibers ? (Kaluza, 1921)
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Introduction The mechanism

Fundamental questions

@ Why the manifold ) should be fibered over a space-time manifold X' ?
@ ... with a G-action on the fibers 7
@ ... and why are the fields constant along the fibers ?

@ Maybe the fields are not constant, but the fibers are so tiny that the
fluctuation of the fields along the fibers are not observable ?
If so why ?
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Introduction The mechanism

Fundamental questions

Why the manifold ) should be fibered over a space-time manifold X' ?
. with a ®-action on the fibers ?

. and why are the fields constant along the fibers 7

e © ¢ ¢

Maybe the fields are not constant, but the fibers are so tiny that the
fluctuation of the fields along the fibers are not observable ?
If so why ?

@ Or we have to consider seriously higher modes ?
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Introduction The mechanism

Fundamental questions

Why the manifold ) should be fibered over a space-time manifold X' ?
. with a ®-action on the fibers ?

. and why are the fields constant along the fibers 7

e © ¢ ¢

Maybe the fields are not constant, but the fibers are so tiny that the
fluctuation of the fields along the fibers are not observable ?
If so why ?

@ Or we have to consider seriously higher modes ?

@ Most answers are based on postulates or by introducing extra matter
fields
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Introduction The mechanism

Fundamental questions

Why the manifold ) should be fibered over a space-time manifold X' ?
. with a ®-action on the fibers ?
. and why are the fields constant along the fibers 7

Maybe the fields are not constant, but the fibers are so tiny that the
fluctuation of the fields along the fibers are not observable ?
If so why ?

@ Or we have to consider seriously higher modes ?

@ Most answers are based on postulates or by introducing extra matter
fields

We present a model which answers these questions through a
dynamical mechanism

(]
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Basics of General Relativity

The standard variational formulation of gravity

o Fields are metrics g = g, (x)dx" ® dx” on a 4-manifold X
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Basics of General Relativity

The standard variational formulation of gravity

o Fields are metrics g = g, (x)dx" ® dx” on a 4-manifold X

@ Levi-Civita connection V: I'f;,j (Christoffel) or ¢ € so(1,3) ® QL(X)
(spin connection 1-form)
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Basics of General Relativity

The standard variational formulation of gravity

o Fields are metrics g = g, (x)dx" ® dx” on a 4-manifold X

@ Levi-Civita connection V: I'f;,j (Christoffel) or ¢ € so(1,3) ® QL(X)
(spin connection 1-form)

@ Riemannian curvature RM . or curvature 2-form
® =dp+ 1[p A ¢] € s0(1,3) ® Q3(X), Ricci Rict,, scalar curvature
R = Ric*,
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Basics of General Relativity

The standard variational formulation of gravity

o Fields are metrics g = g, (x)dx" ® dx” on a 4-manifold X

@ Levi-Civita connection V: I'f;,j (Christoffel) or ¢ € so(1,3) ® QL(X)
(spin connection 1-form)

@ Riemannian curvature RM . or curvature 2-form

® =dp+ 1[p A ¢] € s0(1,3) ® Q3(X), Ricci Rict,, scalar curvature
R = Ric*,
Einstein—Hilbert action

EH(g) = /X R dvol,
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Basics of General Relativity

The standard variational formulation of gravity

o Fields are metrics g = g, (x)dx" ® dx” on a 4-manifold X
@ Levi-Civita connection V: I‘ﬁy (Christoffel) or ¢ € so(1,3) ® QL(X)
(spin connection 1-form)

Riemannian curvature R™,, or curvature 2-form

® =dp+ 1[p A ¢] € s0(1,3) ® Q3(X), Ricci Rict,, scalar curvature
R = Ric#,

Einstein—Hilbert action

(4

EH(g) = /X R dvol,

@ Euler—Lagrange: Einstein in vaccum
_ 1
Rlc,uu(g) - ER(g)guu =0

7L LTaTol o T T M DA TVY S R e T O M L YRR S D ynamical principal bundles and Kaluza—KleJournées Physique Mathématique Institut C



Basics of General Relativity

The standard variational formulation of gravity

o Fields are metrics g = g, (x)dx" ® dx” on a 4-manifold X
@ Levi-Civita connection V: I‘ﬁy (Christoffel) or ¢ € so(1,3) ® QL(X)
(spin connection 1-form)
@ Riemannian curvature RM . or curvature 2-form
® =dp+ 1[p A ¢] € s0(1,3) ® Q3(X), Ricci Rict,, scalar curvature
R = Ric*,
@ Einstein—Hilbert action
EH(8) :/ R dvolg
X
@ Euler—Lagrange: Einstein in vaccum
_ 1
Rlc,uu(g) - ER(g)guu =0

@ Gauge invariance: by diffeomorphisms T: g+— T*g
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Basics of General Relativity

The "Palatini’ variant

o Fields are tetrads 6 = (61, 62,0%,0%) = (6")1<,<a € (Q1(X))* and
spin connection 1-forms ¢ € so(1,3) ® Q(X)
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The 'Palatini’ variant
o Fields are tetrads 6 = (61, 62,0%,0%) = (6")1<,<a € (Q1(X))* and

spin connection 1-forms ¢ € so(1,3) ® Q(X)
o Curvature 2-form ¢ =dp + %[(p A ] € s0(1,3) ® Q?(X)
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The "Palatini’ variant

o Fields are tetrads 6 = (61, 62,0%,0%) = (6")1<,<a € (Q1(X))* and
spin connection 1-forms ¢ € so(l, 3) ® QHX)

o Curvature 2-form ¢ =dp + %[(p A ] € s0(1,3) ® Q?(X)

o Palatini action

o(0,¢) = / 29§§)A¢ab /X %eabcdemebmbcd
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Basics of General Relativity

The "Palatini’ variant

o Fields are tetrads 6 = (61, 62,0%,0%) = (6")1<,<a € (Q1(X))* and
spin connection 1-forms ¢ € so(l, 3) ® QHX)

o Curvature 2-form ¢ =dp + %[(p A ] € s0(1,3) ® Q?(X)
o Palatini action
_ (2) ab _ 1 a b cd
527(0,(,0) = Qab A O —€abed?® NO° N O
x 2 x4

@ Note: if df 4+ ¢ A 8 = 0, one recovers the Einstein—Hilbert action

7L LTaTol o T T M DA TVY S R e T O M L YRR S D ynamical principal bundles and Kaluza—KleJournées Physique Mathématique Institut C




Basics of General Relativity

The "Palatini’ variant

o Fields are tetrads 6 = (61, 62,0%,0%) = (6")1<,<a € (Q1(X))* and
spin connection 1-forms ¢ € so(l, 3) ® QHX)

o Curvature 2-form ¢ =dp + %[(p A ] € s0(1,3) ® Q?(X)

@ Palatini action
() ab _ 1 a b cd
527(0,(,0): Qb/\‘b —€abed?® NO° N O
x2°? x4
o Note: if dd + ¢ A § = 0, one recovers the Einstein—Hilbert action
@ Euler—Lagrange: Einstein—Cartan system in vaccum

(pre) Einstein €abcgdd? N4 =0

Cartan (torsion free) d0+@A0 =0 } Einstein-Cartan
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Basics of General Relativity

The "Palatini’ variant

o Fields are tetrads 6 = (61, 62,0%,0%) = (6")1<,<a € (Q1(X))* and
spin connection 1-forms ¢ € so(1,3) ® Q(X)
o Curvature 2-form ¢ =dp + %[gp A ] € s0(1,3) ® Q?(X)

o Palatini action
1 1
A (0,0) = / ~0%) A 0% = / ~eapcdt® A ° N &<
x 2 x4

o Note: if dd + ¢ A § = 0, one recovers the Einstein—Hilbert action

@ Euler—Lagrange: Einstein—Cartan system in vaccum

(pre) Einstein €abcgdd? N4 =0

Cartan (torsion free) d0+@A0 =0 } Einstein-Cartan

@ Gauge invariance: by diffeomorphisms and gauge transformations
0> — 62RP, R € €>(X,SO(1,3))
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Our model: the fields

@ Let & be a compact, unimodular Lie group, of dimension r
(examples: U(1), SU(2), SU(2) x SU(3)), with Lie algebra g
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Our model: the fields

@ Let & be a compact, unimodular Lie group, of dimension r
(examples: U(1), SU(2), SU(2) x SU(3)), with Lie algebra g
@ Consider a connected, oriented manifold F of dimension

dmF =4+ r=4+dm& =N,
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Our model: the fields

@ Let & be a compact, unimodular Lie group, of dimension r
(examples: U(1), SU(2), SU(2) x SU(3)), with Lie algebra g
@ Consider a connected, oriented manifold F of dimension

dmF =4+ r=4+dm& =N,

@ Unknown fields are triplets (6, ¢, 7), with:
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Our model: the fields
@ Let & be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2) x SU(3)), with Lie algebra g
@ Consider a connected, oriented manifold F of dimension

dmF =4+ r=4+dm& =N,

@ Unknown fields are triplets (6, ¢, 7), with:
° 0= (GA) = (0>\79i) = (017"' 704’957"' 7‘9N) € (R4@g)®ﬂl(f),

R4 g

with rankd = N
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Our model: the fields
@ Let & be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2) x SU(3)), with Lie algebra g
@ Consider a connected, oriented manifold F of dimension

dmF =4+ r=4+dm& =N,

@ Unknown fields are triplets (6, ¢, 7), with:
° 0= (GA) = (0>\79i) = (017"' 704’957"' 7'9N) € (R4@g)®ﬂl(f),

R4 g

with rankd = N
o p=(p"B) € so(R* @ g) ® Q(F), a spin 'connection’
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Our model: the fields
@ Let & be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2) x SU(3)), with Lie algebra g
@ Consider a connected, oriented manifold F of dimension

dmF =4+ r=4+dm& =N,

@ Unknown fields are triplets (6, ¢, 7), with:
° 0= (GA) = (0>\79i) = (017"' 704’957"' 7'9N) € (R4@g)®ﬂl(f),

R4 g

with rankd = N
o p=(p"B) € so(R* @ g) ® Q(F), a spin 'connection’
o 1= (ma) = (m,m) € (R* @ g)* © QV2(F)
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Our model: the fields
@ Let & be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2) x SU(3)), with Lie algebra g
@ Consider a connected, oriented manifold F of dimension

dmF =4+ r=4+dm& =N,

Unknown fields are triplets (6, ¢, 7), with:
° 0= (GA) = (0>\79i) = (017"' 704’957"' 7'9N) € (R4@g)®ﬂl(f),

R4 g

©

with rankf = N
o p=(p"B) € so(R* @ g) ® Q(F), a spin 'connection’
m=(ma) = (m, 7)) € (R* @ g)* @ QV(F)
@ with the constraint

(4

PNV AN =0, forl<pu,v<4
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Our model

The action functional

o It is the sum of [ ma A (df + 5[0 A 6];)" and of the higher
dimensional Palatini action for (¢, ) :

1
52%[9,80,71’] = /}_WA/\<C|9+2[0/\0]R4@Q>A

_ 1
+ 60572 A <d90 +5leA sO]so(R4@g)> 7B

with the constraint 0 A" Aw =0, for 1 < p,v <4

7L LTaTol o T T M DA TVY S R e T O M L YRR S D ynamical principal bundles and Kaluza—KleJournées Physique Mathématique Institut C



Our model

The action functional

o It is the sum of [ ma A (df + 5[0 A 6];)" and of the higher
dimensional Palatini action for (¢, ) :

1
52%[9,80,71’] = /]:7'('/4/\ <d9+2[9/\0]R4@g>A

_ 1
+ 60572 A <d90 +5leA sO]so(R4@g)> 7B

with the constraint 0 A" Aw =0, for 1 < p,v <4
@ Could be seen as the sum of two BF theories with constraints on the

B fields:
A (N-2) AB
/]: WA © + HAB A P
Cartan geometry of 6 on F Curvature of ¢ on
modelled on (R* x &)/® TF~F x (R*®g)
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Our model

The action functional

o It is the sum of [ ma A (df + 5[0 A 6];)" and of the higher
dimensional Palatini action for (¢, ) :

1
52%[9,80,71’] = /]:7'('/4/\ <d9+2[9/\0]R4@g>A

_ 1
+ 60572 A <d90 +5leA sO]so(R4@g)> 7B

with the constraint 0 A" Aw =0, for 1 < p,v <4
@ Could be seen as the sum of two BF theories with constraints on the

B fields:
A (N-2) AB
/]: WA © + HAB A P
Cartan geometry of 6 on F

Curvature of ¢ on

modelled on (R* x &)/® TF~F x (R*®g)

@ In the following ® denotes the universal cover of &.
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Our model

The main result

Theorem (H 2020-22-23) — Let (6, , 7) be a critical point of </ such
that rank & = N + 1. Assume that & is simply connected. Then

@ The EDS 6| = 0, for r-dimensional submanifolds f, is completely
integrable and F is foliated by integral leaves f and all these integral
leaves f are diffeomorphic to a Lie group &, which is a quotient of &
by a finite subgroup.

Moreover, if & is compact (e.g. SU(2), SU(3)),
o (0, ¢, ) endows F with a structure of principal bundle over a

4-dimensional manifold X and gives rise to a solution to the
Einstein—Yang—Mills system on X.
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Proof: towards a fiber bundle structure

Some notations

We define the metric h =7, 0/ ® 0" + kjkﬂj ® 0% on F, where Ny 1S the
standard Minkowski metric and kj is a Adg-invariant metric on &.

o We decompose ©4 := dhA + %[9 A 6]4 in the coframe (GA)1<A<N as

1 1 1 ;
o4 = EeAgceB ANOC = Ee“ﬂ,,eﬂ NO” + 04, 0" N O+ 5@Ajkef A6
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Proof: towards a fiber bundle structure

Some notations

We define the metric h =7, 0/ ® 0" + kjkﬂj ® 0% on F, where Ny 1S the
standard Minkowski metric and kj is a Adg-invariant metric on &.

o We decompose ©4 := dhA + %[9 A 6]4 in the coframe (GA)1<A<N as

1 1 1 ;
o4 = EeAgceB ANOC = Ee“ﬂ,,eﬂ NO” + 04, 0" N O+ 5@Ajkef A6

o Welet (V) .= gL A ... A 9N
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Proof: towards a fiber bundle structure

Some notations

We define the metric h =7, 0/ ® 0" + kjkﬂj ® 0% on F, where Ny 1S the
standard Minkowski metric and kj is a Adg-invariant metric on &.

o We decompose ©4 := dhA + %[9 A 6]4 in the coframe (GA)1<A<N as

1 1 1 ,
oA = EeAgceB AOC = EeAWef" NO” + 04, 0" N O+ Ee“jkef A

o Welet (V) .= gL A ... A 9N

@ We define the dual frame (0%)1<A<N and set
N—2 o 0 N
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Proof: towards a fiber bundle structure

Some notations

We define the metric h =7, 0/ ® 0" + kjkﬂj ® 0% on F, where Ny 1S the
standard Minkowski metric and kj is a Adg-invariant metric on &.

@ We decompose ©4 := d#* + %[9 A 6]4 in the coframe (GA)1<A<N as
A 1 A B C 1 A " v A “w k 1 A 9] k
@ - E@ BCG /\0 - E@ ltue /\9 +@ /1,k9 /\9 +§@ Jjk /\9

o Welet (V) .= gL A ... A 9N

o We define the dual frame ( 0

07‘)1§A§N and set

N—2 o 0

(N-2) : : N2
@ Then <9AB )1§A<B§N is a basis of Q" 7%(F)
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Proof: towards a fiber bundle structure

The effect of the constraint on 7 and 6

Any s € QN=2(F) decomposes a priori as

1 1 v
ma = ST G0+ ma koG 4 S el

Then the constraint 6% A 0¥ A wp reads wa"” = 0, so that, actually

_ kgN-2) 1k, (N-2)
0+7T K e,uk 27TAJ gjk

Hence the Euler—Lagrange equation 0.7 /dma = 0, where

[0, 0,7) = [0 A (dpPB + Lo A G]AB) + 7a A (d6A + 1[0 A 6]%)
reads:

doA + %[0 AOA = %eA,waﬂ N

i.e. G)Auk = @Ajk =0.
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Proof: towards a fiber bundle structure

The other Euler-Lagrange equations

Recall that N 2
A0, 0,7 = [ 0% 2 A (dp™B + Lo A ]AB) + ma A (d6A + 1[0 A 6]4)
@ The EuIer—Lagrange equation 0.%7 /¢ = 0 reads
A6y D =0 = d*9A=do* + e A BB =0

i.e. ¢ induces a torsion free connection on F, actually the
Levi-Civita connection on (F,h) (h = 1,,0" ® 0" + k0 @ 6)

7L LTaTol o T T M DA TVY S R e T O M L YRR S D ynamical principal bundles and Kaluza—KleJournées Physique Mathématique Institut C



The other Euler-Lagrange equations
Recall that N—2)
[0, 0,7) = [ 0052 A (d?B + Lo A @]AB) +ma A (d04 + 1[0 A 0]4)
@ The EuIer—Lagrange equation 0.%7 /¢ = 0 reads
d?ol P =0 =  d90” =do* + s A0 =0

i.e. ¢ induces a torsion free connection on F, actually the
Levi-Civita connection on (F,h) (h = 1,,0" ® 0" + k0 @ 6)
@ The Euler-Lagrange equation §.27 /66 = 0 reads

1 (v .

d'ma + S04 AP ~0 agm PO = 0
|
Einstein tensor

where ¢ :=dy + %[go A ¢]. It will be analyzed later on.
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Proof: towards a fiber bundle structure

Summarizing the Euler-Lagrange equations

1 1
Q 0/ [oma =0 — 0%+ SO NO)F = 504,01 A 0"
— existence of a fibration, of a connection over the base manifold of
the fibration
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Proof: towards a fiber bundle structure

Summarizing the Euler-Lagrange equations

Q 0o/ /dma=0 — dO” + %[9 AO] = %@A,we“ N
— existence of a fibration, of a connection over the base manifold of
the fibration

Q 0 /6p=0— d¥0A =0
— ¢ corresponds to the Levi-Civita connection on (F, h)
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Proof: towards a fiber bundle structure

Summarizing the Euler-Lagrange equations

Q 0o/ /dma=0 — dO” + %[9 AO] = %eA,weﬂ N
— existence of a fibration, of a connection over the base manifold of
the fibration

Q 0 /6p=0— d¥0A =0
— ¢ corresponds to the Levi-Civita connection on (F, h)

Q 64 /56A =0 — d7s + %ag",’;) NOEC — 0C 4pr BN =0
— the Einstein—Maxwell or the Einstein—Yang—Mills system
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, |

Consider the Pfaffian system
0'lf=0, forl<pu<4

where f is a connected r-dimensional submanifold of F.

o If & = U(1) (Maxwell), integral submanifolds f are just lines

In any case, get a foliation of F by integral leaves f.
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, |

Consider the Pfaffian system
0'lf=0, forl<pu<4

where f is a connected r-dimensional submanifold of F.
o If & = U(1) (Maxwell), integral submanifolds f are just lines

@ If r > 1, use Frobenius theorem and

1 1
do” + S0 A 0]y = 504,6" N6 —  db" =0 mod [6"]

In any case, get a foliation of F by integral leaves f.
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, Il

Assume that & is simply connected.

Let 9 = (¥°,--- ,9N) be the left invariant Maurer—Cartan 1-form on &
(in particular d9 + 3[9 A 9] = 0). Thenon Y x &

1 1 o o
do% + [0 A Olg = 50%,0" N 0" = d(¥ — )|, g =0 mod [/ — ¢/]

Use (again) Frobenius theorem: each leaf f is covered by & (6 — f) and
hence and can be identified with a quotient & of &.

As a consequence, if & is compact, then & is so.
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, Il

Fix any & = (€1,€2,€3,¢%) € R* and ¢ = (¢')a<i<n and consider the
vector fields X and Y on F such that

or(X) = & oY) = 0
o(x) = 0 oY) = ¢
Then d6# + 1[0 A 6] = 304,,0" A 0" = d6A(X, Y) = 0 and, thus
doA(X, Y) +0A([X, Y]) = X - 0A(Y) — Y - 04(X)
implies
[X,Y]=0

We deduce that all leaves f all diffeomorphic to a same model &.

Hence if & is compact, then the leaves form a fibration over X' := F/{f}:
X and the fibration is born!

For instance if ® = U(1) we obtain a circle bundle.
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, IV

Perform a local trivialization of the bundle 7 — X:

F — Ax6
z — (x8)
From (¢ — #/)|. & = 0, we can deduce

¢ = (Adg1AY + 0/ = (g 'Ag) + (g 'dg)
Again by using d6A + 1[0 A 0lg = 104,,0" A 0” (a 4th time !) we deduce
that AV is constant along the fibers f.

We define g := 1,0/ ® 0. It is invariant along the fibers and, hence,
defines a metric on X.

We thus obtained the pair of fields (g, A’) on X'
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The dynamical equations

The dynamical equations, |

Now let's look at the ugly equation

d%7a + eg",’gc” NOEC — 015 BN =0
ﬁ,—/ '

hybrid terms
Einstein tensor on (f,h)

Translate it in the trivialization (long computation):

C Jr o J(IN-1)
5 eABC F AN PC ej 0
———
v some components cancel
Einstein tensor on (]'—,h)

Where here F = dA + 1[A A A].
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The dynamical equations

The dynamical equations, Il

. 1 (nv— N (N—
Split d*pa + Ee,(é\BC3) N QBC — FCA)\PC/)\GJ( V_0as

Ein(h),” = 0kp,’%  Ein(h)” = 0kpi"*
Ein(h),) = ugly,/ Ein(h)/ = ugly/

The left hand side quantities on the first line are

Ein(h),” = Ein(g),” = T(A)," + (B, k)3,
Ein(h);” = VA F

where T(A),” := 3F \F"* — }||F||?6," is the stress-energy tensor of the
connection field A and B is the Killing form on g.

Problem: the right hand sides 8kp,,,”k and 9, p;”%...
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The dynamical equations

The dynamical equations, Il : miraculous cancellation

Integrate, e.g., Ein(h),” = dkp,”* on a a compact fiber f and observe
that

@ Ein(h),"” is constant on f
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The dynamical equations

The dynamical equations, Il : miraculous cancellation

Integrate, e.g., Ein(h),” = dkp,”* on a a compact fiber f and observe
that

@ Ein(h),"” is constant on f

) p,,,l’k is not constant on f but 8kpﬂ,l’k is an exact term on f
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The dynamical equations

The dynamical equations, Il : miraculous cancellation

Integrate, e.g., Ein(h),” = dkp,”* on a a compact fiber f and observe
that

@ Ein(h),"” is constant on f

) p,,,l’k is not constant on f but 8kp/f’k is an exact term on f

r 1)
Ein(h 11/ Ll/k P,
e Ein(h),” = J¢Ein(h),.”  [;Okp, Jed ( / ) .

ot ffl -
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The dynamical equations

The dynamical equations, Il : miraculous cancellation

Integrate, e.g., Ein(h),” = dkp,”* on a a compact fiber f and observe
that

@ Ein(h),"” is constant on f

) p,,,l’k is not constant on f but 8kp/f’k is an exact term on f

. (r—1)
. v ffEm(h)/lV ffakp/‘uk ff (pﬂ )
o Eln(h)ﬂ == = = 0
Jit Jit Jit

@ Similarly Ein(h);” = 0 (which implies Ein(h),/ = 0 by symmetry)
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The dynamical equations

The dynamical equations, Il : miraculous cancellation

Integrate, e.g., Ein(h),” = dkp,”* on a a compact fiber f and observe
that

@ Ein(h),"” is constant on f

) p,,,l’k is not constant on f but 8kp/f’k is an exact term on f

ffakpuyk Jrd (p,, ;- 1)) 0

° Ein(h)ﬂ” _ ffEin(h)uu _ _

Jt Jt J1

@ Similarly Ein(h);” = 0 (which implies Ein(h),/ = 0 by symmetry)

e Conclusion : (g, , A/ ') are solutions of the Einstein—Yang—Mills
system on A

Ein(g)ﬂ” + /\O(sul/ = T(A)HV and V/AL FiV/l, -0
with, assuming the signature (— + ++), Ag := %(B, k) < 0.
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Relations with multisymplectic geometry

Multisymplectic origin of the model

Multisymplectic formulation of Yang—Mills theory (F.H., 2015)

X, x=(x") — P2X X6, (xg)

A — O=g ldg+g 'Ag
F=dA+1[ANA] — ©=df+ [0
S IIFI? = w1 Jp O]

Equivariance & normalization of §: z-§ 10 =€ andz- £ 1© =0

Legendre transform:
— (ﬁapvxv.y) € (g ® T*P) Dp (g* X /\N_QT*’P)v dx(n) A 19(") ?é 0

wzd(hmwwwmAM”+mA<M+EWAﬂ>)

Similar theory for gravity (F.H.-D. Vey, 2016)

7L LTaTol o T T M DA TVY S R e T O M L YRR S D ynamical principal bundles and Kaluza—KleJournées Physique Mathématique Institut C



A family of models, |

From topological bundles to (locally) principal bundles
Let g be a Lie algebra of dimension r.
Let X" be a manifold of dimension n with a coframe (ﬁ)‘)lgAgn-

Let P : F™" —s X" be topological bundle and * := P*§*.

On the set of (6',7;) € (g ® QY(F)) @ (g* ® Q" 2(F)) such that
rank (8%,0) = n+ r, define

AW )= [ a0+ 510 n0l)

Then critical points under the constraint 5 A 8" A m; = 0 satisfy

(do+3[0n0)) = 10\, ABr+0 AN -0 00 A0
dr+adyAm = 0

— local principal bundle structure, 8 defines a connection on it
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A family of models, Il

A variant leading to Yang—Mills fields

Same fields as previously, but

We do not assume the constraint f* A B* A m; =0

We add an extra term f]_. %|7r,->‘“]26(”) A 0(") to the action and recover:

. 1 1 .
A, ] ::/F4\7r,~”\“|25(")/\0(r)—|—7r,~/\(d9+2[9/\9])’

Then critical points satisfy

(dO+L0A0]) s, = —Kinymum”® + 040
(dr+adjAm); = Lm0 A 9’(“1)

— local principal bundle structure and 6’ defines a Yang—Mills
connection on it
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A family of models, Ill

Gravity
Y is an oriented 10-dimensional manifold and p := R* @ so(1, 3) is the
Poincaré Lie algebra
Fields are pairs (¢*,7ma) = (0, ¢/, 7\, 7)) € (p @ QD)) @ (p* @ Q8()),
with the constraints o A @ A1 = 0 and ©* A " A = kM p(10)
The action is

AJPA 7a] = / ma A (d6+ 510 7 6])

F

Then critical points endow )’ with a local principal bundle structure over a
4-dimensional manifold X' and ¢” corresponds to a vierbein of X' plus a
connection 1-form which are solutions of the Einstein—Cartan system of
equations.

One can then incorporate fermions (— Einstein—Cartan—Dirac system of
equations) : work by Jérémie Pierard de Maujouy
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Relations with multisymplectic geometry
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Relations with multisymplectic geometry
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