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Introduction The mechanism

The Kaluza–Klein idea (T. Kaluza 1919, O. Klein 1926)

Consider a 5-dimensional pseudo-Riemannian manifold (Y, h). Assume
that, in coordinates (x1, x2, x3, x4, x5), the metric h reads

h =

(
hµν hµ5
h5ν h55

)
=

(
gµν + AµAν Aµ

Aν 1

)

where 1 ≤ µ, ν ≤ 4. Impose that

The fields gµν and Aµ do not depend on x5
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Introduction The mechanism

The Kaluza–Klein idea (T. Kaluza 1919, O. Klein 1926)

Consider a 5-dimensional pseudo-Riemannian manifold (Y, h). Assume
that, in coordinates (x1, x2, x3, x4, x5), the metric h reads

h =

(
hµν hµ5
h5ν h55

)
=

(
gµν + AµAν Aµ

Aν 1

)

where 1 ≤ µ, ν ≤ 4. Impose that

The fields gµν and Aµ do not depend on x5

The metric h satisfies the 5-dimensional generalization of the Einstein
equation in vacuum

for 1 ≤ I , J ≤ 5, Ric(h)IJ −
1

2
R(h)hIJ = 0
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Introduction The mechanism

The Kaluza–Klein idea (T. Kaluza 1919, O. Klein 1926)

Consider a 5-dimensional pseudo-Riemannian manifold (Y, h). Assume
that, in coordinates (x1, x2, x3, x4, x5), the metric h reads

h =

(
hµν hµ5
h5ν h55

)
=

(
gµν + AµAν Aµ

Aν 1

)

where 1 ≤ µ, ν ≤ 4. Impose that

The fields gµν and Aµ do not depend on x5

The metric h satisfies the 5-dimensional generalization of the Einstein
equation in vacuum

for 1 ≤ I , J ≤ 5, Ric(h)IJ −
1

2
R(h)hIJ = 0

Then, if it works, (gµν ,Aµ) are solutions of the Einstein–Maxwell
system
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Introduction The mechanism

Some inconsistency

A problem is that the two conditions

∂gµν
∂x5

=
∂Aµ

∂x5
= 0

and

for 1 ≤ I , J ≤ 5, Ric(h)IJ −
1

2
R(h)hIJ = 0

are overdetermined together and has actually few solutions.

Hence two variants have been proposed.
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Introduction The mechanism

First variant by Thiry, Jordan–Müller, Pauli–Fierz...
(during the 1940’s)

We add an extra scalar field φ (Thiry, Jordan–Müller, Pauli–Fierz...)

h =

(
hµν hµ5
h5ν h55

)
=

(
gµν + φ2AµAν φ2Aµ

φ2Aν φ2

)

where 1 ≤ µ, ν ≤ 4. Impose that

The fields gµν , Aµ and φ do not depend on x5
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Introduction The mechanism

First variant by Thiry, Jordan–Müller, Pauli–Fierz...
(during the 1940’s)

We add an extra scalar field φ (Thiry, Jordan–Müller, Pauli–Fierz...)

h =

(
hµν hµ5
h5ν h55

)
=

(
gµν + φ2AµAν φ2Aµ

φ2Aν φ2

)

where 1 ≤ µ, ν ≤ 4. Impose that

The fields gµν , Aµ and φ do not depend on x5

The metric h satisfies the 5-dimensional generalization of the Einstein
equation in vacuum

for 1 ≤ I , J ≤ 5, Ric(h)IJ −
1

2
R(h)hIJ = 0

Then (hµν ,Aµ, φ) are solutions of a modification of the
Einstein–Maxwell system.
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Introduction The mechanism

Second variant

No extra scalar fields so that

h =

(
hµν hµ5
h5ν h55

)
=

(
gµν + AµAν Aµ

Aν 1

)

where 1 ≤ µ, ν ≤ 4. We impose that
∂g

µν

∂x5
=

∂Aµ

∂x5
= 0 and that h is a

critical point of the Einstein–Hilbert action

A (h) =

∫

Y
R(h)dvolh under the constraint

∂gµν
∂x5

=
∂Aµ

∂x5
= 0

Then

h is not a solution of the higher dimensional Einstein equation in
vacuum
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Introduction The mechanism

Second variant

No extra scalar fields so that

h =

(
hµν hµ5
h5ν h55

)
=

(
gµν + AµAν Aµ

Aν 1

)

where 1 ≤ µ, ν ≤ 4. We impose that
∂g

µν

∂x5
=

∂Aµ

∂x5
= 0 and that h is a

critical point of the Einstein–Hilbert action

A (h) =

∫

Y
R(h)dvolh under the constraint

∂gµν
∂x5

=
∂Aµ

∂x5
= 0

Then

h is not a solution of the higher dimensional Einstein equation in
vacuum

But (gµν ,Aµ) are solutions of the Einstein–Yang–Mills system
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Introduction The mechanism

Second variant

No extra scalar fields so that

h =

(
hµν hµ5
h5ν h55

)
=

(
gµν + AµAν Aµ

Aν 1

)

where 1 ≤ µ, ν ≤ 4. We impose that
∂g

µν

∂x5
=

∂Aµ

∂x5
= 0 and that h is a

critical point of the Einstein–Hilbert action

A (h) =

∫

Y
R(h)dvolh under the constraint

∂gµν
∂x5

=
∂Aµ

∂x5
= 0

Then

h is not a solution of the higher dimensional Einstein equation in
vacuum

But (gµν ,Aµ) are solutions of the Einstein–Yang–Mills system

We will follow this approach
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Introduction The mechanism

A further improvement (R. Kerner, 1968, D. Bleecker,
1981, answering a question by B. DeWitt, 1963)

G is a compact Lie group of dimension r and g is its Lie algebra. Let Y be
a (4 + r)-dimensional manifold which is the total space of a G-principal
bundle over a 4-dimensional manifold X and let

h =

(
hµν hµj
hiν hij

)
=

(
gµν + kijA

i
µA

j
ν Aℓ

µkℓj
kiℓA

ℓ
ν kij

)

where 1 ≤ µ, ν ≤ 4 < i , j ≤ 4 + r and kij is a AdG-invariant metric on g.
Impose

The constraint that fields gµν and Aµ are invariant along the fibers
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A further improvement (R. Kerner, 1968, D. Bleecker,
1981, answering a question by B. DeWitt, 1963)

G is a compact Lie group of dimension r and g is its Lie algebra. Let Y be
a (4 + r)-dimensional manifold which is the total space of a G-principal
bundle over a 4-dimensional manifold X and let

h =

(
hµν hµj
hiν hij

)
=

(
gµν + kijA

i
µA

j
ν Aℓ

µkℓj
kiℓA

ℓ
ν kij

)

where 1 ≤ µ, ν ≤ 4 < i , j ≤ 4 + r and kij is a AdG-invariant metric on g.
Impose

The constraint that fields gµν and Aµ are invariant along the fibers

The metric h is a critical point of the Einstein–Hilbert action

A (h) =

∫

Y
R(h)dvolh

under the previous constraint
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Introduction The mechanism

A further improvement (R. Kerner, 1968, D. Bleecker,
1981, answering a question by B. DeWitt, 1963)

G is a compact Lie group of dimension r and g is its Lie algebra. Let Y be
a (4 + r)-dimensional manifold which is the total space of a G-principal
bundle over a 4-dimensional manifold X and let

h =

(
hµν hµj
hiν hij

)
=

(
gµν + kijA

i
µA

j
ν Aℓ

µkℓj
kiℓA

ℓ
ν kij

)

where 1 ≤ µ, ν ≤ 4 < i , j ≤ 4 + r and kij is a AdG-invariant metric on g.
Impose

The constraint that fields gµν and Aµ are invariant along the fibers

The metric h is a critical point of the Einstein–Hilbert action

A (h) =

∫

Y
R(h)dvolh

under the previous constraint

Then (gµν ,A
i
µ) are solutions of the Einstein–Yang–Mills system
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Introduction The mechanism

Fundamental questions

Why the manifold Y should be fibered over a space-time manifold X ?
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Introduction The mechanism

Fundamental questions

Why the manifold Y should be fibered over a space-time manifold X ?

... with a G-action on the fibers ?
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... with a G-action on the fibers ?

... and why are the fields constant along the fibers ? (Kaluza, 1921)
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Introduction The mechanism

Fundamental questions

Why the manifold Y should be fibered over a space-time manifold X ?

... with a G-action on the fibers ?

... and why are the fields constant along the fibers ? (Kaluza, 1921)

Maybe the fields are not constant, but the fibers are so tiny that the
fluctuation of the fields along the fibers are not observable ? (Klein,
1926) If so why ?
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Introduction The mechanism

Fundamental questions

Why the manifold Y should be fibered over a space-time manifold X ?

... with a G-action on the fibers ?

... and why are the fields constant along the fibers ? (Kaluza, 1921)

Maybe the fields are not constant, but the fibers are so tiny that the
fluctuation of the fields along the fibers are not observable ? (Klein,
1926) If so why ?

Or we have to consider seriously higher modes ? (Einstein–Bergmann,
1938)
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Introduction The mechanism

Fundamental questions

Why the manifold Y should be fibered over a space-time manifold X ?

... with a G-action on the fibers ?

... and why are the fields constant along the fibers ? (Kaluza, 1921)

Maybe the fields are not constant, but the fibers are so tiny that the
fluctuation of the fields along the fibers are not observable ? (Klein,
1926) If so why ?

Or we have to consider seriously higher modes ? (Einstein–Bergmann,
1938)

Most answers are based on postulates or by introducing extra matter
fields
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Introduction The mechanism

Fundamental questions

Why the manifold Y should be fibered over a space-time manifold X ?

... with a G-action on the fibers ?

... and why are the fields constant along the fibers ? (Kaluza, 1921)

Maybe the fields are not constant, but the fibers are so tiny that the
fluctuation of the fields along the fibers are not observable ? (Klein,
1926) If so why ?

Or we have to consider seriously higher modes ? (Einstein–Bergmann,
1938)

Most answers are based on postulates or by introducing extra matter
fields

We present a model which answers these questions through a
dynamical mechanism
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Basics of General Relativity

The standard variational formulation of gravity

Fields are metrics g = gµν(x)dx
µ ⊗ dxν on a 4-manifold X
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Basics of General Relativity

The standard variational formulation of gravity

Fields are metrics g = gµν(x)dx
µ ⊗ dxν on a 4-manifold X

Levi-Civita connection ∇: Γλµν (Christoffel) or ϕ ∈ so(1, 3)⊗ Ω1(X )
(spin connection 1-form)
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Basics of General Relativity

The standard variational formulation of gravity

Fields are metrics g = gµν(x)dx
µ ⊗ dxν on a 4-manifold X

Levi-Civita connection ∇: Γλµν (Christoffel) or ϕ ∈ so(1, 3)⊗ Ω1(X )
(spin connection 1-form)

Riemannian curvature Rλµ
νσ or curvature 2-form

Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X ), Ricci Ricµν , scalar curvature

R = Ricµµ
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Basics of General Relativity

The standard variational formulation of gravity

Fields are metrics g = gµν(x)dx
µ ⊗ dxν on a 4-manifold X

Levi-Civita connection ∇: Γλµν (Christoffel) or ϕ ∈ so(1, 3)⊗ Ω1(X )
(spin connection 1-form)

Riemannian curvature Rλµ
νσ or curvature 2-form

Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X ), Ricci Ricµν , scalar curvature

R = Ricµµ

Einstein–Hilbert action

E H (g) =

∫

X
R dvolg
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Basics of General Relativity

The standard variational formulation of gravity

Fields are metrics g = gµν(x)dx
µ ⊗ dxν on a 4-manifold X

Levi-Civita connection ∇: Γλµν (Christoffel) or ϕ ∈ so(1, 3)⊗ Ω1(X )
(spin connection 1-form)

Riemannian curvature Rλµ
νσ or curvature 2-form

Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X ), Ricci Ricµν , scalar curvature

R = Ricµµ

Einstein–Hilbert action

E H (g) =

∫

X
R dvolg

Euler–Lagrange: Einstein in vaccum

Ricµν(g)−
1

2
R(g)gµν = 0
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Basics of General Relativity

The standard variational formulation of gravity

Fields are metrics g = gµν(x)dx
µ ⊗ dxν on a 4-manifold X

Levi-Civita connection ∇: Γλµν (Christoffel) or ϕ ∈ so(1, 3)⊗ Ω1(X )
(spin connection 1-form)

Riemannian curvature Rλµ
νσ or curvature 2-form

Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X ), Ricci Ricµν , scalar curvature

R = Ricµµ

Einstein–Hilbert action

E H (g) =

∫

X
R dvolg

Euler–Lagrange: Einstein in vaccum

Ricµν(g)−
1

2
R(g)gµν = 0

Gauge invariance: by diffeomorphisms T : g 7−→ T ∗g
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Basics of General Relativity

The ’Palatini‘ variant

Fields are tetrads θ = (θ1, θ2, θ3, θ4) = (θµ)1≤µ≤4 ∈ (Ω1(X ))4 and
spin connection 1-forms ϕ ∈ so(1, 3)⊗ Ω1(X )
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Basics of General Relativity

The ’Palatini‘ variant

Fields are tetrads θ = (θ1, θ2, θ3, θ4) = (θµ)1≤µ≤4 ∈ (Ω1(X ))4 and
spin connection 1-forms ϕ ∈ so(1, 3)⊗ Ω1(X )

Curvature 2-form Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X )
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Basics of General Relativity

The ’Palatini‘ variant

Fields are tetrads θ = (θ1, θ2, θ3, θ4) = (θµ)1≤µ≤4 ∈ (Ω1(X ))4 and
spin connection 1-forms ϕ ∈ so(1, 3)⊗ Ω1(X )

Curvature 2-form Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X )

Palatini action

A (θ, ϕ) =

∫

X

1

2
θ
(2)
ab ∧ Φab =

∫

X

1

4
ǫabcdθ

a ∧ θb ∧ Φcd
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Basics of General Relativity

The ’Palatini‘ variant

Fields are tetrads θ = (θ1, θ2, θ3, θ4) = (θµ)1≤µ≤4 ∈ (Ω1(X ))4 and
spin connection 1-forms ϕ ∈ so(1, 3)⊗ Ω1(X )

Curvature 2-form Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X )

Palatini action

A (θ, ϕ) =

∫

X

1

2
θ
(2)
ab ∧ Φab =

∫

X

1

4
ǫabcdθ

a ∧ θb ∧ Φcd

Note: if dθ + ϕ ∧ θ = 0, one recovers the Einstein–Hilbert action
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Basics of General Relativity

The ’Palatini‘ variant

Fields are tetrads θ = (θ1, θ2, θ3, θ4) = (θµ)1≤µ≤4 ∈ (Ω1(X ))4 and
spin connection 1-forms ϕ ∈ so(1, 3)⊗ Ω1(X )

Curvature 2-form Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X )

Palatini action

A (θ, ϕ) =

∫

X

1

2
θ
(2)
ab ∧ Φab =

∫

X

1

4
ǫabcdθ

a ∧ θb ∧ Φcd

Note: if dθ + ϕ ∧ θ = 0, one recovers the Einstein–Hilbert action

Euler–Lagrange: Einstein–Cartan system in vaccum

(pre) Einstein ǫabcdθ
b ∧ Φcd = 0

Cartan (torsion free) dθ + ϕ ∧ θ = 0

}
Einstein–Cartan
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Basics of General Relativity

The ’Palatini‘ variant

Fields are tetrads θ = (θ1, θ2, θ3, θ4) = (θµ)1≤µ≤4 ∈ (Ω1(X ))4 and
spin connection 1-forms ϕ ∈ so(1, 3)⊗ Ω1(X )

Curvature 2-form Φ = dϕ+ 1
2 [ϕ ∧ ϕ] ∈ so(1, 3)⊗ Ω2(X )

Palatini action

A (θ, ϕ) =

∫

X

1

2
θ
(2)
ab ∧ Φab =

∫

X

1

4
ǫabcdθ

a ∧ θb ∧ Φcd

Note: if dθ + ϕ ∧ θ = 0, one recovers the Einstein–Hilbert action

Euler–Lagrange: Einstein–Cartan system in vaccum

(pre) Einstein ǫabcdθ
b ∧ Φcd = 0

Cartan (torsion free) dθ + ϕ ∧ θ = 0

}
Einstein–Cartan

Gauge invariance: by diffeomorphisms and gauge transformations
θb 7−→ θaRb

a , R ∈ C∞(X , SO(1, 3))
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Our model

Our model: the fields

Let G be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2)× SU(3)), with Lie algebra g
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Our model

Our model: the fields

Let G be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2)× SU(3)), with Lie algebra g

Consider a connected, oriented manifold F of dimension

dimF = 4 + r = 4 + dimG = N,
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Our model

Our model: the fields

Let G be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2)× SU(3)), with Lie algebra g

Consider a connected, oriented manifold F of dimension

dimF = 4 + r = 4 + dimG = N,

Unknown fields are triplets (θ, ϕ, π), with:
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Our model

Our model: the fields

Let G be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2)× SU(3)), with Lie algebra g

Consider a connected, oriented manifold F of dimension

dimF = 4 + r = 4 + dimG = N,

Unknown fields are triplets (θ, ϕ, π), with:

θ = (θA) = (θλ, θi ) = (θ1, · · · , θ4︸ ︷︷ ︸
R4

, θ5, · · · , θN︸ ︷︷ ︸
g

) ∈ (R4 ⊕ g)⊗ Ω1(F),

with rankθ = N
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Our model

Our model: the fields

Let G be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2)× SU(3)), with Lie algebra g

Consider a connected, oriented manifold F of dimension

dimF = 4 + r = 4 + dimG = N,

Unknown fields are triplets (θ, ϕ, π), with:

θ = (θA) = (θλ, θi ) = (θ1, · · · , θ4︸ ︷︷ ︸
R4

, θ5, · · · , θN︸ ︷︷ ︸
g

) ∈ (R4 ⊕ g)⊗ Ω1(F),

with rankθ = N

ϕ = (ϕA
B) ∈ so(R4 ⊕ g)⊗ Ω1(F), a spin ’connection‘
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Our model: the fields

Let G be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2)× SU(3)), with Lie algebra g

Consider a connected, oriented manifold F of dimension

dimF = 4 + r = 4 + dimG = N,

Unknown fields are triplets (θ, ϕ, π), with:

θ = (θA) = (θλ, θi ) = (θ1, · · · , θ4︸ ︷︷ ︸
R4

, θ5, · · · , θN︸ ︷︷ ︸
g

) ∈ (R4 ⊕ g)⊗ Ω1(F),

with rankθ = N

ϕ = (ϕA
B) ∈ so(R4 ⊕ g)⊗ Ω1(F), a spin ’connection‘

π = (πA) = (πλ, πi ) ∈ (R4 ⊕ g)∗ ⊗ ΩN−2(F)
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Our model

Our model: the fields

Let G be a compact, unimodular Lie group, of dimension r

(examples: U(1), SU(2), SU(2)× SU(3)), with Lie algebra g

Consider a connected, oriented manifold F of dimension

dimF = 4 + r = 4 + dimG = N,

Unknown fields are triplets (θ, ϕ, π), with:

θ = (θA) = (θλ, θi ) = (θ1, · · · , θ4︸ ︷︷ ︸
R4

, θ5, · · · , θN︸ ︷︷ ︸
g

) ∈ (R4 ⊕ g)⊗ Ω1(F),

with rankθ = N

ϕ = (ϕA
B) ∈ so(R4 ⊕ g)⊗ Ω1(F), a spin ’connection‘

π = (πA) = (πλ, πi ) ∈ (R4 ⊕ g)∗ ⊗ ΩN−2(F)

with the constraint

θµ ∧ θν ∧ π = 0, for 1 ≤ µ, ν ≤ 4

Frédéric Hélein, Université Paris Cité IMJ-PRG, UMR 7586Dynamical principal bundles and Kaluza–Klein modelsJournées Physique Mathématique Institut Camille



Our model

The action functional

It is the sum of
∫
F πA ∧

(
dθ + 1

2 [θ ∧ θ]g
)A

and of the higher
dimensional Palatini action for (θ, ϕ) :

A [θ, ϕ, π] =

∫

F
πA ∧

(
dθ +

1

2
[θ ∧ θ]R4⊕g

)
A

+ θ
(N−2)
AB ∧

(
dϕ+

1

2
[ϕ ∧ ϕ]so(R4⊕g)

)
AB

with the constraint θµ ∧ θν ∧ π = 0, for 1 ≤ µ, ν ≤ 4

Frédéric Hélein, Université Paris Cité IMJ-PRG, UMR 7586Dynamical principal bundles and Kaluza–Klein modelsJournées Physique Mathématique Institut Camille



Our model

The action functional

It is the sum of
∫
F πA ∧

(
dθ + 1

2 [θ ∧ θ]g
)A

and of the higher
dimensional Palatini action for (θ, ϕ) :

A [θ, ϕ, π] =

∫

F
πA ∧

(
dθ +

1

2
[θ ∧ θ]R4⊕g

)
A

+ θ
(N−2)
AB ∧

(
dϕ+

1

2
[ϕ ∧ ϕ]so(R4⊕g)

)
AB

with the constraint θµ ∧ θν ∧ π = 0, for 1 ≤ µ, ν ≤ 4
Could be seen as the sum of two BF theories with constraints on the
B fields:∫

F
πA ∧ ΘA

︸︷︷︸
Cartan geometry of θ on F
modelled on (R4 ×G)/G

+ θ
(N−2)
AB ∧ ΦAB

︸︷︷︸
Curvature of ϕ on

TF ≃ F × (R4 ⊕ g)
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Our model

The action functional

It is the sum of
∫
F πA ∧

(
dθ + 1

2 [θ ∧ θ]g
)A

and of the higher
dimensional Palatini action for (θ, ϕ) :

A [θ, ϕ, π] =

∫

F
πA ∧

(
dθ +

1

2
[θ ∧ θ]R4⊕g

)
A

+ θ
(N−2)
AB ∧

(
dϕ+

1

2
[ϕ ∧ ϕ]so(R4⊕g)

)
AB

with the constraint θµ ∧ θν ∧ π = 0, for 1 ≤ µ, ν ≤ 4
Could be seen as the sum of two BF theories with constraints on the
B fields:∫

F
πA ∧ ΘA

︸︷︷︸
Cartan geometry of θ on F
modelled on (R4 ×G)/G

+ θ
(N−2)
AB ∧ ΦAB

︸︷︷︸
Curvature of ϕ on

TF ≃ F × (R4 ⊕ g)

In the following Ĝ denotes the universal cover of G.
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Our model

The main result

Theorem (H 2020-22-23) — Let (θ, ϕ, π) be a critical point of A such
that rank θ = N + 1. Assume that Ĝ is simply connected. Then

The EDS θµ|f = 0, for r -dimensional submanifolds f, is completely
integrable and F is foliated by integral leaves f and all these integral
leaves f are diffeomorphic to a Lie group G, which is a quotient of Ĝ
by a finite subgroup.

Moreover, if Ĝ is compact (e.g. SU(2), SU(3)),

(θ, ϕ, π) endows F with a structure of principal bundle over a
4-dimensional manifold X and gives rise to a solution to the
Einstein–Yang–Mills system on X .
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Proof: towards a fiber bundle structure

Some notations

We define the metric h = ηµνθ
µ ⊗ θν + kjkθ

j ⊗ θk on F , where ηµν is the
standard Minkowski metric and kjk is a AdG-invariant metric on G.

We decompose ΘA := dθA + 1
2 [θ ∧ θ]A in the coframe

(
θA
)
1≤A≤N

as

ΘA =
1

2
ΘA

BCθ
B ∧ θC =

1

2
ΘA

µνθ
µ∧ θν +ΘA

µkθ
µ∧ θk +

1

2
ΘA

jkθ
j ∧ θk
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Proof: towards a fiber bundle structure

Some notations

We define the metric h = ηµνθ
µ ⊗ θν + kjkθ

j ⊗ θk on F , where ηµν is the
standard Minkowski metric and kjk is a AdG-invariant metric on G.

We decompose ΘA := dθA + 1
2 [θ ∧ θ]A in the coframe

(
θA
)
1≤A≤N

as

ΘA =
1

2
ΘA

BCθ
B ∧ θC =

1

2
ΘA

µνθ
µ∧ θν +ΘA

µkθ
µ∧ θk +

1

2
ΘA

jkθ
j ∧ θk

We let θ(N) := θ1 ∧ · · · ∧ θN
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Proof: towards a fiber bundle structure

Some notations

We define the metric h = ηµνθ
µ ⊗ θν + kjkθ

j ⊗ θk on F , where ηµν is the
standard Minkowski metric and kjk is a AdG-invariant metric on G.

We decompose ΘA := dθA + 1
2 [θ ∧ θ]A in the coframe

(
θA
)
1≤A≤N

as

ΘA =
1

2
ΘA

BCθ
B ∧ θC =

1

2
ΘA

µνθ
µ∧ θν +ΘA

µkθ
µ∧ θk +

1

2
ΘA

jkθ
j ∧ θk

We let θ(N) := θ1 ∧ · · · ∧ θN

We define the dual frame
(

∂
θA

)
1≤A≤N

and set

θ
(N−2)
AB :=

∂

θA
∧

∂

θB
θ(N)
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Proof: towards a fiber bundle structure

Some notations

We define the metric h = ηµνθ
µ ⊗ θν + kjkθ

j ⊗ θk on F , where ηµν is the
standard Minkowski metric and kjk is a AdG-invariant metric on G.

We decompose ΘA := dθA + 1
2 [θ ∧ θ]A in the coframe

(
θA
)
1≤A≤N

as

ΘA =
1

2
ΘA

BCθ
B ∧ θC =

1

2
ΘA

µνθ
µ∧ θν +ΘA

µkθ
µ∧ θk +

1

2
ΘA

jkθ
j ∧ θk

We let θ(N) := θ1 ∧ · · · ∧ θN

We define the dual frame
(

∂
θA

)
1≤A≤N

and set

θ
(N−2)
AB :=

∂

θA
∧

∂

θB
θ(N)

Then
(
θ
(N−2)
AB

)
1≤A<B≤N

is a basis of ΩN−2(F)
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Proof: towards a fiber bundle structure

The effect of the constraint on π and θ

Any πA ∈ ΩN−2(F) decomposes a priori as

πA =
1

2
πA

µνθ(N−2)
µν + πA

µkθ
(N−2)
µk +

1

2
πA

jkθ
(N−2)
jk

Then the constraint θµ ∧ θν ∧ πA reads πA
µν = 0, so that, actually

πA = 0 + πA
µkθ

(N−2)
µk +

1

2
πA

jkθ
(N−2)
jk

Hence the Euler–Lagrange equation δA /δπA = 0, where

A [θ, ϕ, π] =
∫
F θ

(N−2)
AB ∧

(
dϕAB + 1

2 [ϕ ∧ ϕ]AB
)
+ πA ∧

(
dθA + 1

2 [θ ∧ θ]A
)

reads:

dθA +
1

2
[θ ∧ θ]A =

1

2
ΘA

µνθ
µ ∧ θν

i.e. ΘA
µk = ΘA

jk = 0.
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Proof: towards a fiber bundle structure

The other Euler–Lagrange equations

Recall that
A [θ, ϕ, π] =

∫
F θ

(N−2)
AB ∧

(
dϕAB + 1

2 [ϕ ∧ ϕ]AB
)
+ πA ∧

(
dθA + 1

2 [θ ∧ θ]A
)

The Euler–Lagrange equation δA /δϕ = 0 reads

dϕθ
(N−2)
AB = 0 =⇒ dϕθA = dθA + ϕA

B ∧ θB = 0

i.e. ϕ induces a torsion free connection on F , actually the
Levi-Civita connection on (F ,h) (h = ηµνθ

µ ⊗ θν + kjkθ
j ⊗ θk)
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Proof: towards a fiber bundle structure

The other Euler–Lagrange equations

Recall that
A [θ, ϕ, π] =

∫
F θ

(N−2)
AB ∧

(
dϕAB + 1

2 [ϕ ∧ ϕ]AB
)
+ πA ∧

(
dθA + 1

2 [θ ∧ θ]A
)

The Euler–Lagrange equation δA /δϕ = 0 reads

dϕθ
(N−2)
AB = 0 =⇒ dϕθA = dθA + ϕA

B ∧ θB = 0

i.e. ϕ induces a torsion free connection on F , actually the
Levi-Civita connection on (F ,h) (h = ηµνθ

µ ⊗ θν + kjkθ
j ⊗ θk)

The Euler–Lagrange equation δA /δθ = 0 reads

dθπA +
1

2
θ
(N−3)
ABC ∧ ΦBC

︸ ︷︷ ︸
Einstein tensor

−ΘC
ABπC

jBθ
(N)
j = 0

where Φ := dϕ+ 1
2 [ϕ ∧ ϕ]. It will be analyzed later on.
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Proof: towards a fiber bundle structure

Summarizing the Euler–Lagrange equations

1 δA /δπA = 0 −→ dθA +
1

2
[θ ∧ θ]Ag =

1

2
ΘA

µνθ
µ ∧ θν

−→ existence of a fibration, of a connection over the base manifold of
the fibration
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Proof: towards a fiber bundle structure

Summarizing the Euler–Lagrange equations

1 δA /δπA = 0 −→ dθA +
1

2
[θ ∧ θ]Ag =

1

2
ΘA

µνθ
µ ∧ θν

−→ existence of a fibration, of a connection over the base manifold of
the fibration

2 δA /δϕ = 0 −→ dϕθA = 0
−→ ϕ corresponds to the Levi-Civita connection on (F ,h)
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Proof: towards a fiber bundle structure

Summarizing the Euler–Lagrange equations

1 δA /δπA = 0 −→ dθA +
1

2
[θ ∧ θ]Ag =

1

2
ΘA

µνθ
µ ∧ θν

−→ existence of a fibration, of a connection over the base manifold of
the fibration

2 δA /δϕ = 0 −→ dϕθA = 0
−→ ϕ corresponds to the Levi-Civita connection on (F ,h)

3 δA /δθA = 0 −→ dθπA +
1

2
θ
(N−3)
ABC ∧ ΦBC −ΘC

ABπC
jBθ

(N−1)
j = 0

−→ the Einstein–Maxwell or the Einstein–Yang–Mills system
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, I

Consider the Pfaffian system

θµ|f = 0, for 1 ≤ µ ≤ 4

where f is a connected r -dimensional submanifold of F .

If G = U(1) (Maxwell), integral submanifolds f are just lines

In any case, get a foliation of F by integral leaves f.
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, I

Consider the Pfaffian system

θµ|f = 0, for 1 ≤ µ ≤ 4

where f is a connected r -dimensional submanifold of F .

If G = U(1) (Maxwell), integral submanifolds f are just lines

If r > 1, use Frobenius theorem and

dθA +
1

2
[θ ∧ θ]Ag =

1

2
ΘA

µνθ
µ ∧ θν =⇒ dθµ = 0 mod [θµ]

In any case, get a foliation of F by integral leaves f.
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, II

Assume that Ĝ is simply connected.

Let ϑ = (ϑ5, · · · , ϑN) be the left invariant Maurer–Cartan 1-form on Ĝ

(in particular dϑ+ 1
2 [ϑ ∧ ϑ] = 0). Then on Y × Ĝ

dθA +
1

2
[θ ∧ θ]Ag =

1

2
ΘA

µνθ
µ ∧ θν =⇒ d(ϑj − θj)|

f×Ĝ
= 0 mod [ϑj − θj ]

Use (again) Frobenius theorem: each leaf f is covered by Ĝ (Ĝ −→ f) and
hence and can be identified with a quotient G of Ĝ.

As a consequence, if Ĝ is compact, then G is so.
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, III

Fix any ξ = (ξ1, ξ2, ξ3, ξ4) ∈ R
4 and ζ = (ζ i )4<i≤N and consider the

vector fields X and Y on F such that

θµ(X ) = ξµ θµ(Y ) = 0
θi (X ) = 0 θi (Y ) = ζ i

Then dθA + 1
2 [θ ∧ θ]Ag = 1

2Θ
A
µνθ

µ ∧ θν =⇒ dθA(X ,Y ) = 0 and, thus

dθA(X ,Y ) + θA([X ,Y ]) = X · θA(Y )− Y · θA(X )

implies
[X ,Y ] = 0

We deduce that all leaves f all diffeomorphic to a same model G.
Hence if G is compact, then the leaves form a fibration over X := F/{f}:
X and the fibration is born!

For instance if G = U(1) we obtain a circle bundle.
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Proof: towards a fiber bundle structure

The fiber bundle structure and connections, IV

Perform a local trivialization of the bundle F −→ X :

F −→ X ×G

z 7−→ (x , g)

From (ϑj − θj)|
f×Ĝ

= 0, we can deduce

θj = (Adg−1A)j + ϑj = (g−1Ag)j + (g−1dg)j

Again by using dθA + 1
2 [θ ∧ θ]Ag = 1

2Θ
A
µνθ

µ ∧ θν (a 4th time !) we deduce

that Aj is constant along the fibers f.

We define g := ηµνθ
µ ⊗ θν . It is invariant along the fibers and, hence,

defines a metric on X .

We thus obtained the pair of fields (gµν ,A
j) on X .
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The dynamical equations

The dynamical equations, I

Now let’s look at the ugly equation

dθπA +
1

2
θ
(N−3)
ABC ∧ ΦBC

︸ ︷︷ ︸
Einstein tensor on (F ,h)

− ΘC
AB πC

jB

︸ ︷︷ ︸
hybrid terms

θ
(N−1)
j = 0

Translate it in the trivialization (long computation):

dApA +
1

2
e
(N−3)
ABC ∧ ΩBC

︸ ︷︷ ︸
Einstein tensor on (F ,h)

− FC
Aλ pC

jλ

︸ ︷︷ ︸
some components cancel

e
(N−1)
j = 0

Where here F = dA+ 1
2 [A ∧ A].
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The dynamical equations

The dynamical equations, II

Split dApA +
1

2
e
(N−3)
ABC ∧ ΩBC − FC

AλpC
jλe

(N−1)
j = 0 as

Ein(h)µ
ν = ∂kpµ

νk Ein(h)i
ν = ∂kpi

νk

Ein(h)µ
j = uglyµ

j Ein(h)i
j = uglyi

j

The left hand side quantities on the first line are

{
Ein(h)µ

ν = Ein(g)µ
ν − T(A)µ

ν + 1
4〈B , k〉δµ

ν

Ein(h)i
ν = 1

2∇
A
µ Fi

νµ

where T(A)µ
ν := 1

2F
i
µλFi

νλ − 1
4‖F‖

2δµ
ν is the stress-energy tensor of the

connection field A and B is the Killing form on g.

Problem: the right hand sides ∂kpµ
νk and ∂kpi

νk ...
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The dynamical equations

The dynamical equations, III : miraculous cancellation

Integrate, e.g., Ein(h)µ
ν = ∂kpµ

νk on a a compact fiber f and observe
that

Ein(h)µ
ν is constant on f
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The dynamical equations

The dynamical equations, III : miraculous cancellation

Integrate, e.g., Ein(h)µ
ν = ∂kpµ

νk on a a compact fiber f and observe
that

Ein(h)µ
ν is constant on f

pµ
νk is not constant on f but ∂kpµ

νk is an exact term on f
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The dynamical equations

The dynamical equations, III : miraculous cancellation

Integrate, e.g., Ein(h)µ
ν = ∂kpµ

νk on a a compact fiber f and observe
that

Ein(h)µ
ν is constant on f

pµ
νk is not constant on f but ∂kpµ

νk is an exact term on f

Ein(h)µ
ν =

∫
f Ein(h)µ

ν

∫
f 1

=

∫
f ∂kpµ

νk

∫
f 1

=

∫
f d
(
pµ

νke
(r−1)
k

)

∫
f 1

= 0
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The dynamical equations

The dynamical equations, III : miraculous cancellation

Integrate, e.g., Ein(h)µ
ν = ∂kpµ

νk on a a compact fiber f and observe
that

Ein(h)µ
ν is constant on f

pµ
νk is not constant on f but ∂kpµ

νk is an exact term on f

Ein(h)µ
ν =

∫
f Ein(h)µ

ν

∫
f 1

=

∫
f ∂kpµ

νk

∫
f 1

=

∫
f d
(
pµ

νke
(r−1)
k

)

∫
f 1

= 0

Similarly Ein(h)i
ν = 0 (which implies Ein(h)µ

j = 0 by symmetry)
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The dynamical equations

The dynamical equations, III : miraculous cancellation

Integrate, e.g., Ein(h)µ
ν = ∂kpµ

νk on a a compact fiber f and observe
that

Ein(h)µ
ν is constant on f

pµ
νk is not constant on f but ∂kpµ

νk is an exact term on f

Ein(h)µ
ν =

∫
f Ein(h)µ

ν

∫
f 1

=

∫
f ∂kpµ

νk

∫
f 1

=

∫
f d
(
pµ

νke
(r−1)
k

)

∫
f 1

= 0

Similarly Ein(h)i
ν = 0 (which implies Ein(h)µ

j = 0 by symmetry)

Conclusion : (gµν ,A
j) are solutions of the Einstein–Yang–Mills

system on X :

Ein(g)µ
ν + Λ0δµ

ν = T(A)µ
ν and ∇A

µ Fi
νµ = 0

with, assuming the signature (−+++), Λ0 :=
1
4〈B , k〉 < 0.

Frédéric Hélein, Université Paris Cité IMJ-PRG, UMR 7586Dynamical principal bundles and Kaluza–Klein modelsJournées Physique Mathématique Institut Camille



Relations with multisymplectic geometry

Multisymplectic origin of the model

Multisymplectic formulation of Yang–Mills theory (F.H., 2015)

X , x = (xµ) −→ P ≃ X ×G, (x , g)
A −→ θ = g−1dg + g−1Ag

F = dA + 1
2 [A ∧ A] −→ Θ = dθ + 1

2 [θ ∧ θ]∫
X ‖F‖2 = 1

|G|

∫
P ‖Θ‖2

Equivariance & normalization of θ: z · ξ θ = ξ and z · ξ Θ = 0

Legendre transform:
−→ (ϑ, p, x , y) ∈ (g⊗ T ∗P)⊕P (g∗ ⊗ ΛN−2T ∗P), dx (n) ∧ ϑ(r) 6= 0

ω = d

(
1

2
‖pi

µν‖2dx (n) ∧ ϑ(r) + pi ∧

(
dϑ+

1

2
[ϑ ∧ ϑ]

)i
)

Similar theory for gravity (F.H.–D. Vey, 2016)

Frédéric Hélein, Université Paris Cité IMJ-PRG, UMR 7586Dynamical principal bundles and Kaluza–Klein modelsJournées Physique Mathématique Institut Camille
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A family of models, I

From topological bundles to (locally) principal bundles
Let g be a Lie algebra of dimension r .
Let X n be a manifold of dimension n with a coframe (βλ)1≤λ≤n.

Let P : Fn+r −→ X n be topological bundle and βλ := P∗βλ.

On the set of (θi , πi ) ∈
(
g⊗ Ω1(F)

)
⊕
(
g∗ ⊗ Ωn+r−2(F)

)
such that

rank (βλ, θi ) = n + r , define

A[θi , πi ] :=

∫

F
πi ∧ (dθ +

1

2
[θ ∧ θ])i

Then critical points under the constraint βλ ∧ βµ ∧ πi = 0 satisfy

{
(dθ + 1

2 [θ ∧ θ])i = 1
2Θ

i
λµβ

λ ∧ βµ+ 0 · βλ ∧ θj + 0 · θi ∧ θj

dπ + ad∗θ ∧ π = 0

−→ local principal bundle structure, θi defines a connection on it
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A family of models, II

A variant leading to Yang–Mills fields
Same fields as previously, but
We do not assume the constraint βλ ∧ βµ ∧ πi = 0
We add an extra term

∫
F

1
4 |πi

λµ|2β(n) ∧ θ(r) to the action and recover:

A[θi , πi ] :=

∫

F

1

4
|πi

λµ|2β(n) ∧ θ(r) + πi ∧ (dθ +
1

2
[θ ∧ θ])i

Then critical points satisfy

{
(dθ + 1

2 [θ ∧ θ])iλµ = −kijηλνηµσπj
νσ + 0 + 0

(dπ + ad∗θ ∧ π)i = 1
2 |πi

λµ|2β(n) ∧ θ
(r−1)
i

−→ local principal bundle structure and θi defines a Yang–Mills
connection on it
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A family of models, III

Gravity
Y is an oriented 10-dimensional manifold and p := R

4 ⊕ so(1, 3) is the
Poincaré Lie algebra
Fields are pairs (ϕA, πA) = (ϕλ, ϕi , πλ, πi ) ∈ (p⊗ Ω1(Y))⊕ (p∗ ⊗ Ω8(Y)),
with the constraints ϕλ ∧ ϕµ ∧ πi = 0 and ϕλ ∧ ϕµ ∧ πi = κi

λµϕ(10)

The action is

A[θA, πA] :=

∫

F
πA ∧ (dθ +

1

2
[θ ∧ θ])A

Then critical points endow Y with a local principal bundle structure over a
4-dimensional manifold X and ϕA corresponds to a vierbein of X plus a
connection 1-form which are solutions of the Einstein–Cartan system of
equations.
One can then incorporate fermions (−→ Einstein–Cartan–Dirac system of
equations) : work by Jérémie Pierard de Maujouy
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