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“Therefore it seems an anachronismus to discuss
these exceptional integrable systems nowadays.”

Proves classical Liouville integrability of previous 3 examples

Promotes Lax pair for Liouville integrability

ω = 0 case for classical Calogero, but mentions Adler for ω ̸= 0
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The Lax pair fo the Calogero system by Moser:

L = Y + iZ1, B = iD2 − iZ2

for:
Zα = ((1− δkl) (qk − ql)

−α)lk,

Y = diag(p1, . . . , pn),

Dα = diag(
∑

j ̸=k(qk − qj)
−α)



First “family direction” : the potential
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1
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V (qi − qj)

I. (rational) V (q) = q−2 [Calogero,’69]

III. (trigo.) V (q) = sin(q)−2 [Sutherland,’71]

II. (hyperbo.) V (q) = sinh(q)−2 [Calogero-Marchioro-Ragnisco,’75]

IV. (elliptic) V (q) = ℘(q) [Calogero,’75]



First “family direction” : the potential (bis)

In fact...

[Ruijsenaars, Systems of Calogero-Moser type at 1994 Banff Summer School, ’99]





Second “family direction” : root systems

V(q) = g2
∑
i<j

[
V (qi − qj) + ϵ V (qi + qj)

]
+ g21

n∑
j=1

V (qj) + g22

n∑
j=1

V (2qj)

An−1 for ϵ = 0, g1 = 0, g2 = 0

Bn for ϵ = 1, g2 = 0

Cn for ϵ = 1, g1 = 0

Dn for ϵ = 1, g1 = 0, g2 = 0

BCn for ϵ = 1



(CM) H, P =
∑

j pj , B =
∑

j qj yields
{H,P} = 0, {H,B} = P , {P,B} = n (Galilean Lie algebra)

(rel.CM) H = c2
∑

j cosh(pj/c), P = c
∑

j sinh(pj/c), B =
∑

j qj
yields
{H,P} = 0, {H,B} = P , {P,B} = H/c2 (Poincaré Lie algebra)
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Third “family direction” : relativistic case

Other constructions from [Ruijsenaars-Schneider,’86] (and later):

Lax matrix with Lrel = Idn+c
−1Lnr +O(c−2) as c→ ∞

Degeneration Hrel = n c2 +Hnr +O(c−2) as c→ ∞

Important interpretation:

from “rational momentum” Hnr =
1
2

∑
j p

2
j + ...

to “trigo/hyperbo momentum” Hrel = c2
∑

j cosh(pj/c)
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H =
1
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n∑
j=1

p2j +
∑
i<j

⟨fi|ej⟩ ⟨fj |ei⟩
(qi − qj)2

⇝ add canonically conjugate (co)vectors: ⟨fj | ∈ (Cd)∗, |ek⟩ ∈ Cd, ℓ ≥ 2

This is a complex analytic system !



H =
1
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n∑
j=1

p2j +
∑
i<j

ljklkj
(qi − qj)2

⇝ add matrix-valued spins ljk ∈ o(n)

• Real system, but slightly different nature

• Superintegrability



Fourth “family direction” : spin case
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integrable under constraint ⟨fj |ej⟩ = g ∈ C× (or matrix version)

Degeneration d = 1 ⇝ H = 1
2

∑
j p
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1
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Bonus “family direction”: Complex vs. Real system



Fourth “family direction” : spin case

H = 1
2

∑
j p

2
j +

∑
i<j

⟨fi|ej⟩ ⟨fj |ei⟩
(qi−qj)2

integrable under constraint ⟨fj |ej⟩ = g ∈ C× (or matrix version)

Degeneration d = 1 ⇝ H = 1
2

∑
j p

2
j + g2

∑
i<j

1
(qi−qj)2

Bonus “family direction”: Complex vs. Real system



The Calogero-Ruijsenaars family

Calogero-Moser system
rational (dim = 2n)

q̈i =
∑
j ̸=i

−2γ2

(qi−qj)
3

HCM = 1
2

∑
1≤i≤n

p2i +
∑

1≤i<j≤n

γ2

(qi−qj)2

real or complex system
(dimR or dimC)

‘spin’ degrees of freedom
(d ≥ 2, dim = 2nd)

Ruijsenaars-Schneider system
(relativistic version)

other potentials
(trigo.-hyperbolic/elliptic)

relation to Lie algebras
(qi − qj = q · (ϵi − ϵj)⇝ An−1)

... ...



Intersections of family directions

Some important works:

1 Elliptic + Lie algebras (5+2 parameters) [Inozemtsev,’89] , ...

2 (Real) Relativistic + Elliptic + Lie algebras [van Diejen,’95] , ...

3 (complex) Elliptic + spins [Krichever-Babelon-Billey-Talon,’95] , ...
... + relativistic [Krichever-Zabrodin,’95] , ...

4 ...
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Hamiltonian reduction of Calogero (rat CM) system from T ∗u(n)

Hamiltonian reduction of Sutherland (trigo CM) system from T ∗U(n)



The first reduction...

Hamiltonian reduction of Calogero system from [KKS,’78]

1. T ∗u(n) ≃ {(A,B) | A,B selfadjoint}
conj.
↶ U(n)

Moment map: µ = −i[A,B]

2. Fix orbit Ov of min. dim. through λ Idn+vv
†, v ∈ Cn nonzero

3. Consider symplectic manifold µ−1(Ov)/U(n) (λ = −1)

4. Consider slice with A = diag(q1, . . . , qn), q1 ≤ . . . ≤ qn. ≤ ⇝ <

⇝ B is the Lax matrix
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Reduction in the “potential family”

1 Sutherland (type III) system from T ∗U(n) [KKS,’78]

2 (See [Wilson’98] for complex case)

3 Elliptic type IV system :
only infinite-dimensional Hamiltonian reduction
cf. [Nekrasov,’99]

4 There is finite-dim version! [F.-Chalykh,202x]



Reduction in the “root system family”

Basically play with T ∗g for I. (and T ∗G for III.)
[many, many people...]



Reduction in the “relativistic family”

Poisson-Lie reduction from GLn(C)×GLn(C)
[Fock & Rosly, Poisson structures on moduli [...], ’99] from ’92 seminar

[Audin,’97]



Reduction in the “relativistic family”

Alternative approach...

[Oblomkov, DAHA and CM spaces,’04]

⇝ quasi-Poisson reduction and Poisson-Lie reduction give the same1 result!

1In this case only...



Reduction in the “spin family”

Two possible points of view:

“Collective spins” : reduction at higher dim. coadjoint orbit
see [Reshetikhin,’02], [Li-Xu,’02], ...

“Vector spins” : Extend phase space by T ∗Cd (or similar)
see [Wilson,’09], ...

Can also do both, cf. recent works of Fehér



Some recent results...

Personal point of view on recent advances:

[Wilson,∼’98;Bielawski-Pidstrygach,’10; Tacchella,’15; Chalykh-Silantyev,’17]

Q̄d 0

∞

x y

v1, . . . , vd w1, . . . , wd

d ≥ 2. M = Rep
(
CQ̄d, (1, n)

)
space parametrised by:
X,Y ∈ gln
Vα ∈ Mat1×n,Wα ∈ Matn×1

Cn,d :=
{
[X,Y ]−

∑
1≤α≤d

WαVα = λ0 Idn

}
//GLn (λ0 ̸= 0)

Poisson structure at NC level [Van den Bergh,’08]



Some recent results...

Personal point of view on recent advances:
[Wilson,∼’98;Bielawski-Pidstrygach,’10; Tacchella,’15; Chalykh-Silantyev,’17]

Q̄d 0

∞

x y

v1, . . . , vd w1, . . . , wd

d ≥ 2. M = Rep
(
CQ̄d, (1, n)

)
space parametrised by:
X,Y ∈ gln
Vα ∈ Mat1×n,Wα ∈ Matn×1

Cn,d :=
{
[X,Y ]−

∑
1≤α≤d

WαVα = λ0 Idn

}
//GLn (λ0 ̸= 0)

Poisson structure at NC level [Van den Bergh,’08]



Some recent results...

Extended cyclic quiver ⇒ system of rat. CM type on QV
[Chalykh-Silantyev,’17] + [F.-Görbe,’21]

∞

0

m−1

1

m−2

s

s+1
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s+2ds arrows vs,α : ∞ → s
ds arrows ws,α : s → ∞

x0 y0

xm−1 ym−1

xm−2 ym−2

xs−1ys−1

xsys

xs+1ys+1

For trigo. RS ⇝ use multiplicative QV [Chalykh-F.,’17,’20], [F.,arXiv:2108.02496]
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Some recent results...

In [Arutyunov-Olivucci,’20] : spin trigo RS from Poisson-Lie theory
Interesting/Annoying: different Poisson structure than [CF,’20]

⇝ The two are compatible ! [F.,arXiv:2310.18751]

spin trigo RS in real case :
PL and qP reduction are very different!
[F.-Feher-Marshall,’20] vs. [F.-Feher,’23]

(↪→ partial picture)

[Feher,’22–’24] : superintegrability of “generic” collective spins
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Ruijsenaars duality

[Fock-Gorsky-Nekrasov-Rubtsov,’00] and [Gorsky-Rubtsov,’01] (n = 2)

duality

elliptic CM elliptic RS DELL

trigo. CM trigo. RS dual eRS

rational CM rational RS dual eCM

position

E.

T.

R.

momentumE.T.R.



Going further

Collective spins outside generic/lowest case

Integrability for any (M)QV

Reduction of supersymmetric version
In progress with T. Kimura

Relation to integrable hierarchies

...
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Thank you for your attention !

Maxime Fairon
Maxime.Fairon@u-bourgogne.fr

mfairon.perso.math.cnrs.fr

https://mfairon.perso.math.cnrs.fr/
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