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1  Summary
Inverse problem of Newtonian or Lagrangian mechanics: Given the

equation of motion functions : Ei(l,7,%,7) with ¢ € {1,...,n}, (1.1)
we have

oxrt 0z OI oztoxl oot Ozt

E/L' = *(SS/OIL =

- : 12 ) 2
i <()L> oL 0L af 0°L i’ 0L OL ’ (12)

dt \ Ozt

if the functions [2; satisfy the following set of integrability conditions (Helmholtz condi-
tions):

OE;  OF,

0= _ — : 134
0l O iy

OE; OE; d (0E; OE;

0= 2 i _ 2 (s J 1.31
oxd 0@t dt (a;z-.? T a;m) (1.3b)
OE;, OE; 1d /0E; OE;

():—?———?v~~< T 3¢
A Y A ) (1.3¢)

Multiplier inverse problem: Let a force field f(t, z, 7) be given. To study the problem

P 5S L
gij(jij—./j):—ﬁ for ie{l,...,n}, (1.4)
one introduces the quantities (7 = I )
4 J ; N, ,
= (52 + i ‘01_2. + f'(t, 7, F)()—L—Z (SODE vector field)
. 1af i _ _Of Ak
M= =sers, = —po—AbAl-TA). (1.5)
The Helmholtz conditions then read
Gii = Gi ()(}@7 == (K)g”jc , (},L'k.(bk = (]'k.(l)l-c F(qi-) = qikAl? + gkAk . (1.6)
A ouk  ouw st o N IR

—

If a solution g;; exists, then a (non-degenerate) Lagrangian function L(t,Z, ¥ ) is obtained by
Gij ) \ 4 . ) Ly )
integrating the relation

2L
Jit Ot

= Ggij |- (1.7)




Geometric reformulation of the multiplier inverse problem: Given a SODE vector

field I' on E, the existence of a non-singular matriz (9i5) satisfying the Helmholtz condi-

tions (1.6) is equivalent to the cxistence of a 2-form w on E which has the following proper-
ties:

dw =0, irw =0, w@ is horizontal and has maximal rank |. (1.8)

Procedure: One writes

det (gs5) # 0

= gy N with 0" = dz* — u'dt
W =dut — F dt 4 AL g7

Then, one has ipw = 0 and

n

w"=wA A =det (g )V A AYTAOL A AITA£D
n lactors

7

as well as
w@(8/0uk, d/0u') = 0.

Furthermore, the relation dw = 0 is equivalent to the validity of the Helmholtz conditions (1.6).



