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What is the Parthasarathy formula?

Given a symmetric space M = G/K with Dirac operator D, it expresses
D? in terms of the Casimir of G, namely

1
D? =Q¢ + §Scal,\,,.

Allows to determine the spectrum via representation theory of G.
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What is the Parthasarathy formula?

Given a symmetric space M = G/K with Dirac operator D, it expresses
D? in terms of the Casimir of G, namely

1
D? =Q¢ + §ScalM.

Allows to determine the spectrum via representation theory of G.
We would like to have an analogue for quantum symmetric spaces.

Goal: spectral triples for quantized irreducible flag manifolds. Prove
compact resolvent condition for Krahmer's Dirac operators.
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A generalized flag manifold is a homogeneous space G/P, where P is a
parabolic subgroup (contains a Borel subgroup).

They are classified by subsets S C I of simple roots. We have a
decomposition g = u_ @ [ D u, as -modules, where

[—h@@gay Uy = @ O+a-

ac () aEA(uy)

These are subalgebras of g. Some names: p = [ ® u, is the standard
parabolic subalgebra, [ is the Levi factor and u, is the nilradical.
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A generalized flag manifold is a homogeneous space G/P, where P is a
parabolic subgroup (contains a Borel subgroup).

They are classified by subsets S C I of simple roots. We have a
decomposition g = u_ @ [ D u, as -modules, where

[—h@@gay Uy = @ O+a-

acA(l a€A(uy)

These are subalgebras of g. Some names: p = [ ® u, is the standard
parabolic subalgebra, [ is the Levi factor and u, is the nilradical.

We will consider parabolics of cominuscule type. One definition is that
u, is abelian. In this case G/P is a symmetric space.

We also have the commutation relations [ui,u_] C [.
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A parabolic subalgebra p is cominuscule iff S = M\{a;} and a; has
multiplicity 1 in the highest root of g.

[ Alg. | Dynkin diagram | Nomenclature \
oO—0O @& 0—°O0 .
A, 1 2k r-1 o7 Grassmannian
B, 1 2 r-2 -1 7 Odd dimensional quadric
C, 1 2 r2 r21 Lagrangian Grassmannian
D, 12 O<8 Even dimensional quadric
D, O<: Orthogonal Grassmannian
Ee ¢ i 7 Cayley plane

E; i 2 3 4 5 6 Unnamed




These spaces are compact Kahler manifolds. Put an Hermitian metric on
Q). Then we have the Dolbeault-Dirac operators D = 0 + 0*.

Concretely pick dual bases {v;}; € uy and {w;}; € u_. We identify the
basis of u, with some root vectors {E¢, }; € g. We define

0= >  E,®v-(w)e U(g)®CL

&ieA(uy)
It turns out that & = §*. Hence we can write

D=5+ € U(g) ®CL
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These spaces are compact Kahler manifolds. Put an Hermitian metric on
Q). Then we have the Dolbeault-Dirac operators D = 0 + 0*.

Concretely pick dual bases {v;}; € uy and {w;}; € u_. We identify the
basis of u, with some root vectors {E¢, }; € g. We define

0= >  E,®v-(w)e U(g)®CL
&ieA(uy)

It turns out that & = 9*. Hence we can write
D=0+0" ¢ U(g) @ CL
Now we want to compute D2. Since 52 = 0 we have

D? = 59" + 9*0.
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Explicitely we can write

D? = Z EffFﬁj ® 'y,(w,-)'y+(vj) + Z FEiEij ® 'VJr(Vi)’V*(Wj)'

i ]
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Explicitely we can write

= EcFg @y (wi)ye (v) + D Fe By @ v4 (vi)y—(w)-

i ]

Can forget about terms in U(l) ® Cl, since these are bounded operators.
Write A~ B if A— B = C with C € U(I)® Cl. Since [uy,u_] C [ we get

Z Ee,Fe; @ (7= (wi)y+(v;) + 74 (vi) - (wi).
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Explicitely we can write

= EcFg @y (wi)ye (v) + D Fe By @ v4 (vi)y—(w)-

ij ij

Can forget about terms in U(l) ® Cl, since these are bounded operators.
Write A~ B if A— B = C with C € U(I)® Cl. Since [uy,u_] C [ we get

Z Ee,Fe; @ (7= (wi)y+(v;) + 74 (vi) - (wi).

Next we have the Clifford algebra relations

Y-(W)r4 (V) + 74 (vV)y-(w) = (w, V)1, weu, veu,.

Since we are using dual bases we have (w;, v;) = d;;. Hence

D? ~ Z EeFe, ®1.
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Finally we have C ~ )", E¢, F¢;, where C is the quadratic Casimir of g.
Then we have the (simplified) Parthasarathy formula

D’~C®1.

This is the kind of result that we are after in the quantum case.
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Finally we have C ~ )", E¢, F¢;, where C is the quadratic Casimir of g.
Then we have the (simplified) Parthasarathy formula

D’~C®1.

This is the kind of result that we are after in the quantum case.

First of all we need appropriate quantum versions of all the different
structures appearing here (most of these are well known).

To obtain a simple formula for D?, following the classical case, we need:
commutation relations in the quantized enveloping algebra Uq(g),
commutation relations in the quantum Clifford algebra Cl,.
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U(g) ~» Uq(g) Hopf algebra deformation,
matrix coefficients of irreps ~» C4[G].

When g € C is not a root of unity the representation theory is essentially
the same. Hence we have a Ug(l)-module u.
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U(g) ~» Uq(g) Hopf algebra deformation,
matrix coefficients of irreps ~» C4[G].

When g € C is not a root of unity the representation theory is essentially
the same. Hence we have a Ug(l)-module u.

The category of Ug(g)-modules is braided, so we have isomorphisms

Ruw VoW - Wa\V.

In the classical case this is simply the flip map.
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U(g) ~» Uq(g) Hopf algebra deformation,
matrix coefficients of irreps ~» C4[G].

When g € C is not a root of unity the representation theory is essentially
the same. Hence we have a Ug(l)-module u.

The category of Ug(g)-modules is braided, so we have isomorphisms
/RS\/’W VoW - W V.

In the classical case this is simply the flip map.

[Berenstein, Zwicknagl (05)] define the quantum exterior algebra by
Ng(V) = T(V)/(ker(ov,y —id)).
ker(oy,v — id) = span of eigenspaces of ﬁV,V with positive eigenvalues.

In general the dimension is different from the classical one (but not here).
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Following Lusztig we can define quantum root vectors, which give a
PBW:-basis of U,(g). What about the Clifford algebra?

[Krahmer, Tucker-Simmons (15)] define a certain quantum Clifford
algebra Cl; € End(Aq(u)). Then they define Dolbeault-Dirac operators

D =0+0" € Uy(g) ® Clg,

where 3 € U,(g) ® Cly is defined by

0= Zs (Ee.) @ y—(w;).

9/18



Following Lusztig we can define quantum root vectors, which give a
PBW:-basis of U,(g). What about the Clifford algebra?

[Krahmer, Tucker-Simmons (15)] define a certain quantum Clifford
algebra Cl; € End(Aq(u)). Then they define Dolbeault-Dirac operators

D =0+0" € Uy(g) ® Clg,

where 3 € U,(g) ® Cly is defined by

0= Zs (Ee.) @ y—(w;).

One of their main results is that 3% = 0 when u is cominuscule.

Then D? = 35* + 0*3. What else can be said?
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To proceed we need commutation relations in Ug(g).
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To proceed we need commutation relations in Ug(g).

Theorem
Let &, & € A(uy) in the cominuscule case. Then we have

EEf —q COELE ~ Y Il ENE,,

n,n’
where 0,1’ € A(uy) and ht(n') < ht(&).

Similar relations are obtained for & = S™1(E,).

Word of caution: general commutation relations are much more
complicated. Here we use the fact that Uy([) acts adjointly on the
twisted Schubert cell in the cominuscule case [Zwicknagl (09)].
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We have D*> ~ 7, . £;EF @ Ty, where Tj; € Cly are given by

Tj = 7= (wi)7-(w)" + > br-(wi)™y-(we), b, € C.
k.4

Suppose D? ~ > Gi® T;, where C; € Uq(g) are central elements.
Then we must have T;; = 0 for i # j in the previous expression.

Hence a necessary condition to obtain a formula of Parthasarathy-type is
to have certain quadratic commutation relations in Cl,.
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So we have to focus our attention on the Clifford algebra part. How is it
defined? Classically we have the isomorphism

Au_) ® A1y ) = End(A(uy ).

The two components act by interior and exterior multiplication.
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So we have to focus our attention on the Clifford algebra part. How is it
defined? Classically we have the isomorphism

Au-) © M(uy) = End(A(uy)).

The two components act by interior and exterior multiplication.

Krdhmer and Tucker-Simmons show that also in the quantum case
Aq(tt-) @ Aglus) = End(Aq(u)).

This defines the quantum Clifford algebra Clg acting on Ag(uy). The
action of Ag(u4) is obvious. On the other hand for Ag(u_) we have

(W, v—(¥)x) ={wAy,x), y,weN(u), xeANg(ug).

12/18



There is a unique up to a constant Ug([l)-invariant pairing
(-,) ru_ ®uy — C. How to extend to exterior algebras?

Can naturally be extended to a pairing of tensor algebras by

Wk ® @ y1,x1 Q- @xk)T = (Y1, x1) -+ (Vi Xk)-

One can identify Ag4(u) with a subspace of T(ui) via some maps 7
[Chirvasitu, Tucker-Simmons (14)]. Then we obtain a pairing

yoxn = (@2 ) m ), y € Ag(un), x € Ag(us).

In each degree we can rescale the pairing by a constant. Classically it
would be a rescaling of k! in degree k (from antisymmetrization).
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Indeed classically a natural pairing is defined using the determinant

(v xa) - (1, x)
Yk N Ay, xi A Axg) = det :

Seox) (o)

However this is not possible if we want U,(I)-invariance.

The situation is analogous for the definition of Hermitian inner products.
Summarizing we have the following constants:

pairings ~ {\¢}A_;, inner products ~» {\, }N_,.

For the relations appearing in D? these numbers only appear in the
combination ¢, = |\«|?/)}, since we have quadratic expressions.
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What about examples? The easiest class is that of quantum projective
spaces. Let us write D? = D3 + D2, for diagonal and off-diagonal parts.

We have D2 ~ 0 if and only if % = C:—flq_z.

The naive choice ¢, = 1 is not possible, unlike the classical case.
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What about examples? The easiest class is that of quantum projective
spaces. Let us write D? = D3 + D2, for diagonal and off-diagonal parts.

We have D2 ~ 0 if and only if % = C:—flq_z.

The naive choice ¢, = 1 is not possible, unlike the classical case.

Theorem

Suppose furthermore that co = ¢;. Then we have D> ~ C, ® 1. Here C,
is a central element of Ugy(g).

Since the spectrum of C4 can be computed we obtain that D has compact
resolvent. This reproduces the results of [D'Andrea, Dabrowski (10)].
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The relations are more complicated than in the classical case. For
example for exterior and interior multiplication we have

eiij +iei—q(g—q~ Zejlj—l
The extra terms vanish in the classical case g — 1. Clearly their presence
can be traced back to the braiding, which in this case gives
R’(e,-@ej):ej®e,-—|—(q—q_1)e,-®ej, i <j.

The relations for the quantum root vectors are also more complicated.
But they take exactly the right form to combine with the relations above
to give the simple expression D? ~ C, ® 1.
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Does this hold for all irreducible flag manifolds?

Look for a low-dimensional counter-example. We consider C; = sp(4)
and remove the long root «;. In this case we have

A([) = {:l:Oél}, A(U+) = {042, a1 + ap, 201 + ()(2}.

Hence the semisimple part of [ coincides with s[(2) and u can be
identified with the adjoint module of s((2).
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Does this hold for all irreducible flag manifolds?

Look for a low-dimensional counter-example. We consider C; = sp(4)
and remove the long root «;. In this case we have

A([) = {:l:Oél}, A(U+) = {042, a1 + ap, 201 + ()(2}.

Hence the semisimple part of [ coincides with s[(2) and u can be
identified with the adjoint module of s((2).

Long computations show that in this case we do not have

Y- (wihy—(wy)* = = > by (wi) - (we), i # .

P

Hence we do not get a formula of Parthasarathy-type. The problem
regarding the compact resolvent of D remains open here.
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So what goes wrong? Not clear!

For projective spaces [ = sI(/N) (semisimple part) and u is the
fundamental representation. In this case we have the Hecke relation

(R—q)(R+g7)=0.

On the other hand for the adjoint representation there is no quadratic

relation for R. In particular there is more than one positive eigenvalue.

Poor understanding of "quadratic" Casimirs in general. Higher order
terms in the Dolbeault-Dirac operators?
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