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The setting of the problems

» M a closed manifold, dim M = n.
» F a codimension one foliation on M.
» ol : M — M, t € R afoliated flow

(it takes each leaf to a leaf).

Problems:

» To define a Lefschetz number (distribution) of the flow ¢:

n—1
L(¢) =D (=1)Tr (¢*: H — H))

j=0

H/ is some cohomology theory associated to F, Tr is
some trace.

» To prove the corresponding Lefschetz trace formula, an
expression for L(¢) in terms of closed orbits and fixed
points of the flow.



Simple flows

Assumption 1:

All fixed points and closed orbits of the flow are simple:

» A closed orbit ¢ of period / (not necessarily minimal) of the
flow ¢ is called simple, if

det(id —¢. : TWF — TxF)#0, xec.
» A fixed point x of the flow ¢ is called simple if

det(id —¢! : TeM — TyM) #0, t#0.



Simple flows

» Fix(¢) the fixed point set of ¢ (closed in M).

» MO the F-saturation of Fix(¢) (the union of leaves with
fixed points).
Observe that MO is ¢-invariant, and, under Assumption 1, it
is a finite union of compact leaves.

» M' = M\ MO the transitive point set.

Assumption 2:

The orbits of the flow in M are transverse to the leaves:
T\M=RZ(x)® T,F, xeM',

where Z is the infinitesimal generator of ¢ (a vector field on M).

Definition

If the foliated flow ¢ satisfies Assumptions 1 and 2, it is called
simple.



Guiilemin-Sternberg formula

A canonical expression for the right-hand side of the Lefschetz
formula, which follows from the Guiilemin-Sternberg formula:

L(¢) is a distribution on R™ given by:

L(¢) =D _1(0)D ewo)(C)0nie) + Y _epll — e®!| 7T,
c k=1 P

c runs over all closed orbits and p over all fixed points of ¢:
I(¢) the minimal period of c,

ei(c) := sign det (id —¢ : TxF — T, F),x € c.

€p 1= sign det (id —¢t Ty F — Tp]:) ,t>0.

»#p # 0 is a real number such that

v

v

v

v

oL ToM/TpF — ToM/TpF,  x = e®!x.



The refined setting of the problems:

To define a Lefschetz distribution L(¢) of a simple foliated flow
¢ as a distribution on R in the form:

n—1
L(¢) = Z(—1)jTr (0% : H — H)

j=0

» H/ is some cohomology theory associated with F,
» Tr is atrace,
such that the above Guillemin-Sternberg formula holds.

Motivation:

Deninger’s program to study zeta- and L-functions for algebraic
schemes over the integers, in particular, the Riemann
zeta-function (Berlin, ICM, 1998).



Nonsingular flows

ASSUMPTIONS:

v

M a closed manifold, dim M = n.
F a codimension one foliation on M.
¢ M — M,t e R asimple foliated flow.

¢ has no fixed points:

» all the closed orbits are simple,
» all the orbits in M are transverse to the leaves.

v

v

v

JesUs A. Alvarez Lépez, VY. K., Distributional Betti numbers of
transitive foliations of codimension one. Foliations: geometry
and dynamics (Warsaw, 2000), 159-183, World Sci. Publ.,
River Edge, NJ, 2002.



Leafwise de Rham complex

(Q(F), dr) the leafwise de Rham complex of F:
» Q(F) = C>®(M,N T*F) smooth leafwise differential forms;
» dr : Q(F) — QT1(F) the leafwise de Rham differential.

In a foliated chart with coordinates (x4, ..., X,—1,y) € R"" xR
such that leaves are given by y = ¢, a p-form w € QP(F) is

written as
w= Z aa(X,y)dXay A ... A AXq,

oy <om<...<ap
and drw € QPT1(F) is given by
n—1 da
drw = Z Z a—)(j“(x,y)dxj A Xy Ao A DXy

j=1 oy <ap<...<ap



Leafwise de Rham cohomology

» The reduced leafwise de Rham cohomology of F:
H(F) = ker dr/im dF,

the closure is in C*°-topology.

» ¢ is a foliated flow = dr o ¢! = ¢! o dr.
The induced action:

o™ - H(F) — H(F).

Question
The trace of ¢* : H(F) — H(F)?



The leafwise Hodge decomposition

» F is a Riemannian foliation.

» g the Riemannian metric on M such that the infinitesimal
generator Z of the flow ¢ is of length one and is orthogonal
to the leaves — a bundle-like metric.

» Ar = drdr + 0rdr the leafwise Laplacian on Q(F)

(a second order tangentially elliptic differential operator on
M).
» H(F) the space of leafwise harmonic forms on M:

H(F) ={w € QUF) : Arw = 0}.
Theorem (Alvarez Lopez - Yu. K)
The Hodge isomorphism

H(F) = H(F).



Transverse ellipticity:

The leafwise de Rham complex (Q(F), dr) of F as well as the
leafwise Laplacian A r are transversally elliptic relative to the
action of the group R, given by the flow ¢

L(¢) is a distribution on R:

L(¢) = indg(Q(F), dr) € D'(R).

We will use the leafwise Hodge theory.



The Lefschetz distribution

For any f € C°(R), define
Ay = / o - f(t) dto T : [PQ(F) - L2Q(F),
R

where M : L2Q(F) — L2H(F) is the orthogonal projection.

Theorem
Ay is a smoothing operator. In particular, A; is of trace class.

The Lefschetz distribution L(¢) € D'(R):

n—1
<L), f>=T A=Y (1Tt A, fe CZ(R),
j=1

where A is the restriction of As to Q/(F).



The Lefschetz formula

Theorem (Alvarez Lopez - Y.K.)

Assume that ¢ is simple and has no fixed points.
» OnR\ {0}

= 1(6) Y ekie)(€)n(c)
C

k£0

when c runs over all closed orbits of ¢ and I(c) denotes the
minimal period of c.

» In some neighborhood of 0 in R:

L(¢) = xa(F) - do-

xXA(F) the A-Euler characteristic of F given by the holonomy
invariant transverse measure A (Connes, 1979).



The setting

ASSUMPTION:

v

M a closed manifold, dim M = n.
F a codimension one foliation on M.

v

v

¢ M — M,t e R asimple foliated flow.

v

Fix(¢) the fixed point set of ¢ (closed in M).

MP the F-saturation of Fix(¢) (the union of leaves with
fixed points).

» M' = M\ MO the transitive point set.

v

Definition

The foliated flow ¢ is simple, if:
» all of its fixed points and closed orbits are simple,
» its orbits in M are transverse to the leaves.



Remarks

» The leafwise de Rham complex (2(F), dr) of F as well as
the leafwise Laplacian A r are transversally elliptic only on
the transitive point set M', not on M.

» As a consequence, the operator
A = / o - f(t) dt o N : L2Q(F) — L2Q(F)
R

is not a smoothing operator. Its Schwartz kernel is smooth
on M' x M' and singular near M° x MP.
So its trace is not well-defined.
» F is not a Riemannian foliation.
Indeed, F is a foliation almost without holonomy:

» MO is a finite union of compact leaves,
» only the leaves in M° may have non-trivial holonom
y y y
groups.



A singular Riemannian metric

There is a Riemannian metric g' on M*:

» M} equipped with g, := g’ |uy is @ manifold of bounded
geometry;

» g' is bundle-like for F';

» F; a Riemannian foliation of bounded geometry;

» ¢! aflow of bounded geometry.

Remarks:

» Observe that g' is singular at M.
» Each (M}, g}) is a Riemannian manifold with cylindrical
ends.



Local stability for foliations

We use a very concrete choice of such a metric g'. We need to
describe a local structure of the foliation near MC.

Fix a compact leaf L in M°. Using the local stability theorem for
foliations, one can show that 7 can be described around L by
using the suspension construction.

The initial data for the suspension construction:

» L a connected closed manifold,;
» a homomorphism (the holonomy homomorphism)

h:T := 7L/ ker h — Diffeo, (R,0),y ~ h,, h,(x)= a,x,

where v € I — a, € R is a homomorphism.



Suspension manifold

The holonomy covering

7:L— Lthe regular covering map with
mL=kerhe Aut(m) =T.
The canonical left action of each v € T on L is denoted by
y=-y.
The suspension manifold:

M, = Z xr R the orbit space for the diagonal '-action on

ML:LXRZ

v (7,X)=(v-7,a,%). (7,x) e LxR.

Let [y, x]Ndenote the element in M, represented by each
(}N/, X) e M,.



Foliated fiber bundle

The fiber bundle map

%M, =LxR— Lthe I-equivariant map given by the first
factor projection induces the map:

@ M =LxrR— L w([y,x]) = =(§).

Note that the typical fiber of w is R.

The suspension foliation

F is the foliation on M, transverse to the fibers of @ : M| — L,
which is induced by the -invariant foliation on M, with leaves
L x {x} (x € R).

Since 0 is fixed by the -action on R, the leaf L = L x {0} of 7,
projects to a leaf of F; that can be canonically identified with L.



Local description near the compact leaf

According to the local stability theorem, there are tubular
neighborhoods w : V, - Lof LinM,andw :V — Lof Lin M
and a diffeomorphism from V to V|, which takes F|y to Fi|y,:

V=V, Flv=7Filv.
and the flow ¢! on V = V/ is given by
¢t([yax]): [¢£((J7)7e%LtX]7 [_;/,X] S VLC ML:ZXI'R'
Recall that s, # 0 is a real number (depending only on L) such

that
q_Si : TpM/Tp]-" — TpM/Tp]-", X — ePly,



Construction of the singular Riemannian metric

» g° a Riemannian metric on L.

» gr, aleafwise Riemanian metric on (M., 7, ), defined by
requiring that the restrictions of the map

@M =LxrR— L, w=(jx]) =),

to the leaves of F; are local isometries.
» gum, a Riemannian metricon M\ L = L xr (R\ {0}):

ax® . ~
gML:g]:L—F?a [%X]GLXF(R\{O})a

is bundle-like for 7.



Construction of the singular Riemannian metric

We fix an identification
V=V, Flv= ]'—L‘Vp

and easily get a bundle-like metric g' on (M', ') with the
above properties:

» g' is bundle-like for F';

» M, equipped with g; := g’ vy is @ manifold of bounded
geometry;

> ]—",1 a Riemannian foliation of bounded geometry;

» ¢! aflow of bounded geometry.



The blow-up of M

> M}, I=1,...,r, the connected components of the
transitive point set M'(= M\ MP):

(M17'F1) :|_|(Ml17‘FI1)'
/

» M' = M; is the closure of M}
Thus, M, is a connected compact manifold with boundary,
endowed with a smooth foliation F; tangent to the
boundary.

» Put

Me:=| |Mm, Fo=| |7
/ /

» The flow lifts to a simple foliated flow ¢! of F* tangent to
oMe.



Differential operators on the blow-up

» The blow up of the transitive point set M':
Me=| M, Fo=]| |7,
I /

M, a connected compact manifold with boundary,
F; a smooth foliation tangent to the boundary:

I\O/I/ = M,1, Fi 5.7-",1.
» We transfer the Riemannian metric g to M,.

We get a b-metric (generally, non-exact).

» We also have M, to be a manifold of bounded geometry
and F; a Riemannian foliation of bounded geometry.

> dj the leafwise de Rham differential on Q(F)).
> 0 the leafwise de Rham codifferential on Q(F)).
> D]i-/ = d]j-/ + 5]j-l.



Smoothing operators
Forany ¢ € A, f € C*(R) and /, the operator

B — / T Aty dtoy(Dy)

is a smoothing operator on M;, but its kernel is singular near
oM.

The algebra A:

A the Fréchet algebra of functions ¢ : R — C such that the
Fourier transform ) satisfies: for every k € N, there is A, > 0

1D(€)] < A ¥l ceR.

A contains all functions with compactly supported Fourier
transform, as well as the Gaussians x — e~ with t > 0.



Theorem (Alvarez Lopez, K., Leichtnam)

P - / o' - f(1) dt o (D)

gives rise to an element P, of the algebra W, > (M;; \ TF}) in
b-calculus:
» The Schwartz kernel Kp, is smooth in the interior M x M,.
» Kp, has a C*> extension to M; x M;\ OM, x OM, that
vanishes to all orders at (OM; x M) U (M, x OM;).

» In a tubular neighborhood of L C mo(0OM)) with coordinates
(p,¥),p € (0,e0),y € L, the kernel Kp, has the form

d /
%y

/
KF’/(paya Pl>y/) = Rp (paya pp>y/>

where kp,(p, y,S,y') is smooth up to L (thatis, up to p = 0).



In a tubular neighborhood of L with coordinates
pE (0760)7y € L’

/ d /
Pup-) = [ e (53 2. ) uis' )| % |y

and kp,(p,y,s, y’) is smooth up to L (that is, up to p = 0).

The b-trace of P:

e—0

'te () = li ([ Ko (o3, p. )l ol
p>e

+ine [k 0.y.1.p)lay).

°Tr doesn’t have trace property, but °Tr [P, P'] is expressed in
terms of traces of some explicit integral operators on oM.



Since M° = | |, M}, F¢ = | |, ), we get the operator

P=PPr = /OO o' - () dt o (D)
/ —00
EV (MG ATF) = PV, ~(M; NTF}) .
/

In particular, its b-trace °Tr (P) is well-defined.
The b-supertrace of P:

n—1
°TrS(P) =Y (1) °r (PV),

=1

where PU) is the restriction to j-forms.



We follow the heat kernel approach to index theory:

» Fixaneveny € Aand f € C°(R).
» Foru >0, let

Pi/’u,f = / d)t* : f(t) dtO?/J(UD]:c)
» Since the b-trace is not a trace, &.Tr *(Py, ) # 0.
Derivative of the b-supertrace

d 2 *
TP = Y |Zr: b (ToPRr gy, ) 1)

Lemo(MO)



Notation

Derivative of the b-supertrace

S 1ot (TR ) ),

el

ber GCAEEDY

Lemy(MO) [ L‘

» L the universal covering of L, I'; := L.
» 5 # 0 areal number such that, for p € L,

oL NpF — NpF, x — e™tix.

> ., = —s logay ., relative periods,
where a homomorphism v € ', — a; , € RT is given by
the holonomy homomorphism

v € T+ hy, € Diffeo,(R,0), hy.(x) = a.,x.



More notation

Derivative of the b-supertrace

d :
%brr S(P¢u,f) = Z Z Tr FL ( v LUtL—y) f(tL,’Y) 5

LEWO(MO) ~er,

> RL ut = = Ui/ ¢’*z//( D;) a T -invariant smoothing operator

on L.
» ij a closed one-form on L, the lift of a closed one-form 7 on
L.
» ¢! : L — Lthe restriction of the flow to L.
» ¢l - L— Litsliftto L.
» T the induced action of v € ', on I';-invariant operators
on L.

» Tr, the I -trace on I -invariant operators on L



Definition of

» Fix generators ~q,...,v, of 'L (k = rankly).
» C; a piecewise smooth loop in L based at p representing
—1
Yo
» (31,..., 0Bk closed 1-forms on L such that

(81 %) / B =35, ([Bkerh) = 0.

» 7 the closed 1-form on L:

n=1In(ar,,) B+ +In(a,,) Bk ,

(the homomorphism v € [, — a;, € RT given by the
holonomy) B

» 7j the lift of n to L.

» If we consider n as a closed leafwise 1-form on the
suspension manifold M, then there exists a 1-form w on
M, satisfying TF; = kerw such that

dw=nAw.



Variation of the b-supertrace:

For u,v > 0,
*Tr 5(Py, 1) — "Tr 5(Py, 1)

= 2

Le ()(MO

ZTI‘FL( ¥ Luvl‘L )f(tL,7)7

[EA] =)

¢t* ¢(V&) TZ’(UD')

where S; T uvi = =/ R AW = TN D,

Lefschetz distribution:

(L(9), f) = "Tr *(Py, 1)

— lim Z
u—0

L€7T0(MO)

ZTrrL Y LuvtL )f(tLﬁ)'

’ L‘ el



The limitu — 0

Theorem

There exists the limit of ’Tr (Py, ¢) as u — 0, which is given on
Ry by

lim °Tr *(Py,.r) = > (€)Y ewo)(c) - f(KI(c))
@ k=1

u—0

where ¢ runs over all closed orbits of ¢, I(c) denotes the
minimal period of ¢, and x is an arbitrary point of c.

Corollary

L(¢) is a well-defined distribution on R and

(L(p), ) = JiLnObTr *(Pyu.f)-



Trace formula
On R, we have

= Z/ Z eki(e)(C) - Oki(c)
(o]

where c runs over all closed orbits of ¢!, /(c) denotes the
minimal period of ¢, and x is an arbitrary point of c.



Perspectives

» To give a cohomological interpretation of the limit as
vV — 400 of

T (P, 1) - Ll, Z |5 ’ZTrFL LuvtLV)f(tLﬁ)‘

mo(MO) ~ver,

» To get the contribution of fixed points as in the
Guillemin-Sternberg formula

=> lc Zek/w) 5k/c)+26p\1 e!|,
C

» To describe L(¢) in a neghborhood of 0.
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