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Computations on the May and Leonard model

BB & JR*

Univ Brest, UMR CNRS 6205, Laboratoire de Mathématiques de Bretagne Atlantique, France

21 septembre 2024

Three dimensional case and the May and Leonard model

Controlled May and Leonard system. We consider the control system :

ẋ(t ) = (diag x(t )) (1° Ax(t ))+u(t ) (diagx(t ))≤, t 2 [0, t f ] a.e.,

u(t ) 2 [0,1], t 2 [0, t f ],

(1)

where x = (x1, x2, x3)
|

, 1 = (1,1,1)
|

, A =

0
@

1 Æ Ø
Ø 1 Æ
Æ Ø 1

1
A, Æ> 0, Ø> 0,≤= (1,"2,"3)

|
and ∑ := 1

1+Æ+Ø . We introduce the vector fields

X (x) = (diag x) (1° Ax), Y (x) = (diagx)≤

and the previous dynamics reads : ẋ(t ) = X (x(t ))+u(t )Y (x(t )).

Algebraic computations. D(x) = det(Y , [Y , X ], [[Y , X ] ,Y ]) = x1x2x3

≥
"3

2
x2(x1(Æ2 °Ø)+"3x3(Æ°Ø2

))+"2("3x3("3x2("3(Æ2 °Ø)°
ÆØ+1)+("3°1)x1(ÆØ°1))+x1x2("3(ÆØ°1)+Æ°Ø2

))+("3°1)"3x1x3(°Æ2+"3(Æ°Ø2
)+Ø)+"2

2
x2(x1("3(1°ÆØ)°Æ(Æ+1)+Ø2+

Ø)+"3x3(°"3(Æ°Ø)(Æ+Ø+1)+ÆØ°1))

¥
,

D 0
(x) = det(Y , [Y , X ], [[Y , X ] , X ]) = x1x2x3(("3x3(Æ°Ø"2)+"2x2(1°Æ"2)+ x1(Ø°"2))(x3((Æ°1)Ø("3 °"2)x2 +"3)+ x1(Æ(Ø°

1)("3°1)x3+("2°1)x2(Æ°Ø)(Æ+Ø)+Æ)+Ø"2x2)°("2x2(Ø°Æ"3)+x1(Æ°"3)+"3x3(1°Ø"3))(Æx3((Ø°1)("2°"3)x2+"3)+x1((Æ°
1)Ø("2°1)x2+("3°1)x3(Ø°Æ)(Æ+Ø)+Ø)+"2x2)+(x3(Ø"3°("2°"3)x2(Æ°Ø)(Æ+Ø))+x1(°Æ(Ø°1)("2°1)x2°(Æ°1)Ø("3°1)x3+
1)+Æ"2x2)(°"3(Æ"3x3 +Øx1)+"2(Æx1 +"3(x3 °x2))+Ø"2

2
x2)),

D 00
(x) = det(Y , [Y , X ], X ) = x1x2x3((Æx1+Øx2+x3°1)("3x3(Ø"2°Æ)+"2x2(Æ"2°1)+x1("2°Ø))+(Æx3+Øx1+x2°1)("2x2(Ø°

Æ"3)+x1(Æ°"3)+"3x3(1°Ø"3))° (Æx2 +Øx3 +x1 °1)(°"3(Æ"3x3 +Øx1)+"2(Æx1 +"3(x3 °x2))+Ø"2

2
x2)).

The equation D 00
(x)/x1x2x3 = 0 is equivalent to

f1(x1, x2) x3 ° f2(x1, x2) = 0

where f1(x1, x2) = "2

3
(x2(Ø°Æ2

)+x1(Ø2°Æ)+Æ°Ø)+"3("2(x2(Æ2+Æ°Ø(Ø+1))+x1(1°ÆØ)+Ø°1)+x1(Æ2+Æ°Ø(Ø+1))+ÆØx2°
Æ°x2 +1)+x1(°Æ2 +"2(ÆØ°1)+Ø)+"2x2("2(Ø2 °Æ)°ÆØ+1)

and

f2(x1, x2) = x1("2(x2(°Æ2 °ÆØ"3 °Æ+Ø2 +Ø+ "3)+Æ° 1)+ "2

2
x2(Æ2 °Ø)+ "3(x2(ÆØ° 1)°Ø+ 1)+Æx2 °Æ+Ø2

(°x2)+Ø)+
"2x2("2(Ø°Æ)+ (Æ°1)"3 °Ø+1)

Collinearity locus. The set C = {x | 9u 2R, X (x)+uY (x) = 0} Ω {D 00
(x) = 0} is composed of the origin, six lines passing through

equilibria having at least one zero component and the line L passing through the interior equilibrium ∑1 and given by

L(t ) := ∑1+ t

0
@
"3(Æ2 °Ø)+"2(Ø2 °Æ)+ (1°ÆØ)

(Æ2 °Ø)+"3(Ø2 °Æ)+"2(1°ÆØ)

"2(Æ2 °Ø)+ (Ø2 °Æ)+"3(1°ÆØ)

1
A , t 2R.

The control ue such that X (x)+ue Y (x) = 0 and x 2 L is

ue = t (Æ3 °3ÆØ+Ø3 +1), t 2R,

which is independant of≤. The control ue is in [0,1] for t 2 [0,
1

1+Æ3°3ÆØ+Ø3 ].
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Singular flow. The singular flow is

Xs (x) = X (x)° D 0
(x)

D(x)
Y (x).

The restriction of us to L can be written

us|L (t ) = u0 +u1t +u2t 2 +u3t 3

u0
0
+u°1t +u°2t 2

with complicated expressions for u0,u0
0

,u1,u2,u3,u°1,u°2.

The abnormal singular points of Xs on L are L(tes ), where tes is a real root of the cubic polynomial equation ue (tes ) = us|L (tes ).

Computing for one real root we obtain tes = t1

t2
with

t1 =°("2

2
° ("3 +1)"2 + ("3 °1)"3 +1)(Æ°Ø),

t2 = (Æ+Ø+1)("2(3"3(°Æ3+Æ2+Æ+Ø((Ø°1)Ø°1))+(Æ°1)"2

3
(Æ°2Ø+1)(Æ+Ø+1)°(Ø°1)(°2Æ+Ø+1)(Æ+Ø+1))°("3

2
(Æ°

Ø)(ÆØ°1))+"2

2
(Æ+Ø+1)((Ø°1)"3(2Æ°Ø°1)+ (Æ°1)(Æ°2Ø+1))+"3("3("3(Ø°Æ)(ÆØ°1)° (Ø°1)(°2Æ+Ø+1)(Æ+Ø+1))+

(Æ°1)(Æ°2Ø+1)(Æ+Ø+1))° (Æ°Ø)(ÆØ°1)).

The corresponding abnormal singular point xes := L(tes ) is

xes = 1

¢

µ
° ("2 °"3)("2(Æ°Ø)° (Æ°1)"3 +Ø°1)("3(Æ°Ø)°Æ+ (Ø°1)"2 +1), ("3 °1)("3(Æ°Ø)°Æ+ (Ø°1)"2 +1)((Æ°1)"2 °

Æ° (Ø°1)"3 +Ø),°("2 °1)("2(Æ°Ø)° (Æ°1)"3 +Ø°1)((Æ°1)"2 °Æ° (Ø°1)"3 +Ø)

∂
,

where¢= "2(3"3(°Æ3+Æ2+Æ+Ø((Ø°1)Ø°1))+(Æ°1)"2

3
(Æ°2Ø+1)(Æ+Ø+1)°(Ø°1)(°2Æ+Ø+1)(Æ+Ø+1))°("3

2
(Æ°Ø)(ÆØ°

1))+"2

2
(Æ+Ø+1)((Ø°1)"3(2Æ°Ø°1)+ (Æ°1)(Æ°2Ø+1))+"3("3("3(Ø°Æ)(ÆØ°1)° (Ø°1)(°2Æ+Ø+1)(Æ+Ø+1))+ (Æ°1)(Æ°

2Ø+1)(Æ+Ø+1))° (Æ°Ø)(ÆØ°1).

The spectrum of the matrix J := @Xs
@x |x=xes

is specJ = {°1,∏2,∏3} with

∏2 = 1

¢̃

≥
°2Æ2Ø+Æ2+"2(°3"3(Æ°Ø)(Æ2+3Æ(Ø°1)+(Ø°3)Ø+1)+"2

3
(2Æ3°Æ2

(Ø+2)+Æ((6°5Ø)Ø°1)+Ø(Ø(Ø+2)°2))+(Æ+
2)Ø2+Æ(5Æ°6)Ø°Æ(Æ(Æ+2)°2)°2Ø3+Ø)+"3(2Æ3°Æ2

(Ø+2)+"3((Æ+2)Ø2°"3(Æ°Ø)(2ÆØ°Æ°Ø)+Æ(5Æ°6)Ø°Æ(Æ(Æ+2)°
2)°2Ø3 +Ø)+Æ((6°5Ø)Ø°1)+Ø(Ø(Ø+2)°2))+ (2Æ°1)Ø2 +"2

2
((2°5Æ)Ø2 +"3((Æ+2)Ø2 +Æ(5Æ°6)Ø°Æ(Æ(Æ+2)°2)°2Ø3 +

Ø)° ((Æ°6)Æ+2)Ø+Æ(2(Æ°1)Æ°1)+Ø3
)° ("3

2
(Æ°Ø)(Æ(2Ø°1)°Ø))

¥

and

∏3 =° 1

¢̃

≥
("2(Ø°Æ)+ (Æ°1)"3 °Ø+1)("3(Æ°Ø)°Æ+ (Ø°1)"2 +1)(°(Æ°1)"2 +Æ+ (Ø°1)"3 °Ø)

¥
,

where ¢̃= "2(3"3(°Æ3+Æ2+Æ+Ø((Ø°1)Ø°1))+(Æ°1)"2

3
(Æ°2Ø+1)(Æ+Ø+1)°(Ø°1)(°2Æ+Ø+1)(Æ+Ø+1))°("3

2
(Æ°Ø)(ÆØ°

1))+"2

2
(Æ+Ø+1)((Ø°1)"3(2Æ°Ø°1)+ (Æ°1)(Æ°2Ø+1))+"3("3("3(Ø°Æ)(ÆØ°1)° (Ø°1)(°2Æ+Ø+1)(Æ+Ø+1))+ (Æ°1)(Æ°

2Ø+1)(Æ+Ø+1))° (Æ°Ø)(ÆØ°1).

The eigenvectors associated to the eigenvalues ∏2 and ∏3 are tangent to {D 00
(x) = 0} for all values of Æ,Ø,"2,"3 where these

quantities are defined, while the eigenvector associated to the eigenvalue °1 is not tangent.

The equilibrium point xes of Xs (restricted to {D 00
(x) = 0}) can be :

— a focus (see Fig. 1

— a degenerated node (see Fig. ??

— a saddle (see Fig. ??
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FIGURE 1 – Singular flow on D 00
(x)/x1x2x3 = 0 pour Æ = 0.5, Ø = 1/3, "2 = 0.5, "3 = °0.25. The collinearity locus is the magenta

straight line. The solid green region is the elliptic domain ofR3
where D 00

(x)D(x) ∏ 0. The red dot indicates the abnormal singular

point xes . The eigenvalues of the Jacobian of Xs at xes are ∏2 = 0.795 and ∏3 =°0.205 (saddle).
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