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Computations on the May and Leonard model
BB & JR*

Univ Brest, UMR CNRS 6205, Laboratoire de Mathématiques de Bretagne Atlantique, France

21 septembre 2024

Three dimensional case and the May and Leonard model
Controlled May and Leonard system. We consider the control system :

(1) = (diag x(1)) (1 — Ax() + u(t) (diagx (1)) €, t € [0, tr] ae.,
(1)

u(r) € (0,11, te [0, 17],

1 a B
where x = (x1,x2,x3)7,1=(1,1,1)T, A= (,B 1 a), a>0,8>0€=(1,60,63)T and x := m We introduce the vector fields
a p 1

X(x) =(diagx)(1-Ax), Y(x)= (diagx)e

and the previous dynamics reads : X(#) = X (x(£)) + u(?) Y (x(2)).

Algebraic computations. D(x) = det(Y,[Y, X],[[Y, X],Y]) = x1 X2 X3 (egxg(xl (a? = B) + e3x3(a — B?)) + €2 (e3x3(E3 %2 (€3(a = B) —
af+1)+(e3—Dxi(@f-1D)+x1x2(e3(a@f—1) +a— ) + (63— Dezxi xz(—a? +e3(a — ) + f) +e5x2 (x1 (31— af) —a(a+ 1) + f +
B) +e3x3(~e3(@— )@+ P+1)+af— 1))),

D'(x) = det(Y, [V, X],[[Y, X], X]) = x1X2x3((€3X3( — Be2) + £2%2(1 — a€2) + X1 (B — €2)) (x3((@ — 1) Ble3 — £2) X2 + €3) + X1 (@ (B —
D(es—1)x3+ (g2 —D)x2(a—P)(a+ PB)+a) + Beaxz) — (e2x2(B—aes) + x1 (@ —€3) +€3x3(1 — Bez)) (axs(B—1)(e2—€3) X2 +€3) + X1 (@ —
DBz -1 x2+(e3-1Dx3(f—a)(a+P)+P) +e2x2) + (x3(Be3 — (€2 —€3) X2 (a— ) (@ + B)) + X1 (—a(f—1) (2 — 1) x2 — (@ —1) B(e3 — 1) x3 +
1) + agrx) (—e3(agsxs + fx1) + £2(axy + €3(x3 — X)) + PE2X2)),

D" (x) = det(Y,[Y, X],X) = x; xox3((@xy + fxo + x3— 1) (€3X3(Ber — @) + €2 X2 (ag2 — 1) + x1 (€2 — B)) + (@ X3 + Bxy + X2 — 1) (€2 X2 (B —
aes) + x1(a—e€3) + e3x3(1 — Beg)) — (axy + Pxs +x1 — 1) (—e3(aesxs + Px1) + £2(ax) +e3(x3 — X2)) + ,36%)62)).

The equation D" (x)/ x1 x2 x3 = 0 is equivalent to
fi(x1, x2) x3 = f2(x1,%2) =0

where fi(x1,x2) = £5(x2 (- a?) +x1(* —a) +a—P) +e3(e2(x2 (@ +a— BB+ 1) +x1(1—af)+ -1 +x1(a® +a—B(B+1) +afx, -
a—x+1)+x(—a®+ex(@B-1)+P) +exa(e2(f2 —a)—af+1)

and

fo(x1, %2) = x1(€2(x2(—a® —aPfes—a+ P>+ P+e3) +a—1) +£§x2(a2 B +es(x@f-1)—-B+1D+ax;—a+ 2 (—x)+ )+
ex2(e2(f—a)+(a—1eg—Pf+1)

Collinearity locus. Theset ¢ = {x|JueR, X(x)+ uY (x) =0} = {D"(x) = 0} is composed of the origin, six lines passing through
equilibria having at least one zero component and the line L passing through the interior equilibrium x1 and given by

3@ -p+ef?-a)+(1—-ap)
L= xl+t|(@®-B)+e3(f—a)+ex(1—apP)]|, teR.
ex(@®—PB)+ (B> —a) +e3(1—ap)

The control u, such that X(x) + u,Y(x) =0and x € L is
ue:t(a3—3aﬁ+ﬁ3+1), teR,

which is independant of €. The control u, is in [0,1] for € [0, m].

*jeremy.rouot@univ-brest.fr
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Singular flow. The singular flow is
D'(x)

Xs(x)=X(x)— D

Y (x).

The restriction of 1, to L can be written
Ug+urt+ M2l2+ u3t3

us, (1) =
S uy+u_1t+u_ot?

with complicated expressions for uy, u{), Uy, U, Uz, U_1, U_3.

The abnormal singular points of X on L are L(Z,s), where s is a real root of the cubic polynomial equation u,(Zes) = us; (fes).
Computing for one real root we obtain z.; = % with

f=—(e5—(e3+ Ve + (€3 - Dez+ D(a—p),

h=(a+p+1)(e2Be(-a®+a®+a+p(F-1DP-D)+(@-Des(a-2f+D(a+p+1)—(f-D(-2a+pf+1D)(a+p+1) - (e5(a-
B)af-1)) +£§((x+ﬁ+ D(B-DesRa—-P-D+(@—-D(@-20+1) +e3(es(es(B-a)@f—-1)—(B-D(-2a+p+Da+p+1)+
(a—D(@-28+D(a+p+1)—(a-PB)(af-1).

The corresponding abnormal singular point X, := L(Z.s) is

Yes = %| - (e2—£3)(e2(@ - B) — (@ - Des+ f— Dies(@— ) —a+ (B—Dez+1), (63— Desl@— ) —a+ (B-Dep + (@ - Dea -

a=(B-Des+p),~(e2-Diea(@—p)—(@—Des+f-D((@-Dez —a—(F-Des +f)),

where A = £,(3e3(—a® +a® + a+B(B-1-1) +(@—Dej(@ -2+ D (a+f+1) - (B-1)(-2a+p+1)(a+p+1) - (e (a-p)af-
D) +e5(@+pf+1D((B-Desa—pf-1)+(a-D(a-2+1) +esesles(f-a)@f-1) - (B-D(=2a+p+D(a+f+1)+(@-1(a-
28+ (a+p+1)—(a—p)(ap-1).

The spectrum of the matrix J := aa)ff Ix=x is spec] = {—1, Ay, A3} with

Ao = %(—2a2ﬂ+a2+£2(—3€3(a—ﬁ)(a2+3a(ﬁ—1)+(ﬁ—3)ﬁ+1)+£§(2a3—az(ﬁ+2)+a((6—5ﬁ),6—1)+ﬁ(ﬁ(ﬁ+2)—2))+(a+
QP +aBGa-6)p-alala+2)-2)-28+p)+e32a° —a?(B+2) +e3((@+2) 2 —e3(a—P)Raf-a—P)+aba—6)f—ala(a+2) -
2)-2B3+ ) +a(6-50)F-1+BPB+2)-2)+Ra-1*+e5(2-5a)f° +e3((@+2)f* +aba-6)f—alala+2)-2) -2 +
B -(a-6a+2)f+a@-Da-1)+p) - (5 (a—p)(alpf- 1)—/3)))

and

A= —X((e2(B=a) + (@ Des - B+ Des(a—f) - a+(B-Dea+ D(~(@=Des+a+(B-Des - ),
where A=¢£,Bes(—a® +a? +a+f(F-1-1) +(@-Ded(@—2p+1)(a+f+1)— (- D(-2a+p+D(a+p+1) - (5 (a—pf)af-
1))+E§(a’+ﬁ+1)((ﬁ—1)£3(2a—ﬁ—1)+(a—1)(a—2ﬁ+ 1) +e3(es(es(B-—a)af—-1D)— (-1 (-2a+pF+D(a+p+1))+(a-1)(a—
28+ 1)(a+B+1) - (a—pB)(af-1).

The eigenvectors associated to the eigenvalues A, and A3 are tangent to {D”(x) = 0} for all values of a, §,¢e2, €3 where these
quantities are defined, while the eigenvector associated to the eigenvalue —1 is not tangent.
The equilibrium point x,; of X; (restricted to {D"(x) = 0}) can be :

— afocus (see Fig. 1
— adegenerated node (see Fig. 22

— asaddle (see Fig. 22



UBO
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FIGURE 1 — Singular flow on D" (x)/x;x2x3 = 0 pour a = 0.5, § = 1/3, &2 = 0.5, €3 = —0.25. The collinearity locus is the magenta
straight line. The solid green region is the elliptic domain of R* where D" (x) D(x) = 0. The red dot indicates the abnormal singular
point x.,. The eigenvalues of the Jacobian of X; at x.; are A, = 0.795 and A3 = —0.205 (saddle).



