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Moduli space of translation flows

The ”package” (Avila, Chaika, Delecroix, Eskin, Filip, Forni, Harana-Herrera, Hubert, Kerckhoff, Kontsevich,

Lelièvre, Masur, Mirzakhani, McMullen, Mohammadi, Smillie, Veech, Zorich, . . . )

S be a translation surface, there exists 0 ≤ λ2(S) < 1 and c0(S) > 0 s.t.

1 the number N(S ; L) of periodic trajectories of length ≤ L satisfies

N(S ; L) ≈ c0(S) · πL2

2 for a.e. θ ∈ S1, F t
θ : S → S is uniquely ergodic

3 for ”most” functions φ : S → R, a.e. θ ∈ S1 and all x ∈ S

lim sup
t→∞

log
∣∣∣∫ t

0 φ (F s
θ (x)) ds −

∫
S φ(y)dy

∣∣∣
log t

= λ2(S)

4 either there exists ψ : S → S1, θ0 ∈ S1 s.t.
ψ ◦ F t

θ = ψ + cos(θ + θ0) · t or for a.e. θ, F t
θ is weakly mixing
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Moduli space of translation flows

Open questions(Aggarwal, Aulicino, Avila, Chaika, Chen, Cheung, Delecroix, Eskin, Filip, Forni, Fougeron,

Goujard, Harana-Herrera, Hubert, Kerckhoff, Kontsevich, Lelièvre, Masur, Mirzakhani, McMullen, Mohammadi, Möller, Smillie,

Treviño, Veech, Zorich, . . . )

1 periodic orbits

Stronger asymptotic growth rate for N(S ; L)
Computation and asymptotics of c0(S)

2 unique ergodicity

Quantify the size of θ ∈ S1 that fails unique ergodicity in S1

3 deviation of Birkhoff averages

Arithmetic nature of λ2(S)? For which S do we have λ2(S) = 0?
Computation and asymptotics of λ2(S)

4 weak mixing

Quantify the size of θ ∈ S1 that fails weak mixing in S1

5 finer ergodic properties (joinings, . . . )

6 ”non-renormalizable” translation flows
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Moduli space of translation flows

Moduli spaces

Hg (µ) = Hg (µ1, . . . , µn): translation surfaces with singularity pattern µ

A

A

B

B

C

C D

D

E

E

F
F G

G

A,B,C ,D,E ,F ,G ∈ C7

are free parameters in
H3(2, 2)

(period coordinates on
Hg (µ))

Douady-Hubbard (1975): introduction of period coordinates

Hubbard-Masur (1979): another parametrization of Hg (µ)
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Moduli spaces
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Moduli space of translation flows

Moduli spaces

The moduli space Hg (µ) has

an integral linear structure (change of charts are in GL2d(Z)) and
hence a canonical measure

a smooth algebraic structure (orbifold)

admits a (non-algebraic) GL+2 (R)-action
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Moduli space of translation flows

Unmystifying the package

Plough in the moduli space to harvest in the parameter space.

The Teichmüller flow g t : Hg (µ) → Hg (µ) corresponding to the subgroup

action

(
et 0
0 e−t

)
acts as a renormalization operator for vertical

translation flow F t
π/2 : S → S .

Let L := GL+2 (R) · S then

c0(S) = c0(L): constant linked to the geometry L in the multiscale
compactification

λ2(S) = λ2(L): Lyapunov exponent of g t : L → L
(EKZ formula) λ1(L) + · · ·+ λg (L) = κ(Hg (µ)) + c1(L)
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Moduli space of translation flows

Linear subvarieties

A linear subvariety in Hg (µ) is an algebraic subvariety which is linear with
real coefficients.

Theorem (Eskin-Mirzakhani-Mohammadi+Filip)

Let Hg (µ) be a moduli space of holomorphic translation surfaces (µi ≥ 0)

and S ∈ Hg (µ). Then L = GL+2 (R) · S ⊂ H(µ) is a linear subvariety.

(conversely: linear subvarieties are closed and GL+2 (R)-invariant)
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Examples of linear subvarieties
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Examples of linear subvarieties

Regular 2n-gons (Veech)

dimCL = 2, rank(L) = 1, k(L) = Q [2 sin(π/n)]
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Examples of linear subvarieties

The (3, 4, 13)-triangle unfolding (Delecroix-Rüth + DFZ)

dimC L = 4, rank(L) = 2, k(L) = Q [φ] where φ = 1+
√
5

2

z1 = φ · z0 z3 = φ · z17 z2 = φ · z6 z4 = φ · zk

0

9

~0 22
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1 8
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~5~23
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Examples of linear subvarieties

Classification of linear subvarieties (Apisa, Aulicino, Bouw, Delecroix, Eskin, Hooper,

Lanneau, McMullen, Mirzakhani, Möller, Mukamel, Nguyen, Rüth, Ward, Wright, . . . )

Exhaustive list of known examples

1 covering constructions (including double cover of quadratic
differentials)

2 Bouw-Möller Teichmüller curves

3 discriminant loci in arithmetic rank 2 linear subvarieties: infinitely
many rank 1 linear subvarieties defined over Q or quadratic fields
Q[D]

4 sporadic Teichmüller curves

5 exotic rank 2

Open question: any other?
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Certifying linear subvarieties

Certifying linear subvarieties
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Certifying linear subvarieties

The finiteness result

Hg (µ): moduli space of (possibly meromorphic) translation surfaces

Theorem (DFZ)

There exists a finite collection of linear maps sτ : Pτ → Hg (µ) where Pτ

are polytopes such that

sτ (Pτ ) ∩ sτ
′
(Pτ ′) ̸= ∅ if and only if τ = τ ′,

Hg (µ) \
⋃

sτ (Pτ ) has codimension one (the walls)

It satisfies that

1 A linear subvariety L ⊂ Hg (µ) intersects each sτ (Pτ ) finitely many
times and is transverse to the walls.

2 If f : L → Hg (µ) is linear with L complete linear orbifold and
f (L) ∩ Dτ is finite for each τ , then f (L) is a subvariety.

The sτ : Pτ → Hg (µ) are called Delaunay cells.
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Certifying linear subvarieties

The finiteness result

Corollary

Given a translation surface M ∈ Hg (µ) and a (real) subspace
E ⊂ TMHg (µ), there is a program that terminates if and only if E is the
tangent space of a linear subvariety L.
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Certifying linear subvarieties

The gothic locus

Required the computation of the 47448 components sτ (Pτ ) ∩ L.
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Certifying linear subvarieties

The Delaunay cells sτ : Pτ → Hg(µ)

Definition

A veering triangulation τ is a triangulation together with a red-blue
coloring of its edges so that there are neither monochromatic face nor
monochromatic vertex.
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Certifying linear subvarieties

The Delaunay cells sτ : Pτ → Hg(µ)
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sτ : V τ × Hτ → Hg (µ) where (x , y) ∈ V τ × Hτ ⊂ (RE(τ))2 i.f.f.

non-negativity: for each e ∈ E (τ), xe ≥ 0 and ye ≥ 0

triangular equalities: e.g. x10 = x3 + x11 or y15 = y12 + y5

minor problem: local parametrization
major problem: injectivity
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Certifying linear subvarieties

The Delaunay cells sτ : Pτ → Hg(µ)
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sτ : V τ × Hτ → Hg (µ)
Pτ ⊂ V τ × Hτ is defined by adding one set of inequations

non-negativity: for each e ∈ E (τ), xe ≥ 0 and ye ≥ 0

triangular equalities such as x10 = x3 + x11 or y15 = y12 + y5
Delaunay condition: e.g. x14 + x15 ≤ y15 + y16
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Certifying linear subvarieties

The Delaunay cells sτ : Pτ → Hg(µ)

The obtained Delaunay cells sτ : Pτ → Hg (µ) satisfy

sτ (Pτ ) ∩ sτ
′
(Pτ ′) ̸= ∅ if and only if τ = τ ′,

Hg (µ) \
⋃

sτ (Pτ ) has codimension one (the walls)
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Certifying linear subvarieties

The Delaunay cells and linear subvarieties

Now to show

1 A linear subvariety L ⊂ Hg (µ) intersects each sτ (Pτ ) finitely many
times and is transverse to the walls.

2 If f : L → Hg (µ) is linear with L complete linear orbifold and
f (L) ∩ Dτ is finite for each τ , then f (L) is a subvariety.

one uses the following ingredients

understand the geometry of L near the boundary and use
compactness and transversality away from the boundary

o-minimality (only required for certifying algebraicity in the
meromorphic case)
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The multiscale compactification

The multiscale compactification
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The multiscale compactification
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The multiscale compactification

The multiscale compactification

0

~1~3

1 32

~4~2

4 5

H(0)×H(0) . . . picture misses the lower level in Q2(11, 1,−42)
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The multiscale compactification

Blowups of Pτ and multiscale compactification

Hg (µ): (non-projectivized) moduli space of (possibly meromorphic)
translation surfaces
Hg (µ): (non-projectivized) multiscale bordification
sτ : Pτ → Hg (µ): Delaunay cell

Theorem (V. Delecroix, K. Fu, B. Zykoski)

There exists a blow-up ŝτ : P̂τ → Hg (µ) such that ŝτ (∂Pτ ) is a union of
(refined) Delaunay cells in ∂Hg (µ). Moreover, for a point M ∈ sτ

′
(Pτ ′) in

some Delaunay cell sτ
′
: Pτ ′ → Hg (µ) and a path (zt)t∈(0,ϵ) ⊂ Pτ we

have equivalence between

sτ (zt) converges to M in Hg (µ) (as t → 0)

zt converges in P̂τ and M = lim ŝτ (zt) (as t → 0)

V. Delecroix (j.w. K. Fu and B. Zykoski) multiscale bdry of linear subvarieties JHH80, Toulouse, June 2025 25 / 25


	Moduli space of translation flows
	Examples of linear subvarieties
	Certifying linear subvarieties
	The multiscale compactification

