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I. Introducethequestiondefinecore entryis

Key object
: Hubbard trees
-

Let +beaHosteritically finite (PCF) quadratic polynomial
.

-The Hubbard treeIf is
· a finite , connected

tree embedded in KIf),

· it contains the posteritical
set

,

⑳

·it is forward-invariant - Y
·it is the

minimal such set . I !
Xo= X3



g -
!
Xo= X3

-

X
,

No=Xz
*
z

-
2 h
X



strictdynamics to
the Hubbard tree

· T is forward- invariant underf-
consider the

f
restruction flif

·The restricted dynamical system fl : If
o
f

determines f lup to conformal equivalence

=> facting on if is the
"core" part of f: -E.

Definition (Thurston)
:

-

tha toreentropy of fc := topological entropy
of felt

fa--

core entropy
&owth rate : = e



Movpartitions & subshifts of finite type
Cut Hubbard tree at postcritical set E Markov partition
=> topological conjugacy faltE subshift of finitetype.

*
the fut

⑧

Incidence matrix M:
Fact : Growth rate = the leading

eigenvalue of the incidence
matrix

Call the characteristic poly
-

&

nomial [i:&

the Markov polynomial 8

11

O

#= det (Mc -XI)
leading eigenvalve = 1

. 395.



Review of concepts :
-

PCF parameter c

-> Hubbard free T
fc

-> Markov partition (by cutting at postential
set)

-> incidence matrix Mfc

-> set of roots of
Markov poly Celgenvalves)

E(: = &x 4 : det (Mfc= x1) = 03.
(growth rate - largest roof)

Now we're ready for
The Question :
-

How does CHOZ(c) reflect the geometry of Mandelbrot
set?



#
.
A

. Putting the question
in context : prior work

relating (just) core entropya geometry of
M

1) Milnor &Thurston proved core entropy
is nondecreasing

as you
more out along the real

vein of M

Milnor-Thurstor's
plot -

-
Core

2) Each rational external
entropy Thurston's

plot.
angle t

determines a

PCF parameter foo
Thurstonsuggespy (f(o)

O "yz
IS continuous external angle

"



3) T102z0 and Schleicher prove
it is ! That is 17

↑

#I - R

O to core entropy (fc)
Y

extends to a continuous F.

-

function R/2 - IR

4) Tiozzo shows
core entropy is

veins
non decreasing alongincipal

_
(ine Pg-limb consists of params c

where

fc has rotation
# P/g about -fixed pt.

C

The pla principal rein
connects to tip of pla lim.

Hubbard tree is a g-pronged star

/:x-)



#1 B. Putting the question in context
: uniformly expanding models

Def : f uniformly expanding
meansf is piecewise linear
-

with slope f(x) = 1X .

#

Fact : Roots of Markov poly leigenvalves of My
are stretch factors of uniformly expanding models

of f Eigenvectors give lengths of
intervals.

[ro .... um] [Mf] =
< [Mf]

uniform expander
model length ofF

Fo I, Fun lengths
No U,



If XeK,
E complex embedding of

interval

13 I a slope
IX- 4 map sends

# " F + Fu+

Open question : complete characterization of
set of

growth rates of
PCF quadratics .

condition : If X is growth rate of
PCE

Easy necessary -
real internal map ,

then X isantak Person number.

C

- Weak Person : X
is a real , positive

algebraic integer whose
norm is &

Galas cjs=> norm of its Galois conjugates
of X



why necessary ?
Person - Frobenius theorem says these

are the types of numbers
that arise as leading eigenvalves

of matrices of Os and Is.

*
Theorem (Thurston , Entropy in

Dim 1) :

Sweak Person numbers 3
= &growth rates of

real PCF polys3
A

no
restriction

on degree.

Still open
: which weak Person #s arise as growth rates

of polys ofdegree
2? land? ) (or some dynamical

behavi ?)



Def :

#famine
S

↑
roots of

Markonys

An approximation of
the
-

Thurston Set for
the

family of
real

, strictly critically
-

periodic quadratic polys .

(color ~ critical period)
2 to 23



-

( An aside : this is a "lD version of a famous

open question in 2-D dynamics
.

pseudo-Anosov surface diffeomorphisms
essentially, a surface

S with

# a map fists for
which you
that

can choose coordinates
so

the "unstable" direction by factor
of X

f expands 27 factorof I
f contracts

the "stable direction by
rowth rate or dilatation

X is called theg
-

What are the growth rates of pseudo-Anosovs ?)(
...

back to our 1-D case...



# Teapots : a
tool for investigating all roots of Markov poly .

Def : The Plq-teapot is

Viq : = &(7 , x) + DxR
: EfeP-principal vein s.t.

x =growth rate (fc) , zez(fc)
3

portsofthe
Marke poly

IR

#

Churston defined the teapot for real , critically penodic quadratics;
we defined it for veins



Maintheorem 1: "Persistence Theorem" for principal veins

Horizontal Slices of Fol grow monotonically inside the unit cylinder.

1 .2 . if (z ,x) +V
g

With 121
,
then 573x[X,Xg]Ep

&
growth

rate of tip
leading root of

x8- x8!z = 0)

Theorem : The unit cylinder is
in Up/g, ce.

six [0 , 49] < Uplg .

Theorem : For real , critically penodic
Vi family , an algorithm for

sertifying that a point is
not in teapot .



Main TheaewQ : Continuity of large roots withexternal angee
-

Theorem setup : 43
-

For rational , define

ze = S'u getf:..
z is a map /

- ComCK)
2/3

&Compact
subsets of K , equipped with
Hausdorff metric
P
Haus
(A
,
B) = inf 550 : ACN(B)

Theorem statement : BCNzCA
-

The map
zt : /1- > ComSC) admits a continuous

extension from R/L - Com (1).



Mintherm parameter , the following 2 polynomialshare

the same roots off the unit circle :

· the polynomial from
Thurston's entropy algorithm

· the Markov polynomial
# , furthermore ,

the parameter is critically strictly penodic
and belongs to the principal

vein a 3rd polynomial&

with the same roots of the unit circle is

· the principal usin kneading polynomial (we defined).

(why need this ? Markov poly is simplest ,
but not stable

under perturbation of external angle. Thurston invented his

entropy algorithm to deal with this. Our principal rea

kneading poly is "stable" along principal veins .)



# Proof Sketch : It:Segenalms /Us is continuousa

/

Groots ofThurstompoly
of nom 213
Form a directed graph (n

,
n)
i

Thurston entropy algorithm
:

↑

·
X = E

---- (2 ,
2) (2 , 3).

↑

& (1 , 17 1
,
27 (1 ,3)

.

-
-
(
,
n)

Xi = 2xi ,
mod

Graph whose vertices

SayKiissearated toparts of are (xi
, X,) pairs.

↑

equal if Xi = X ;
I

Ige (Xi,Xj)-> (Xi+1 ,+i+)
partition. If Ni ,Xi) is nonseparated

add es
&

1

msep. otherwise If (i
,
xi) is separated , add
-> (1 , Xi +1) and -(k+j+)





Represent this directed graph as an incidence matrix.

Fact : growth rate offo inverse of leading eigenvalve of
this matrix,

(Pth is the char· poly.

T102zo introduced infinite wedges
17 T lar finite

and used spectral determinant of infinite graphs
-

-

a power series
(whose coeffs depend onthe

# of cycles

of vanous le ths in
the graphs - and for theng

graphs we are
interested in

,
a finite portion of

the graph determines
each coeff.)

Generalizes the characterstic polynomial



In penodic (or prependic case) , look at larger and

larger covers of the finite model graph.

Th : (Roughly stated) The characterstic polys of a

k-fold cover of the finite graph model
=

(a cyclotomic) x knar . poly of finite model).

These charc , polys of large
covers -> spectral def.

upshot : for DCF maps,
inside the open unit disk

spectral det and thursto poly
have same roots.

Then argue
that the creffs of spectral detvary

continuously with t . Leargue
roots more continuously) .

#



Thank you
all !

Thank you ,
Prof . Hubbard ,

for your support
and

mentorship over
the years.



Extra
-
-

Plot/Approach 1 : Galois conjugates of growth rates

In the year before
is deatt in 2012

,
W
.
Thurston did an

experiment : real

① Get a large list of
"PCF quadratic polynomials

② For each,
calculate its growth rate X and

also all the Galois conjugates of
X .

③ Plot all these numbers
in K

.

The result of his experiment was ...



Thurston's plot The "Ring of Fire"
white-plotted points now a.K. a.

The Thurston
Set



Plot/approach 2 : connectedness locus for an IFS family

For each XED ,
define Ly := limit set of IFS generated

by Xroxx +)
and xNxx-1 .

Define & = ExeD : 0 L3 (Show Mathematica)



Plot/approach 3 : Roots of power series
with11 coefficients

Consider the set of all power senes of
the form

aix" , atEH-13 E



A useful connection : For
XtK with 1x1 ,

X Thurston set) Of
limit set of the IFS

generated by
f, (x)=xx+ 1

fz(x)= XX - 1
.



A B

& ↑Think of
this as ·

parameter Ai
space



C

D

·
Co



Some recent results about Thurston
set :

· It is contained in an annulus (solomyak)

· It contains Can open neighborhood of) the
unit circle. (Tozad

·
The part in D coincides with the

set of all roots of all
ari-KochWalker)

power series
with II coefficients. (Caley

·
The "holes" you

see are "fake", artifacts of finite

approximation. (Bray , Davis , L ,Wu)

· It does have
holes in the Fractaly bits (Calegari-Koch-Walker)

· It is locally
connected (Tlozzo


