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Rational Maps ofJegree 1 .71

: - I

z-P
is a degree d rational map if

max & degp , degQ = 0

P
. Q are relatively prime.

otherwise.f is a degenerate rational may of degree d
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Space of Rational Maps
Raty : rational maps , maybe degenerate.

2dx/
Rat j -- P

agzit ... Go
a > [a :- : agiboi-ibo]

bizit + bo

Graty := Faty" Raty algebraic codimension 1.
↓

& (2) = clz-zol --- (z-zp) .Fel odegrad is the reduction.
O

(z-zo) -- (z-zr) of fo .
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Degenerating sequence/family
Efy is a degenerating sequence ifRatyne grat
EftbteDp is a degenerate family if &

Dist -> Fat pis holomorphic.

graty iff too

En resp fefo) uniformly in compact subsets
of Thzo-Er]



Moduli Space . /Degenerations

raty : Rati/conjugacy by PSL() . complex orbifold(silverman)

We are interested in (fn][Raty sit [fn] ->

ie
. There is no scaling <Mmd s .t

MofnoM - - Raty



Rescaling Limits .

Let hind (resp . (ft)) be degenerating:

geRaty ,
8 72 is called a rescaling limit of

period 931 if there exists (Mm) = Rat , (resp{Mes ?
such that

minoM-g
Cresp . MI M -> g) .

uniformly off a finite set.A
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Examples (Branner-Hubbard) .

F cubic
Critical Points w ,

wl

fr(w/-> 00

weperiodic component of Kif) of period &

DH-wringing produceMe

⑧ f = gto for some to

Mog-QgEl =z+



Quadratic Rational Maps.

Let 4fn] = Ratz.

lEpstein 2000) if ,
for some p2,2 , <En has a period p

cycle with badd multiplier , then imodulo passing
&

do a subsequence) Ins has a period 2p.

Rescaling Limit : with a parabolic fixed point.
(cf Rees-Stimson 1993)
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1--... () |tk)

#c Mullen Maps.

Flz) :=+ O -- e F
Period resaling : Mt = 10

, MotoM) +z

S
[2k) z3

,
if a<

#ItzIvk if 276
Period 1 : Altz = , MoftoMe + 2

Period
q

: if x
*
Kol = No ,

then fez) = to
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Scalings
[MmS , 4hnS scalings A passing to subsequences.

Minorn -MEPSL lequivalent/dependent).

Op Monte Lindependent).

Fact .PSLcferat : reg, 13 = Ses(8 : degi1),

is compact.

-> Given (fng = <Mmb Sit Moh-with degn I



Scaling Dynamics.
Take (M) scaling , 59ty Sit

↓noM + g with degig/ I.

SMn4Nn3
From Rivera-Letelier 2000



Scaling Dynamics.
Take (M) scaling , 59ty Sit

↓noM + g with degig/ I.

744 ...., sot

Motor -: with deggic !

# deggi = O

iMN (From Rivera-Letelier 2000)



Limiting Dynamics
Trees of spheres -

Projective line (Berkovich)
over Hon-Archimedean Fields :

Puseux Series

Complex Robinson Field
*

(Lo 2021

Faure-Gong 2025).
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Trees of Spheres.

G=29 ,
--- ,Mr] ↑

-

(i)
Ma

Ene En converges weTTj . Sei
iff

(2n w
iinfo
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O f

- I=0

G

12 ..

Gi Ty stg
I

w

Tg Te



Maps between trees of spheres.

6 = 4hg ,
- chig] the "preimage" of 6

= associated free of spheres.
-D

gazb = buMi En :En En

↓nzoo

& Gi Ty stg
G is a cover

w of trees of spheres.

Tg Te (Arfeux 2017)
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Counting Rescaling Limits.

Th 1K .2013] =Rati has at most 20-2 dynamically independent
resaling limits. which are not PCF.

&

Proof
. (a la Arfeux) Topological properties of branched

2017

coverings of trees of spheres.
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Counting Rescaling limits
Th1001- (fn] = Rate with infinitely many independent

2022

non-monomial resalings. and given New : Seg with i

Proof
.
①oe Raty

, hyperbolic , finitely connected Fator components

② Exist stretching deformation [] = Hyperbolic component
of F

6

③ If To is component of Jlf) of period q ,
non-trivial

↑

then exists a period PCF resc limit go
:To&

Whishikural Construct to with H non-Jordan periodic components.
Tree :
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Pulseux Series dynamics.

((z) = Gitzit--- + aolt) ECllt). t - #El
bi (tzo + ---- + bott)

- ord.

z = Ext Abuddbelow
,
121 = e

f

Xen

(((t)) [ (kt]] = I
-

Formal Laurent Series Formal Puiseux Series algebraically closed

Ne = 4%m : je2] complete.
-

some m =REQ
.

f = 4ft) :P- is a rational map of degreed .

Scaling M = >Med EPSLa(4)
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Berkovich Line

8 PELugood Is non locally compact: and totally disconnected

↑m multiplicative Seminorms l inLo
-

with Gellfand topology : 1 . 1-1pk is continuous.
feLlz) compact , tree

Th (Berkovich)" seminorms , - closed balls B = LEEL : 1E-ZolS."
1990

suppizlo 0<+ 00

Balls are

nestedorjont
--
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Berkovich Space andrescalings. Hi

Xg Gauss point so Unit ball : It has plp-branches. *

Branch points of plan Hypepts) PSh orbit of xg
&

<X=[Mt] where .LuM if Lo Melt=o EPSha()
#

↑ reduction .

Moreover, if : pim ,
then

↑ ([m)) =[] El No oMtlo = 5 with degign 1.

E is the local action on the branches at 2 : Tyf.
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Periodic Points .

RK . Efe)
,

El fixedpoint multiplier MH :

family IMIt1031 Es MIt - 00

IMItos1 MIt -> 0

(Benedettol A : plant has a non-repelling fixed pro Un
~ 2000

(Rivera-hetelier) Def . X typeI fixed point is repelling Ifdegtyf7, 22003

&

ic. X = [MejoElis repelling if
MotoMelog

S

sit . Jegg2



Fatou-Julia .

Itsial Given Fell), eFflepa if Fro sotpauf013
2000

&

↑

↑
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Fatou-Julia .

Iam

Itsl Given fellz) , XeFIfIE if FUEx stIDaUf01334

IRivera-Leteler) Repelling periodic pts are dense in JIFI
2003

(Rivera-Letelier) if f has an indifferent periodic point
~ 2000 then JIf) contains typeI periodic points. E

① i Mortonetoig interesting

(K
./ X repelling periodic typeI (rescaling)

2015

:P not pCF (rescaling limit not PCF)

= - criticalpt wel sit ficul orbit of X
↑



Repelling Periodic Points

th10) . Suppose multipliers of pero p ptsof
ore bounded as teo

,
for all pl.

=>It has at most 2 non-monomial Resc . Lim . (polynomial).

Modulo change of coordinates, felfe) : pues "Bernoulli
kf Favre-Riv .Let)

TH) = [xo , Xn] &

-

& slopes in

&



Thitrol . SEA]] contained in a hyperbolic . component Heraty

[t] -> toost period p multiplers are bounded

=> juf) is nested

Def F :D has nested Julia set if :

& XYEFIf st all components To of JIF separate
.
XIt

*
~
mi·TCF)mi

M
YY
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(K . 2014/ At most two rescaling limits: if ift] = PatI
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Quadratic/Bicritical and Newton.

(K . 2014/ At most two rescaling limits: if ift] = PatI

-

Ine-Pilgrim 2022)At most two rescaling limits oSe t!

(e2023) At most -1 rescalinglimits if=Newtony

(Epstein , Ne-Pilgrla I bicritical hyperbolic component of2022, typeD and periods,2.
&

=> I is bounded .

(e-Pilgrim 2020) for Newton maps of degree 4.







Ultra filters :

No more subsequences : non principal ultrafilter c . in N

wE O(N) with the property . Given (Xn)EX compact
7! xeX st V neghborhood of X , IneN : XneVew :

entn : X I

X



Robinson Field :

Consider Ento ,
let

t = 4 (Ent : Enla is bounded !

Kenili = Inten

my : = [ (En) : /(niw = 0Y

" : = 1%. 1 an alg. closed , complete feld



Rational Map .

*Pa
(Lvo , Favre-Gong). Let f = <fn][Raty degenerating :
Then Fendo St fewit and A : Dani
non-trivial.

Furthermore
fr

I converges
Pa

w



Measures (DeManco-Faber
,
Favre

, Favre-Gong)
~ (Baker-Rumely &

Favre-Rivera-Leteller) . -

~ (Freire-Lopes-Mané Lyobich) .

Winhu [Ex -> M =en
d

1500

XENol
A A

↑ Cin) #1 ,plan

&



Measures and Iterations

1K .
-te 20241 hind Fati st-> gator **.

=> Mr- W where wis determined by (gr)
A ↑

MICE) MICE



Appendiv:Def Uraftere New
EEW

,
ECI FEW

E EW , IEW E Enfec

elements in w are w-big sets.

Wis principal if wehe : nee] for some n



Quadratic Rational explicit example

Az) = t-a w=-

M = tz => More -+

↳ ( =Eze % to Le -z+h



Counting Rescaling Limits
① A Shishikura free encodes the degeneration

and Y
.
Lo characterizes the trees that arise.

⑤ construct one with H non-monomial PCF resc.

-

· · 1-t - 0
=

-

%
· 1-

Question 1hf)Fati with many independent RL?


