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Sebn COMpact genus g surface, with Fwssibi{j

b boundary components, and n punctures

1.8 —>8 pseudchmosav homeomorphism

C.Qmplex&v A(f) of f

. . i ¢ is any simyi.e closed curve
/l(f ) = lim lp(f (C)) p s any Riemahnnian mekbric

k— o0

= exp(hy,,(f)

Realisation of algebraic inteqers/deqrees, minimisation
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Mea sure A “f() Liations

A measured foliation F is a sinqular foliation with an thvariant
measure i the Eransverse direction. Lc:-cai.i.j Lk is given bv

x = constant with the measure 1 = dx on kransverse arcs,
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Measured “f() Liakions

A measured foliation F is a sinqular foliation with an thvariant
measure in the transverse direction. Locally it is given by

x = constant with the measure 1 = dx on kransverse arcs,

\ 3-pronged '
singularity /'
/ boundary
1-pronged : singularity
&r & a singularity )

S
\

Fig. 5.7 A disk with four

. l
|\ ',‘ ' ‘ \ I‘\
'\I \ \ \ ‘\
\ \ ‘I ‘n ‘.
\\ \ \ \ | | \
\ \ ! J
\ N ! |
\
\ »‘ i ‘ /
\\ | [ |
\\ \ | /
\ \
\\ \\ \ ll |
\‘ \, ‘l \ |

Sk ) the unstable foliation (after
IM (a) PR [ dx Thiffeault et al. [122])
04

rods (punctures) following
the braid 60,0, I (inset).
A viscous fluid 1s simulated,
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Pse

udo-Anosov homeomor F!« LSYWS

A mapping class ¢ is pA i} ik fixes a pair of transverse
measured foliations (F*, F") such that ¢.u, = Au, and
sy, = A7, for some 1> 1.

A= Af) is the stretch factor of f
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Affine homeomorphisms

A half-translation surface X is a flat object constructed bv
gluing polygons along parallel sides of the same length using
Eranslations and half-translation.

$: X - Y is affine f (in the flat charts)
ik is R-affine:

b a b X !

G~ 6)+1)
Since the coordinates differ only bj a
half-translation, the makrix is well

defined in PGL(2,R).

ZH— 7+ cst



Pse

udo-Anosov homeomor F!« LSYWS

¢ € Homeo™(S) is an affine pA U ¢ € Aff(X) for some melbric X
on S and Do = = (g ; ) LS k:jperbai.ia;

/1—1

Ap) = || > 1 is the skretch factor of ¢
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Pseudo-Anosov homeomorphisms

half-Dehn twist o, ()yc) = (x+y ymOdz) is affine, Do, = ((1) })



Pseudo-Anosov homeomorphisms

b | b
b b
C C

half-Dehn twist o, ()yc) = (x+y ymOdz) is affine, Do, = ((1) })

half-Dehn bwist ) (1) = (L, moas ) is offine, Doy = (1, ¢)
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Rouillabaisse conskruckion

Set-up: (a,f) is a pair of mulkicurves (union of disoink
essential si;mpi.e closed curves) that intersect mm&mal.v and
fill the surface («:ompi@.mev\& is a collection of simply

polygonal reqgions). Let Q be the qeometbric intersection
wakbrix of a U p.

a=10a,0,....0.p f=11f,p,.... 0}
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Set-up: (a,f) is a pair of mulkicurves (union of disoink
essential simple closed curves) that intersect minimaly and
fill the surface («:omptemem& is a collection of simply

polygonal reqgions). Let Q be the qeometbric intersection
wakbrix of a U p.
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X' 0 Filling is equivaiem% to pr&mi&v&
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Set-up: (a,f) is a pair of mulkicurves (union of disoink
essential simple closed curves) that intersect minimaly and
fill the surface («:omptemem& is a collection of simply

polygonal reqgions). Let Q be the qeometbric intersection
wakbrix of a U p.

a=10a,0,....0.p f=11f,p,.... 0}

- X
Q= ( ) square mabrix

X' 0 Filling is equivaiem% to pr&mi&v&

X — (0 :
] i 'B] i is the PF eigenvalue of Q



Rouillabaisse conskruckion

Theorem (Thurston-Veech, 19¥¥-19%9)
D :(T,,Ts) —> SL(2,R) such that

T—>(1 ,u) and Tﬁg o
0 1 gr il

° @ is pA U and only U D(¢) is k:jp@.rbaip{’:
In this case, the dilakakion sabisfies A(¢) + M)~ ! = | tr(D(9)) |
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Rouillabaisse conskruckion

Xw = uh
Choose a PF eigenvector ( vhv ) of Q= <)?T i)(> for y { YT =/;w

width of the cylinder

T (x) i (x+,uy mod,u)
0\ y

= (3 )
% 0 1

J

So the mulki-twist T is affine!
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Al @.xam[z?ie

0 X Tasks
Q= X:
(XT 0) (1 0 0

xxT 0)

v 2
U- elgenvalue of Q° = (
: f 0. X%

w —(w+Du+u—-1=0
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W=+ Du+u—-1=90

Foru>4, t T,T;=2—-p*< -2



Al @.xam[pie _

W=+ Du+u—-1=90

Foru>4, t T,T;=2—-p*< -2

T,Tsis pA and A+ 17" =p* -2



A exam[pl@. _

W —w+Du+u—-1=0

| bl | For u>d, tr T,T;=2—p?> < —2

1 Biif = 0 oy 1,15 is pA and A+ =pus=-2

The smallest 1 is abt u =4, where A*—1°—-1°-1+1=0
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Not all PseudamAMa-savs are obkained Ehis M&v!

There are several dynamical and algebraic constraints

We may ask aboul several Fassibiﬁ reskrickions:

1. What algebraic numbers can be realized?

2. What degrees are possible, for a given genus?

Hooper-Thurston-Veech construction for big mapping class groups (Ro18)
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Bouillabaisse conskrucktion

Theorem (Leininger, 2003)
AP) > Lehmers number ~ 1.17628 > 1

7 6 5 4

wiV ol el R0 R Ot e 1 ] =0

Theorem (Hubert-L, 2007)
1€ RUS! (Galois con jugates are unimodular/real)

Theorem (Liechti-Panlau, 2022)
1 bi-Perron and 1°€ RUS! then there @xus%s &

bouillabaisse pA 1) aw:& k€ N such that A(@) =
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Deqrees realization

It is well knowin that the upper bound on the algebraic
deqree of skrebch factor is 69-6

This was first established it Thurston’s seminal 195 % bullektin
paper, and claims, without proo{, Ehat

« the examples of Theorem 7 show bthat this bound is sharp »
The referenced examples are exactly the bouillabaisse examples

Marqgalit remarked in 2011 that no Proowf of Thurston’s claim
has ever been pubtisked!

Strenner (201%) determined the set of possible degrees
(by using Penner’s construction)
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For g > 2, everg even inteqger between 2 and 6g — 6 arises as the
stretch factor deqree of a bouillabaisse mapping class in the

Torelll group (S g)




Deqrees realization

Theorem (L-Liechki, 2025)

For g > 2, everi even inteqger between 2 and 6g — 6 arises as the
stretch factor deqree of a bouillabaisse mapping class in the

Torelll group (S g)

We proved a version for connected components of strata (2024
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XXT=(4 2) X=(lanpl),

(a, f) pair of filling mulkicurves such that
YxxT € Z[t] is irreducible and of deqree 2 =3g -1

u—1 copies of f,

genus g = 1 with
) bmumdarv Ompememés
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y — 1 copies

Inikial case



Inikial case



y — 1 copies

Iwikial 20ie e Oy curve encircle all the handles of the newly formed surface
o y copies of [
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Inductively
genus g =g — 1 and yyyr € Z[f] has degree 3g' — 1

Claim: yyyr € Z[t] is irreducible for some y

Yyt € Z[t,y] = (Z[t])]y] is irreducible

Hilbert’s irreduaibiti&v theorem: there exisk Ln{im&&ﬂv many specializations of vy such thak
YxxT € Z[t] is irreducible
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genus g > 1

genus g' =g — |

We identify the two boundary components of the
surface to increase the genus by one.

deqree of yyyr is Bg'—1)+1=3g-3

Hilbert’s irreducibility theorem
ensures there exist infinitely
many speaiatiz.&&cw\s of y such
that yyyr € Z[1] is irreducible

Qu?) = QU+ 171
has deqree 3¢ —3
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gqenus g > 1
Conclusion: 4 solves the quadra&ic’: equ&fzmn
=AY A8l =0
Need bo show that 1 &€ Q1+ 171

Theorem (L-Liechki, 2028)
Let (o, f) be filling mulkicurves, There exisks n > 0 s.t. the
bouillabaisse mapping class 10 Tﬁi” LS FseudchMOsov and

AE QA+







For the Tore

4 p», y copies




- ’. Q

p f, y copies
L Py

et

a2

3 /

s e TS
I, Ty









Aadfor oddiltiares s



Aadfor oddiltiares s

The realization of odd degrees seems more mysterious



Aadfor oddiltiares s

The realization of odd degrees seems more mysterious

g=(g—1)/2 for odd g



Aadfor oddiltiares s

The realization of odd degrees seems more mysterious

Veech's familly of Hecle groups

Lo Ip) <(o 1) ((1) _01)>

Ay =2cosm/q and g > 3

g=1(q—1)/2 for odd ¢



Aadfor oddiltiares s

The realization of odd degrees seems more mysterious

Veech's familly of Hecle groups

Lo Ip) <(o 1) ((1) _01)>

Ay =2cosm/q and g > 3

g = 35 ¥FS1 (2,7)

q =3: quadratic field (genus 2)

g =1.9: cubic field (genus 3 and 4)
g > 11: deqree > 3 (genus > 4)

g=1(q—1)/2 for odd ¢
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Aadfor oddiltiares s

The realization of odd degrees seems more mysterious

For g =7, there exists bouillabaisse pA with
cubic stretch factor eq. T, T 5 :

For g =9, there exists bouillabaisse pA with
cubic stretch factor (Julien Boulanger)

However, ik is conjectured that no
such element exists for odd g > 11

g=1(q—1)/2 for odd ¢
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Minimum dilakation Prablem
Spec( ,) = {log M), p € Mod(S,)} is discrete (Ivanov ~19%8)

What s the smallest element? Sys( g,n) = min Spec(
> ()

£—>00

gn)

Conjecture (Hironaka; McMullen 2000)
lim g - sys(.#,) = log @°, where @ is the qolden ratio.

ST




Proot of Hironaka's ﬂumj@.&ure
for makrices



Proot of Hironaka'’s conjecture
for makbrices

Theorem (McMullen 20158)
The minimum value of the spa&%rai radius A(A) over all

re&épracat Perron-Frobenius makbrices A € M(2g, VAR, sakisfies



Proot of Hironaka'’s conjecture
for makbrices

Theorem (McMullen 20158)
The minimum value of the spe&rai radius A(A) over all

re&ipro«:‘at Perron-Frobenius makbrices A € M(2g, VAR, sakisfies

nggﬂz



Proot of Hironaka'’s conjecture
for mabrices

Theorem (McMullen 20158)
The minimum value of the s[ﬂ@.&rai radius A(A) over all

reciprocal Perron-Frobenius matrices A € M(2g,7Z.,)) satisfies

/nggoz

Connhection with surface dojmamaas: A(f) is the PF eigenvalue of A € Sp(2d, Z)



Proot of Hironaka'’s conjecture
for mabrices

Theorem (McMullen 20158)
The minimum value of the s[ﬂ@.&rai radius A(A) over all

reciprocal Perron-Frobenius matrices A € M(2g,7Z.,)) satisfies

/nggoz

Connhection with surface dojmamaas: A(f) is the PF eigenvalue of A € Sp(2d, Z)

M) > p?



Proot of Hironaka'’s conjecture
for mabrices

Theorem (McMullen 20158)
The minimum value of the spe&%ral radius A(A) over all

reciprocal Perron-Frobenius matrices A € M(2g,7Z.,)) satisfies

/Ingoz

Connhection with surface dojnamaas: A(f) is the PF eigenvalue of A € Sp(2d, Z)

A > ¢
Since d < 6g — 6, we qek 1° > 0
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Mininmum dilatation problem

Theorem (Hironalka-Tsang; Tsang 2024-)
The set D = {A(P)**"?P); ¢ € Mod(g)} of normalized dilatations
of « fully-punctured » pseudo-Anosov map is:

2.618 373D, 4311 4.791 5.107 5.828 6.854
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Mininmum dilatation problem

Theorem (Hironalka-Tsang; Tsang 2024-)

The sek D = {A(P)8>D: ¢ € Mod(g)} of normalized dilatations
of « fully-punctured » pseudo-Anosov map is:

2618 3732 4.311 4791 5.107 5.828 6.854
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Mininmum dilatation problem

Theorem (Hironalka-Tsang; Tsang 2024-)

The sek D = {A(P)8>D: ¢ € Mod(g)} of normalized dilatations
of « fully-punctured » pseudo-Anosov map is:

2618 3732 4.311 4791 5.107 5.828 6.854
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Mininmum dilatation problem

Theorem (Hironalka-Tsang; Tsang 2024-)

The sek D = {A(P)8>D: ¢ € Mod(g)} of normalized dilatations
of « fully-punctured » pseudo-Anosov map is:

2618 3732 4.311 4791 5.107 5.828 6.854

Con\}e&&ure

GG (G ({EEEEEdddddE@eP

_; -z 2g-2
i ! i A8 > §04
2 '- | -' min
P g—> 00
4 +4/12 5+4/21 6 +1/32
2 2 2 And Probabi:j :
| LT 5|3 n(¢min) = 48 o
/ 9 | N o SERIAED Fhus
(Lehmer’s number) R e B y, MuAaLnum izg_z S (p4/3
X042 =" —x = —x* = +x+1=0 Q&ﬁﬂmutﬁﬁﬁﬁh o
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Mininmum dilatation problem

Theorem (L-Liechti—Tsanqg 2028)

1f ¢ is an orientation-reversing « ﬂfuiijmpumt&ured » pA
with at least two puncture orbit then the normalized dilation
sakisfies

M)W > 52
o=+ \ﬁ s the silver rakio. The Emequatiﬁj LS sho\r[m



Mininmum dilatation problem

Conjecture (Silver conjecture) (L-Liechti~Tsang)
The minimal accumulation point of the set of normalized

stretch factors of orientation-reversing ﬂfultvaumamreci
2

Psau,dawAmosov maps is o

In obher words, the spectrum D™ N (p?, 6°) consists only on
nfimi;&elj many isolated values i the range (¢?, 6%)



Mininmum dilatation problem

Conjecture (Silver conjecture) (L-Liechti~Tsang)
The minimal accumulation point of the set of normalized

stretch factors of orientation-reversing ﬂfultvaum&ureci
2

Psau,da*Amosav maps is o

In obher words, the spectrum D™ N (p?, 6°) consists only on
ffimi;&@ij many isolated values i the range (¢?, 6%)

2.618 5.828

CPIEY e s v vt e, e
0> 799 o2

o Probabiv % (2 1)
1 O 1 O




Mininmum dilatation problem

Conjecture (Silver conjecture) (L-Liechti~Tsang)
The minimal accumulation point of the set of normalized

stretch factors of orientation-reversing ﬂfutlvmpumaﬁured
2

[asau,dchv\osov maps is o

2.618 5.828
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§02 I 02 T Dehornoy-L-Liechti (Ro25)
(1 1) Probablj % (2 1) Sys(A5") P = o (P =1 41963
1 0 1 0 Sys(M5"),P = 1t p(P) = 1252






