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Part 1: Dilation surfaces and dynamics
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Dilation surfaces

Let Σ be a genus g ≥ 2 Riemann surface with a finite collection of points
P.

A dilation surface structure on Σ is an atlas of charts on Σ− P to C
with transition functions of the form z → az + b where a ∈ R>0 and
b ∈ C.

The points in P are called cone points. Let D(2g − 2) be the collection of
all dilation surfaces with a single cone point. SL(2,R) acts on it.
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Translation surfaces

Let Σ be a genus g ≥ 2 Riemann surface with a finite collection of points
P.

A translation surface structure on Σ is an atlas of charts on Σ− P to
C with transition functions of the form z → z + b where b ∈ C. Their
moduli space is H(2g − 2). Moreover, H(2g − 2) includes into D(2g − 2).

Theorem (Calderon-Salter)

The inclusion is a π1-surjection.
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Reeb Cylinders

Straight line flow is defined in every direction on a dilation surface.

Question: How does straight-line flow typically behave? A dilation
cylinder of angle θ is the following.

Any straight line that enters the cylinder making an angle less than θ
2 with

the horizontal will limit to a simple closed curve in the cylinder. If θ ≥ π,
every straight line that enters the cylinder is trapped. Such a cylinder is
called Reeb.

Paul Apisa (University of Wisconsin - Madison)Twisted holomorphic 1-forms, dynamics, and the framed mapping class groupApril 9, 2025 5 / 27



Reeb Cylinders

Straight line flow is defined in every direction on a dilation surface.
Question: How does straight-line flow typically behave?

A dilation
cylinder of angle θ is the following.

Any straight line that enters the cylinder making an angle less than θ
2 with

the horizontal will limit to a simple closed curve in the cylinder. If θ ≥ π,
every straight line that enters the cylinder is trapped. Such a cylinder is
called Reeb.

Paul Apisa (University of Wisconsin - Madison)Twisted holomorphic 1-forms, dynamics, and the framed mapping class groupApril 9, 2025 5 / 27



Reeb Cylinders

Straight line flow is defined in every direction on a dilation surface.
Question: How does straight-line flow typically behave? A dilation
cylinder of angle θ is the following.

Any straight line that enters the cylinder making an angle less than θ
2 with

the horizontal will limit to a simple closed curve in the cylinder. If θ ≥ π,
every straight line that enters the cylinder is trapped. Such a cylinder is
called Reeb.

Paul Apisa (University of Wisconsin - Madison)Twisted holomorphic 1-forms, dynamics, and the framed mapping class groupApril 9, 2025 5 / 27



Reeb Cylinders

Straight line flow is defined in every direction on a dilation surface.
Question: How does straight-line flow typically behave? A dilation
cylinder of angle θ is the following.

Any straight line that enters the cylinder making an angle less than θ
2 with

the horizontal will limit to a simple closed curve in the cylinder. If θ ≥ π,
every straight line that enters the cylinder is trapped. Such a cylinder is
called Reeb.

Paul Apisa (University of Wisconsin - Madison)Twisted holomorphic 1-forms, dynamics, and the framed mapping class groupApril 9, 2025 5 / 27



Reeb Cylinders

Straight line flow is defined in every direction on a dilation surface.
Question: How does straight-line flow typically behave? A dilation
cylinder of angle θ is the following.

Any straight line that enters the cylinder making an angle less than θ
2 with

the horizontal will limit to a simple closed curve in the cylinder.

If θ ≥ π,
every straight line that enters the cylinder is trapped. Such a cylinder is
called Reeb.

Paul Apisa (University of Wisconsin - Madison)Twisted holomorphic 1-forms, dynamics, and the framed mapping class groupApril 9, 2025 5 / 27



Reeb Cylinders

Straight line flow is defined in every direction on a dilation surface.
Question: How does straight-line flow typically behave? A dilation
cylinder of angle θ is the following.

Any straight line that enters the cylinder making an angle less than θ
2 with

the horizontal will limit to a simple closed curve in the cylinder. If θ ≥ π,
every straight line that enters the cylinder is trapped.

Such a cylinder is
called Reeb.

Paul Apisa (University of Wisconsin - Madison)Twisted holomorphic 1-forms, dynamics, and the framed mapping class groupApril 9, 2025 5 / 27



Reeb Cylinders

Straight line flow is defined in every direction on a dilation surface.
Question: How does straight-line flow typically behave? A dilation
cylinder of angle θ is the following.

Any straight line that enters the cylinder making an angle less than θ
2 with

the horizontal will limit to a simple closed curve in the cylinder. If θ ≥ π,
every straight line that enters the cylinder is trapped. Such a cylinder is
called Reeb.

Paul Apisa (University of Wisconsin - Madison)Twisted holomorphic 1-forms, dynamics, and the framed mapping class groupApril 9, 2025 5 / 27



Reeb Cylinders

Theorem (Duryev, Fougeron, Ghazouani; Veech)

For any θ, a dilation surface has only finitely many dilation cylinders of
angle ≥ θ.

The complement of the finite union of Reeb cylinders can be
triangulated by saddle connections.

These triangulations can be used to topologize D(2g − 2). Unlike
H(2g − 2), it is not obviously a linear manifold.
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Failure of recurrence

Call gt :=

(
e−t 0
0 et

)
the geodesic flow.

Almost every point in H(2g − 2)

recurs under geodesic flow.

Theorem

An open dense subset of D(2g − 2) has a horizontal dilation cylinder.

Corollary

An open dense subset of D(2g − 2) diverges under (gt)t≥0.

Proof Idea: Assume no Reeb tori. Applying gt makes a horizontal dilation
cylinder become almost Reeb.
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Corollary 1 - No finite invariant measures

Corollary

There is no finite SL(2,R)-invariant measure on D(2g − 2) whose support
has interior.

Proof.

Otherwise the previous result contradicts Poincare recurrence

Such a measure exists for H(2g − 2) by work of Masur and Veech.
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Corollary 2 - Morse Smale dynamics

A flow on a surface has Morse-Smale dynamics

if it has finitely many
saddle points and if there is a finite set of simple closed curves so that
every leaf limits to one of these curves.

Theorem

For a conull set of surfaces in D(2g − 2), most* directions are
Morse-Smale.

*most means a cocountable subset of an open dense set.
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Summary

Comparing dynamics on two moduli spaces

H(2g − 2) D(2g − 2)

Straight line flow . . . always recurs is usu. Morse-
Smale

gt flow . . .
recurs a.s. diverges on an

open dense set

A finite SL(2,R)-
invariant measure whose
support has interior . . .

exists does not exist.

Theorem (A-, Salter)

D(2g − 2)−H(2g − 2) admits an SL(2,R)-invariant Lebesgue class
measure.
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Part 2: Different Perspectives on Dilation Surfaces
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The topology of D(2g − 2)

The mapping class group Modg ,1

is the group of diffeomorphisms of genus
g surface that fix a basepoint p up to homotopy.

Modg ,1 = πorb
1 (Mg ,1)

Fix a vector field on V on Σ that only vanishes at p. The framed mapping
class group is the subgroup of Modg ,1 consisting of elements ϕ so that
ϕ∗V and V are homotopic through v.f. only vanishing at p.

Theorem (A-, Bainbridge, Wang)

D(2g − 2)/C× is an orbifold K (π, 1) where π is the framed mapping class
group, i.e. the framed mapping class group cover of Mg ,1.
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Holonomy
Fix a dilation surface X

with cone point p. Parallel transport induces a
holonomy homomorphism χ : π1(X ) → R>0.
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Twisted Cocycles
Let λ : π1(X , p) → C record periods of arcs from p to itself.

This is a
χ−1-twisted-cocycle, i.e.

λ(ab) = λ(a) + χ(a)−1λ(b).

Z 1
χ(C) = v.s. of such maps. If χ ̸= id, dimZ 1

χ = 2g − 1.
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Twisted Holomorphic 1-forms

Let X be a genus g ≥ 2 Riemann surface (i.e. surface with a complex
structure).

Its universal cover is D. Its fundamental group π1(X ) acts via
a lattice Γ ≤ PSL(2,R) so that D/Γ = X . Let χ : π1(X ) → R>0 be a
character. A χ-twisted holomorphic 1-form is a holomorphic 1-form ω on
D so that γ∗ω = χ(γ)ω for all γ ∈ π1(X ). This is equivalent to saying
that ω determines a twisted cocycle.

Theorem

There is a bijective correspondence between χ-twisted holomorphic
1-forms on genus g Riemann surfaces and dilation surfaces with holonomy
homomorphism χ.
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Summary

The following are equivalent:

1 A dilation surface

2 A twisted holomorphic 1-form twisted by a positive real character

3 A Riemann surface with a vector field that vanishes at finitely many
points up to homotopy through vector fields that continue to vanish
at the same collection of points.

The moduli space of such surfaces is a C×-bundle over a K (π, 1) where π
is the framed mapping class group (equivalently over the framed mapping
class group cover of Mg ,1).
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SL(2,R)-invariant Lebesgue class measures on
D(2g − 2)
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Period Maps

Every homomorphism from π1(X ) to GC :=

(
R>0 C
0 1

)

is of the form

γ →
(
χ(γ) λ(γ)
0 1

)
where χ : π1(X ) → R>0 is some character and λ is

some twisted cocycle. After deleting the trivial character,
Hom(π1(X ),GC) is a vector bundle over H1(X ;R>0) whose fiber over a
character χ is Z 1

χ(C).
A surface is marked if every curve has a “well-defined label” in π1 of a
reference surface. This is always possible to assume for D(2g − 2) by
passing to the universal cover. The period map

Φ : ˜D(2g − 2) → Hom(π1(X ),GC) sends a marked dilation surface of
holonomy χ and period λ to the corresponding homomorphism.

Theorem (A-, Bainbridge, Wang)

This map is a local diffeomorphism away from the locus of translation
surfaces.
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The equivariance of period maps

The mapping class group Modg ,1 can be identified by Aut(π1(X , p)).

So
it acts on Hom(π1(X , p),GC) by precomposition. Similarly GL(2,R) acts
on C = R2 and hence on twisted cocycles by postcomposition. So
Hom(π1(X , p),GC) has a Modg ,1 ×GL(2,R) action. The period map is
equivariant with respect to this action.

Goal: Find a Γ× SL(2,R)-invariant Lebesgue class measure on
Hom(π1(X , p),GC) to pull back for Γ the framed mapping class group.
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General framework: Cocycles and Invariant Measures

Let G act on (B, µ) in a measure-preserving way.

Let E be a vector bundle
over B. Choose a measurably varying basis of each fiber. Let mx be the
Lebesgue measure on the fiber Ex (using the basis). For g ∈ G ,
g : Ex → Egx is linear so g∗mx = A(g , x)mgx for some constant A(g , x).
Moreover, A(g , x) is a cocycle, i.e.

A(gh, x) = A(g , hx)A(h, x).

Suppose that there is a measurable function f : B → R>0 so that
A(g , x) = f (gx)

f (x) . Then A is called a coboundary and the measure

f (x)mx ⊗ µ is invariant since

g∗f (x)mx ⊗ µ = f (x)A(g , x)mgx ⊗ µ = f (gx)mgx ⊗ µ.
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Our setup

E = Hom(π1(X , p),GC)

a v.b. over
B = H1(X ,R>0) ∼= H1(X ,R).
Modg ,1 acts on E by bundle maps and
by Sp(2g ,Z) on B, which is measure-preserving.
Let A : Modg ,1 × H1(X ,R) → R>0

∼= R be the cocycle from the previous
slide.
Goal: A restricted to the framed MCG is a coboundary.

Lemma

For a natural choice of basis on fibers of E , A is additive i.e.
A(g , v + w) = A(g , v) + A(g ,w).

When a group G acts linearly on a real vector space V , group cohomology
with coefficients, i.e. H1(G ,V ∗) classifies additive cocycles
A : G × V → R mod coboundaries.
Goal: Compute H1(Modg ,1,H1(X ;R)).
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Morita’s Theorem

Let V be a vector field vanishing at exactly one point p on a Riemann
surface Σ.

This trivializes T := T 1 (Σ− {p}) = (Σ− {p})× S1. Let
w : π1(T

1Σ−{p}) → Z send a loop γ : S1 → T to the degree of the map
S1 → T → S1. This is the winding number function. So w ∈ H1(T ). By
the short exact sequence for fiber bundles,

0 → H1(Σ) = H1(Σ− {p}) → H1(T ) → H1(S1) → 0,

so for any diffeomorphism f ∗w − w ∈ H1(Σ) since both f ∗w and w give
the fiber winding number 1. Then there is an additive change of winding
number cocycle, A(f , χ) = ⟨f ∗w − w , χ⟩, where ⟨·, ·⟩ is intersection
pairing.

Theorem (Morita)

All elements of H1(Modg ,1,H1(X ;R)) are multiples of this cocycle.
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S1 → T → S1. This is the winding number function. So w ∈ H1(T ). By
the short exact sequence for fiber bundles,

0 → H1(Σ) = H1(Σ− {p}) → H1(T ) → H1(S1) → 0,

so for any diffeomorphism f ∗w − w ∈ H1(Σ) since both f ∗w and w give
the fiber winding number 1. Then there is an additive change of winding
number cocycle, A(f , χ) = ⟨f ∗w − w , χ⟩,

where ⟨·, ·⟩ is intersection
pairing.

Theorem (Morita)

All elements of H1(Modg ,1,H1(X ;R)) are multiples of this cocycle.
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An invariant Lebesgue class measure

Corollary

The restriction of any additive cocycle A : Modg ,1 × H1(X ,R) → R to the
framed mapping class group is a coboundary.

Theorem (A-, Salter)

D(2g − 2)−H(2g − 2) admits an SL(2,R)-invariant Lebesgue class
measure.
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Ergodicity
The Johnson kernel is the subgroup of the mapping class group generated
by Dehn twists about separating curves.

It is in the framed mapping class
group. Say that a subgroup of the MCG is reasonably big if it contains the
Johnson kernel and maps to a Zariski dense subgroup of Sp(2g ,Z). Let
Aff(R) be the group of affine transformations of R. Then Hom(π1,Aff)
complexifies to Hom(π1,GC).
We notice that Hom(π1(X ),Aff(R)) has an invariant line bundle upon
which the MCG acts trivially. Let V be the quotient bundle.

Theorem (Ghazouani; A-,Salter)

Let Γ ≤ Mod1g be reasonably big. The invariant measurable differential
forms on V are generated by the invariant 2-form on the base if Γ is not
contained in a framed mapping class group.If Γ is contained in a framed
mapping class group, then the (2g − 2)-form produced by the preceding
theorem together with the invariant 2-form on the base generate the ring
of invariant forms. The top dimensional invariant differential form is a
volume form that defines an ergodic invariant measure.
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Extensions to other strata

Let D(κ) be a stratum with multiples zeros.

Suppose that small loops
around punctures have no dilation factor. Fix a tree of arcs between cone
points C . Each arc belongs to H1(Σ,C ). Let Γ be the subgroup of the
framed mapping class group that fixes each arc as a relative homology
class.

Theorem (A-, Salter)

The corresponding cover of D(κ) has an SL(2,R)-invariant measure.

When there are dilation factors around zeros an explicit cover of D(κ) still
has an invariant measure provided that at least one point in κ is a cone
point with no dilation factor to its monodromy. This requires a mapping
class group group cohomology computation generalizing Morita’s work.
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An invariant measure on D(κ)/R>0

If we’re interested in the moduli space of D(2g − 2) as a moduli space of
(G ,X ) structures we consider D(2g − 2)/R>0.

An area-function is a
measurable map a : D(2g − 2) → R>0 that is SL(2,R)-invariant and so
that for any real number λ, a(λ · x) = λ2a(x).

Theorem (A-,Salter)

There is an SL(2,R) invariant measure on the triangulable locus of
D(2g − 2)/R>0 if and only if there is an area function on the triangulable
locus of D(2g − 2).
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Thanks!

Thanks for listening!
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