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Tiling billiards: De�nition

De�nition

A tiling billiard is a dynamical system whose trajectories are:

in a polygonal tiling,

in straight line in each tile,

refracting when crossing a side.
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Tiling billiards: De�nition

De�nition

A tiling billiard is a dynamical system whose trajectories are:

in a polygonal tiling,

in straight line in each tile,

refracting when crossing a side.

Figure: Metamaterial - From : Experimental Veri�cation of a Negative

Index of Refraction, R. A. Shelby, D. R. Smith, S. Schultz
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Questions

In general, what can be said about trajectories?

Are they bounded, periodic?

If unbounded, are they reccurent or do they escape to

in�nity? How?

Are they stable under perturbations of the tiling or of the

initial point and initial direction?
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An example: the triangle tiling billiards

Theorem (Baird-Smith,Davis,Fromm,Iyer - 2018 - and

Hubert,Paris-Romaskevich - 2019)

For any triangle, for almost every initial direction, the trajectory

is either periodic or at bounded distance from a line.

Figure: The two generic types of trajectories
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Wind-tree model: De�nition

Figure: The wind-tree model

Denote φt the �ow, i.e. φt(x, θ) is the point, at time t, of
trajectory that begins in x with angle θ.
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Wind-tree model: Recurrence and di�usion rate

Theorem (Avila, Hubert - 2020)

For every (a, b) ∈ (0, 1)2 , for almost every initial direction θ,
for every initial point x, the trajectory t 7→ φt(x, θ) is recurrent.
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Wind-tree model: Recurrence and di�usion rate

Theorem (Avila, Hubert - 2020)

For every (a, b) ∈ (0, 1)2 , for almost every initial direction θ,
for every initial point x, the trajectory t 7→ φt(x, θ) is recurrent.

Theorem (Delecroix, Hubert, Lelièvre - 2017)

For every (a, b) ∈ (0, 1)2 , for almost every initial direction θ,
for every initial point x having in�nite future orbit, the following

holds:

lim sup
t→∞

log d(x, φt(x, θ))

log t
=

2

3
.
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Eaton Lenses: De�nition

Let R > 0.

Let Λ be a lattice of R2.

4 K. FRĄCZEK, R. SHI, AND C. ULCIGRAI

Figure 2. Eaton lens and a parallel family of light rays

Figure 3. The system of lenses L(Λ, R)

exists C(θ) > 0 and v(θ) ∈ S1 such that every light ray on L(Λ, R) in direction θ
is trapped in an infinite band of width C(θ) > 0 parallel to the unit tangent vector
v(θ).

Frączek and Schmoll considered randomly chosen lattices and proved that for
every 0 < R <

√
2
√

3 and for almost every R-admissible lattice Λ (with respect to
the Haar measure on the space of lattices), light rays in the vertical direction are
trapped. They also provided explicit examples of specific lattices and directions
which are trapped. Their result, though, does not provide any information for the
behaviour of typical light rays in a fixed admissible lattice configuration.

In this paper we answer this natural question (asked for example by Marklof
and by the referee of [20]) by describing the behavior of light orbits on L(Λ, R) in
direction θ when an admissible pair (Λ, R) is fixed and the parameter θ varies.

Theorem 1.2. Let (Λ, R) be an admissible pair. Then a.e. θ ∈ [0, 2π] is trapped.

This result is proved in § 4. As in [20], we first reduce the system of Eaton lenses
to a simpler model, a system of flat lenses, which can be unfolded and reduced
to an infinite translation surface. For the definition and for more results for this
related system, we refer the reader to § 4.

1.3. Gap distribution of fractional parts of square roots. Let N = {1, 2, . . .}.
Consider a sequence {tn}n∈N ⊂ [0, 1] which is equidistributed modulo one, i.e. for
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Say that the pair (Λ, R) is admissible when the lenses are

pairwise disjoint. Denote L(Λ, R) this system of Eaton lenses.
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Eaton Lenses: trapped trajectories

Theorem (Fr¡czek, Schmoll - 2014)

For almost every admissible pair (Λ, R) there exist constants

C = C(Λ, R) > 0 and Θ = Θ(Λ, R) ∈ S1, such that every

vertical light ray in L(Λ, R) is trapped in an in�nite band of

width C > 0 in direction Θ.

Theorem (Fr¡czek, Shi, Ulcigrai - 2018)

For every admissible pair (Λ, R), for almost every direction η,
there exist constants C = C(Λ, R, η) > 0 and

Θ = Θ(Λ, R, η) ∈ S1, such that every light ray in direction η in

L(Λ, R) is trapped in an in�nite band of width C > 0 in

direction Θ.
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Tiling billiard in the wind-tree model

Let Λ ⊂ R2 be a lattice. Let a, b > 0. Let η ∈ [0, π)
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Tiling biliard in wind-tree: the result

Say that the tuple (Λ, a, b, η) is admissible when the rectangles

are pairwise disjoint. Denote W (Λ, a, b, η) this system.

Theorem (J. - 2024)

For almost every admissible tuple (Λ, a, b, η), there exist

constants C = C(Λ, R, a, b, η) > 0 and Θ = Θ(Λ, R, a, b, η) ∈ S1,
such that every vertical trajectory in W (Λ, a, b, η) is trapped in

an in�nite band of width C > 0 in direction Θ.
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De�nition
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(Half) Translation surfaces: Properties

(Half) Translation surfaces:

are endowed with a �at metric inherited from C,

have singularities with conical angles 2kπ (resp. kπ).

Theorem (Gauss-Bonnet)

Consider a translation surface with n singularities of conical

angles (2k1π, . . . , 2knπ). Its genus g satis�es:

2g − 2 =

n∑

i=1

(ki − 1)

For a half-translation surface with n singularities of conical

angles (k1π, . . . , knπ): 4g − 4 =
∑

(ki − 1).
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Moduli space of (half) translation surfaces

strati�cation of the Moduli space

Hg =
⊔

∑
mi=2g−2

H(m), Qg =
⊔

∑
di=4g−4

Q(d)

Each stratum H(m) (resp. Q(d))

is a non-compact orbifold

of complex dimension 2g + n − 1 (resp. 2g + n − 2)
with at most 3 connected components.

SL(2,R) acts on each of them.

The restiction of this action to the diagonal subgroup gives the

geodesic �ow (also called Teichmüler �ow):

gt =

(
et 0
0 e−t

)
.
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Moduli space of (half) translation surfaces

Each stratum is equipped with a measure µ (Lebesgue measure).

Theorem (Masur�Veech, 1982)

µ ({X ∈ H(k)|area(X) = 1}) <∞.

The geodesic �ow on each connected component of each

stratum is ergodic with respect to µ.

Theorem (Masur's criterion, 1992)

Let X ∈ Q(k) be a (half) translation surface. If gt.X does not

escape, i.e. if there exists a compact K ⊂ Q(k) such that

{t > 0 | gt.X ∈ K} is not bounded, then the vertical �ow in X is

uniquely ergodic.
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Summary

We have two dynamical systems, both equipped with

probability measure, and linked with each other.

Geodesic �ow Geodesic �ow
on a oo on the

(half) translation surface (Masur's criterion) moduli space

probability measure probability measure,
ergodic
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A corresponding surface
Simplify "our" curve
Study the other curves

Recall the result

Theorem (J. - 2024)

For almost every admissible tuple (Λ, a, b, η), there exist

constants Θ = Θ(Λ, a, b, η) ∈ S1 and C = C(Λ, a, b, η) > 0, such
that every vertical trajectory is trapped in an in�nite band of

width C > 0 in direction Θ.
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A corresponding surface
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Stratum of the corresponding surface

3π
3π

π

π

1

This surface is in Q(12,−12).
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Trajectories on both surfaces

We get the "same" trajectory on both surfaces.

The question is now: how many times does the trajectory

intersect the curves v and h?
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We renormalize the surface via the Teichmüller �ow to get a
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Teichmüller �ow

After cutting and pasting, we get new curves, h′ and v′, that
intersect our trajectory only a few times.

Question: What is the relation between h′, v′ and gT (h),
gT (v)?
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Simplify "our" curve
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The Kontsevich-Zorich cocycle

Cutting and pasting corresponds to a change of basis of the

homology H1(gT (Σ)) of the surface gT (Σ) from "old" basis

(gT (h), gT (v)) to the "new" basis (h′, v′).

This is given by a

discrete version of the Kontsevich-Zorich cocycle.

We denote AT the transition matrix from the basis (h′, v′) to
the basis (gT (h), gT (v)), i.e.{

gT (h) = ah′ + bv′

gT (v) = ch′ + dv′
,

where

AT =

(
a b
c d

)
.

We are interested in the growth of AT as T goes to in�nity.
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Decomposition of our curve

We close the geodesic to get a loop and a homology class

We need to decompose it: γ = γ(n) + γ(n−1) + · · ·+ γ(0)

We compute the algebraic intersection number

ι(γ,w) =

n∑

k=0

ι
(
γ(k), w

)

=

n−1∑

k=0

ι
(
gTk

(γ(k)), gTk
(w)
)

We have to �nd a w that is contracted
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Oseledets' theorem

The Oseledets theorem is a multiplicative version of the ergodic

theorem:

Theorem (Birkho�, 1931)

Let (X,Φ, µ) be a dynamical system. If Φ is ergodic, then

∀f ∈ L1(µ), µ-a.e. x,
1

n

n−1∑

k=0

f(Φkx) −→
n→∞

∫

X

fdµ.
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Oseledets' theorem

Theorem (Oseledets, 1965)

Let (X,Φ, µ) be a dynamical system. Let E be a vector bundle over X.

Let A :
X −→

(
Ex → EΦ(x)

)

x 7→ Ax
be a cocycle.

Assume that Φ is ergodic and
∫
X
log |||Ax|||dµ <∞. Then it exist

Lyapunov exponents

θ1 > · · · > θk

and, for µ-almost every x, a decomposition

Ex = Ex1 ⊃ · · · ⊃ Exk ⊃ {0}

with AxE
x
i ⊂ E

Φ(x)
i , dim(Exi ) almost everywhere constant, such that:

∀v ∈ Exi ∖ Exi+1,
log |||A(n)

x v|||
n

−→
n→∞

θi.
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A contracted direction

For almost every admissible parameters (Λ, a, b, η), the surface is
generic (the orbit under the Teichmüller �ow is reccurent, one

can apply the Osseledets theorem).

There exist an homology class w = xh+ yv such that AT

contracts

(
x
y

)
.

The curve γ can intersect the curve xh+ yv only a bounded

number of times.

The vector

(
x
y

)
∈ R2 gives the direction of the strip in which

the trajectory is trapped.
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