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Wave-heat cascade system

ceR, peL>(0,1)coupling function

(1D) Wave-heat cascade
Oy = Oy +Cy+82, y(t,0) =y(t,1) =0
O1Z = OxxZ, z(t,0) =0, 0xz(t,1) = u(t)

Simplified model for control
of microwave heating

2

Objectives: controllability properties; output feedback stabilization




Wave-heat cascade system

Seminal paper on controllability of 1D hyperbolic-parabolic coupled systems:
@ X. Zhang, E. Zuazua, CRAS 2003 and JDE 2004.

Oty = Oxxy
OtZ = OxxZ
Oxy(t,0) = Oxz(t,0)
y(t,1)=2z(t,1) =0

What they did:

@ Riesz spectral analysis.
@ Establish and use an Ingham-Mdintz inequality.

= Controllability in a Hilbert space with exponential weights + polynomial decay.



Ingham-Mduntz inequality

(parabolic part: Miiniz-Sasz) \q,, € C (n € N*) satisfying:

Ja>1 | (Ay,n/N”)nen+ is bounded
dng e N* Cy,Co >0 | — RC()\Ln) > Cy Im(/\1,n) Yn > ng
|>‘1,n_)\1,n’| > C2|no¢_n/o£| Vn,n’ = Ny

(hyperbolic part: Ingham) Az ,, € C (m € Z) distinct, satisfying:
ImeEN yv>0 2€C (um)mez € B(Z) | dom=7im+zo+um Vim|>mo

Then: VT > 27" 3Cr > 0 s.t.

,
f) 13 oot 3 e farz 0r(( 3 a0 1 3 o)
0

neN* mEZ neN* mez
Y(@n)nen, (bm)mez € ZZ(Z)

Zhang Zuazua 2003 Komornik Tenenbaum 2015 Bhandari Chowdhury Dutta Kumbhakar 2024



Wave-heat cascade system

Oty = Oy +Cy + 82, y(t,0) =y(t,1)=0
Oz = OxxZ, z(t,0) =0, 0Oxz(t,1) = u(t)
of the form y
X(t) = AgX(t) + Bou(t) with X =| z
812

Well-posed system (i.e., By admissible) with:
@ Ap:D(Ag) — H°

H® = L2(0,1)x H{y(0,1)x L%(0,1),  Hpy(0,1) = {g € H'(0,1) | g(0) = 0}
Do +cid Bid 0
A=| o0 0 id
D(Ao) = {(f, g,h) € H3(0,1) x H*(0,1) x H'(0,1) |

f(0) = f(1) = g(0) = g'(1) = h(0) = 0}

@ By € L(R,D(A5)) givenby Bio = ¢3(1) Vo = (¢1,62,¢3)" € D(AF)



Wave-heat cascade system

Spectral properties of Ay:

@ Parabolic part (n € N*):

2 2 1 2 T
‘A‘],HZC_n T, ¢1,n:(¢1,n7¢1’n7¢?,n) ‘

@1 a(X) = V2sin(nmx), @2 1(x) = ¢3 ,(x) =0
@ Hyperbolic part (m € Z):

Dem=(m+1/2)ir. G =B m B 63)] |

sinh(rm(1 — x))
7/ B(8) sinh(A2, ;) sinh(rms) ds

Amrm sinh(rm)

9 1
35, m(x) = i /X B(s) sinh(A2, mS) sinh(m(x — $)) ds +

A
B3 () = — smh(>\2 mX)s B3 m(x) = : ™ sinh(Ag,mX)
m

where rm is a square root of A, — ¢ of nonnegative real part, and Ay = [Xp | = [m+1/2|7.



Wave-heat cascade system

Adjoint operator A% : D(A%) — H°
Oy +cid 0 0
0 78XX 0

where Pgf = fo()f: B(s)f(s)dsdr and

D(A3) = {(f,9,h) € H*(0,1) x H(0,1) x H'(0,1) |
f(0) = f(1) = g(0) = g'(1) = h(0) = 0}



Wave-heat cascade system

Spectral properties of Aj:

® Paraboliopart (1€ N*): [ Aio=c—rn?,  rn = (0] v 00 ,)] |

$] o(x) = V2sin (nmx)

Y
¥ 000 = - ——

m V2 cosh(Ay p(x — 1))

_ é\/é/; B(s)sin (n7s) sinh(Xq (X — s))ds — A:,n \/E/Ox /1* B(s) sin (n7s) dsdr
Yn 1

— 2 —1

N cosh()q,n) \[cosh()q’,,(x ) + V.

w3 () = V2 /1 B(s) sin (1) sinh(A\q p(x — )) ds

1
with vp = / B(8) sin (nms) sinh(\q ;) ds  (important role in what follows)
J0O

@ Hyperbolic part (m € Z): ‘ Xom=(M+1/2)im,  tom= (V3 m 5 m3 )7

_ Am>\2,m

i 3
sinh(A2, mX), 5 m(X) = FWE
2,m

B () =0, ¥& (%)

= —— sinh(A2, mx).
‘)‘2,m|2



Wave-heat cascade system

®={p1,n | n€N*}U{dom | me Z}isaRieszbasis of H% = L? x Hy, x L?,

of dual Riesz basis W = {41, | n€ N*} U {¢po y | m € Z}.

Hence, A, is a Riesz spectral operator and

e hox = N Ml (X ) prp+ Y €2 (X o m) gom VX € H.
neN* meZ

Similarly for A5.




Wave-heat cascade system

Exact (null) controllability for X (t) = AgX (t) + Bou(t) in some Hilbert space V (V;)
is equivalent, by duality, to the observability inequality

.

[ e npas crix©0E, (14T 18,)

0 0
X1

for any solution x = (XZ) of the dual system X(t) = A5X(t). (pivot space #°)
X3



Wave-heat cascade system

Exact (null) controllability for X (t) = AgX (t) + Bou(t) in some Hilbert space V (V;)
is equivalent, by duality, to the observability inequality

;

[ e npas crix©0E, (14T 18,)

0 0
X1 .

for any solution x = (XZ) of the dual system X(t) = AfX(t). (pivot space #°)
X3

Since A3(t, 1) = > Mt (X(0), b1,0) 45 (1) + D €27 (X(0), d2,m) Y3 (1),

neN* MEZ

it follows from the Ingham-Muntz inequality that V7T >2 3JCst >0 s.i.

/ A3 1)Pdt > Cst Y [(X(0), 61,0} |2 [0 5(1)12 €207 +Cst D [(X(0), b2,m) 2] 93 m(1)IZ
neN* %,_/W_/ meZ

—2n? 72T (e

2
~ Cst"’—"t’e*Z” w2 ~Cste as nm>1 as |m|>1

Cst( 2 1(X(0), 61,0 -2 U et > 1(X(0), ¢2 m>|2> with v =2r2(1+T)

neN* MEZ

this defines | A’(Q‘)H%/



Wave-heat cascade system

Exact (null) controllability for X (t) = AgX (t) + Bou(t) in some Hilbert space V (V;)
is equivalent, by duality, to the observability inequality

)
[ e npas crix©0E, (14T 18,)

0
X1 .

for any solution x = (XZ) of the dual system X(t) = AfX(t). (pivot space #°)
X3

This leads to define

v/ :{ Z an1,n + Z bmp2,m | Z ‘an|2 ’Yn e—un i Z |bm‘2 < +OO}

neN* meZ neN* MmEZ

where v = 272(1 + T). Endowed with the norm

|2, = Zmasm”"e—"wZ\  b2.m) 2

neN* MEZ

V' is a Hilbert space under the assumption that v, # 0 for any n € IN*.

= We have observability in this space V'.



Wave-heat cascade system

Exact (null) controllability for X (t) = AgX (t) + Bou(t) in some Hilbert space V (V;)
is equivalent, by duality, to the observability inequality

)
[ e npas crix©0E, (14T 18,)
0

X1 .
for any solution x = (XZ) of the dual system X(t) = AfX(t). (pivot space #°)
X3
By duality, if v» # 0 for any n € N*, we have exact controllability in
4

V= { Z and1,n + Z bmdom | Z |an|2 :—,21 e’“”z + Z |bm|2 < —I—oo}

neN* mezZ neN* MEZ
where v = 272(1 + T), endowed with the norm

4
%13 = > KX, p1mI ;’—2 e+ 3 (X, Yo,m)?

neN* n meZ

Recall that v = f01 B(8)sin (nms) sinh(\y ;8) ds  (different expression when X; ,, = 0).

Similarly, we have exact null controllability in V4 defined like V but with v = 272,



Wave-heat cascade system

Oty =0xy+cy+p2z, y(t’o):y(t71):0
Oz = OxxZ, z(t,0) =0, 0Oxz(t,1) = u(t)
1
VcVycH c vV Yn = / B(8) sin (nws) sinh(\q ps)ds
0

(continuous and dense embeddings)

Theorem (Lhachemi Prieur Trélat 2025)
If T>2and v, #0 Vn e N* then:

@ Exact controllability in time T in V. (but solutions live in #°)
© Exact null controllability in time T in V5.

Q Approximate controllability in time T in %2 (or in any other Hilbert space s.t.
H c H° or H° c H with continuous and dense embeddings).

If T < 2orif vy = 0 for some n € N* then no exact / exact null / approximate
controllability in any time T > 0, in any Hilbert space s.t. H ¢ H° or #° C H with
continuous and dense embeddings.




Wave-heat cascade system

42 1
V:{ > andin+ D bmdom | D |a,,\2%e”" + > lbm|? < +oo} a,,,:/o B(s)sin (n7s) sinh(Aq ps) ds

neN* meZ neN* n mEZ

Comments:
@ Compared with H° = [2(0, 1) x Hgo)(o, 1) x L2(0, 1), the spaces V and V; are much
smaller than #° in the a, components, but they coincide with 72 in the by, components.
@ The controllability spaces V and V; are “almost sharp”.

@ These are non-conventional Hilbert spaces: depending on the coupling function 3, the
coefficient yn may wildly oscillate.

Example: (0<a<bg) B(x) = Bo Ljg,p)(X) vx € (0,1)
= = L(fn inh(Aq_nb) cos(nmb) + nr sinh(X\q_na) cos(nma)
Yn = A%n+n27r2 7T sin 1,nb) cos(nm 7T sin 1,n@) cos(nm

+ Xy,n cosh(Aq pb) sin(nmb) — Aq pcosh(\q pa) sin(nﬂ-a))

The subset S of S = {(a,b) | 0 < a< b < 1} such that v, # 0 for any n € N* is dense
and of full Lebesgue measure in S.



Wave-heat cascade system

Feedback stabilization:

Exact null controllability = (complete) stabilizability in Vg, with a linear feedback
BUT how to define such a feedback in practice?
Actually, thanks to the spectral analysis done, we obtain:

Theorem (Lhachemi Prieur Trélat 2025)
Given any ¢ > 0, there exists an output-feedback control

@ based on the two measurements
1
Yo(t) = / Co(X)y(t, x)dx  for some (generic) ¢, € L2(0,1)
0
Zo(t) = 0rz(t, 1)
@ explicitly built from a finite number of spectral modes (depending on §)

making the system exponentially stable in H] (0, 1) x Hgo)(o, 1) x L?(0, 1) with the
decay rate §.




And for heat-wave?

We have obtained a sharp controllability result for:

(1D) Wave-heat cascade

Oy =0y +cy+p2z, y(t,0) = y(t,1) =0
Oz = OxxZ, z(t,0) =0, 0xz(t,1) = u(t)

Now let us “switch”:

(1D) Heat-wave cascade

Oty = Oxxy + CVY, y(t,0) = y(t,1) = u(?)
oz = Oxxz+ By, z(t,0) =0, 0Oxz(t,1)=0

Similar eigenelements computations
= VT > 2 controllability in some spectrally defined (unconventional) Hilbert space

BUT when supp(8) = [0, 1] (e.g., 8 = 1) we may expect to have controllability VT > 0 !!
How to do?



And for heat-wave?

Let me mention:

(Multi-D) Heat-wave cascade in Q
Oty = AY + Xwq U y(t,)jon =0

oZ = OxxZ + Xws ¥ Z(tv ')|8Q =0

Fernandez-Cara, de Teresa, DCDS 2004

If wy N wo satisfies “the multiplier domain condition” (stronger than GCC),
then exact null controllability in H=1(Q) x H}(Q) x [3(Q) intime T > To.

@ Expected because on wy Nws We can choose y as we want and control the wave
equation intime T > Ty.

@ The difficult case would be when wy N wy = (...
(or when the heat equation is controlled at the boundary)
Conjecture:

Controllability in some unconventional Hilbert space, at least if T > Ty.
For T < Ty, | do not know.



Heat-heat cascade system

Heat-heat cascade

Oty = Oxxy + ay a,beR, s#0
0tz = OxxZ + bz

oxy(t,0) = sz(t,0), y(t,1) = 0xz(t,1) =0

0xz(t,0) = u(t)

studied by Tang Wang Kang (SCL 2024 and Automatica 2025)

Theorem (Lhachemi Prieur Trélat 2025)
Exact null controllability in any time T > 0in

Vo/V = { D andin+ Y bmbom | anbn€R,

neN meN

4 2_2 2 2
S (1+ o) T ol + T I < o).
neN meN

Under (explicit, necessary and sufficient) controllability and observability conditions,
the system can be exponentially stabilized at any decay rate in H'(0,1) x H'(0, 1),
with an explicit output-feedback control.




N-heat cascade system

Generalization to:

N-heat cascade

y{:y{(X-&-ajy/’ 1<j<N ai,...,ay € R
YA(,0) = Yt 1), Yt 1) =0 1<j<N-1
Yo (t,0) = u(1), ylt 1) =0

either with two-by-two distinct eigenvalues, or with a; = - - - = ay.



Minimal time for parabolic systems

Coupled parabolic system

Oty =0y +B2 y(t,O):y(t,1):0
81z = OxxZ + Xwl z(t,0) = z(t,1) =0

Well-posed in L2(0, 1) x L2(0, 1) (with u € L2(0, T)).

with

Ammar Khodja, Benabdallah, Gonzalez-Burgos, de Teresa (JMAA 2016)

Under a spectral condition on 3, there exists To(3) (explicit) such that the system is
@ exactly null controllable in time T > To(3),
@ not exactly null controllable in time T < To(8).

(proof by moment method)



Minimal time for parabolic systems

Coupled parabolic system

Oty = Oxxy + Bz y(t,0)=y(t,1) =0
012 = OxxZ + Xwl z(t,0)=2z(t,1) =0

Well-posed in L2(0, 1) x L2(0, 1) (with u € L2(0, T)).

with

We make their statement more precise:

Lhachemi Prieur Trélat, ongoing

Under a spectral condition on 3, the system is always exactly null controllable, but the
controllability space V; depends on T:
L2(0,1) x L2(0,1) if T > To(B)

much smaller, spectrally defined if T < Tp(8)
(thanks to Miintz-Sész)

Vr =

Generalization to a larger number of coupled parabolic equations,
with more “bifurcation” times (ongoing work).



Conclusion

@ Ingham-Mintz as an instrumental tool for coupled 1D PDEs.

@ Unconventional controllability spaces for internal couplings.

Many questions:
@ Coupled 1D PDEs with time-varying coefficients?

@ Multi-D case?
— combine Carleman with microlocal analysis?
— “Ingham-Lebeau-Robbiano” inequalities?

@ Plenty of other cascade or coupled systems.

@ Semilinear case.



