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Reachability for a linear control problem

Linear control problem

y(t) = Ay(t) + Bu(t), y(0) = o

o y(t) € X, u(t) € U, X and U Hilbert spaces, E := L?(0, T; U)
o (A, D(A)) operator generating a Co-semigroup over X, denoted by (S:):>0
o BeL(U,X)
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y(t) = Ay(t) + Bu(t), y(0) = o

o y(t) € X, u(t) € U, X and U Hilbert spaces, E := L?(0, T; U)
o (A, D(A)) operator generating a Co-semigroup over X, denoted by (S:):>0
o BeL(U,X)

Given a final time T > 0, yo € X and a target yr € X, can one find u € £, .= L*(0, T; 1)
steering yo to yr (or at least close to yr), at time T7

Main notions of reachability under constraints U/ C U
o exact: does there exist u € Eyy s.t. y(T) = y¢?
o approximate: does there exist, for all e > 0, u. € Ey s.t. ||y(T) — yrllx < e?

If so, how to compute them? ~~ looking for constructive approaches.
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Reachability for a linear control problem (bis)

Linear control problem

y(t) = Ay(t) + Bu(t), y(0) =0

o y(t) € X, u(t) € U, X and U Hilbert spaces, E := L?(0, T; U)
o (A, D(A)) operator generating a Co-semigroup over X, denoted by (S¢)¢>0
o BeL(U,X)

Duhamel’s formula:
T
y(T)=Lru+Sryo,  Lyu:= / Sr—:Bu(t) dt,
0

with Lt € L(E, X).
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Reachability for a linear control problem (bis)

Linear control problem

y(t) = Ay(t) + Bu(t), y(0) =0
o y(t) € X, u(t) € U, X and U Hilbert spaces, E := L?(0, T; U)

o (A, D(A)) operator generating a Co-semigroup over X, denoted by (S:):>0
o BeL(U,X)

Duhamel’s formula:
-
y(T) = Lru+ Sryo, Lru:= / St_¢Bu(t) dt,
0

with L+ € L(E, X).
Upon translating, assume yo = 0 so that U-reachability rewrites as follows

o exact: does there exist u € Eyy s.t. Lru = yf?

© approximate: does there exist, for all € > 0, u. € Eiy s.t. ||[Lru — yr||x < €7
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Reachability for a linear control problem (bis)

Linear control problem

y(t) = Ay(t) + Bu(t), y(0) =0
o y(t) € X, u(t) € U, X and U Hilbert spaces, E := L?(0, T; U)
o (A, D(A)) operator generating a Co-semigroup over X, denoted by (S¢)¢>0
o BeL(U,X)

Duhamel’s formula:
T
y(T)=Lru+Sryo,  Lyu:= / Sr—:Bu(t) dt,
0

with Lt € L(E, X).
Upon translating, assume yo = 0 so that U-reachability rewrites as follows

o exact: does one have yr € LT Ey,?

o approximate: does one have yr € L1Ey?
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Constraints discussed in this talk

U is (closed, convex), bounded (joint work with lvan Hasenohr, Yannick Privat, Christophe Zhang)

Motivation:
o bilateral constraints m < u < M,

¢ possibly with additional energy constraints like |Jull2 < C.



Constraints discussed in this talk

U = P is unbounded, assumed to be a cone (joint work with Emmanuel Trélat, Christophe Zhang)

Motivation:
o sign constraints, P = {u € U, u > 0}... convex

© sparsity constraints, P = {u € U, |supp(u)| < k}... not convex, at all
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o Constructive methods




Constraints discussed in this talk

U = P is unbounded, assumed to be a cone (joint work with Emmanuel Trélat, Christophe Zhang)

Motivation:
o sign constraints, P = {u € U, u > 0}... convex

© sparsity constraints, P = {u € U, |supp(u)| < k}... not convex, at all

Possible goals:
o Necessary and sufficient reachability conditions

o Constructive methods

Remark: exact and approximate reachability coincide in the closed, convex and bounded
setting... but not in the closed, convex and unbounded conic setting! Even in dimension 2.

X=u,  P=R,.
Foralla>0,T >0,

(0, a) is approximately but not exactly P-reachable in time T.



Separation argument: geometric intuition

Condition for non U-reachability: find pr € X such that J(pr) < 0.

° Yy

Figure: Separating yr fom Ly Ey;. Courtesy of lvan Hasenohr.
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Figure: Separating yr fom Ly Ey;. Courtesy of lvan Hasenohr.



Separation argument (1)

If there exists a strictly separating hyperplane between yr and L1 Ey, i.e., pr € X s.t.

sup (Lru, pr)x < {yf, Pf)x,
uc€ky

then yr is not U-reachable in time T.
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)
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oy (L1pe(t))

where oy(u) := sup, ¢, (u, v)u is the support function of U.
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If there exists a strictly separating hyperplane between yr and L1 Ey, i.e., pr € X s.t.

sup (Lru, pr)x < {yf, Pf)x,
uc€ky

then yr is not U-reachable in time T.

Above condition rewrites

]
/ sup (u, L pr())u dt < (yr, pr)x.
0

uel

oy (L1pe(t))

where oy(u) := sup, ¢, (u, v)u is the support function of U.

Define the dual functional

)
Hpr) = / ou(L3pe(2)) dt — (ye, prix.
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Separation argument (2)

Define the dual functional

)
Hpr) = / ou(L3pe(2)) dt — (yr, prix.

If y¢ is U-reachable in time T, then J(pr) > 0 for all pr € X.




Separation argument (2)

Proposition

Define the dual functional

)
Hpr) = / ou(L3pe(2)) dt — (yr, prix.

If y¢ is U-reachable in time T, then J(pr) > 0 for all pr € X.

In the case where U is convex, closed and bounded, the converse holds.

o Converse true by a separation argument (Hahn-Banach) in the weak topology.



Separation argument (2)

Proposition

Define the dual functional

)
Hpr) = / ou(L3pe(2)) dt — (yr, prix.

If y¢ is U-reachable in time T, then J(pr) > 0 for all pr € X.

In the case where U is convex, closed and bounded, the converse holds.

o Converse true by a separation argument (Hahn-Banach) in the weak topology.
o Tractable: oy, explicitly computable for generic constraint sets.

o Can be generalised to convex closed sets Yr in place of yr.



1. Computer assisted-proofs of (non-) U-reachability
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Context and state of the art

Constraints:
U is closed, convex and bounded. J
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Bounded constraints
o Controllability rather than reachability results
© to 0, and/or in free time T (Brammer '72, Son 88, etc)
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Context and state of the art

Constraints:
U is closed, convex and bounded. J

Bounded constraints
o Controllability rather than reachability results

© to 0, and/or in free time T (Brammer '72, Son 88, etc)

In the (nonlinear or) linear ODE setting,

¢ huge body of literature to approximate the reachable set from inside or outside (more
ambitious than fixed yr, but much more costly)

& most often does not include numerical certification

© up to our knowledge, open problem in infinite dimension
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Towards proofs of non U/-reachability

If there exists pr € X s.t. J(pr) < 0, then yr is not U-reachable in time T ('sharp’,
because the converse holds)

J(pr) = /OTUu(LfrPr(t)) dt — (yr, pr)x-

Key remark: J takes finite values on the whole of X in the bounded case.
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Dual equation, through LT pr(t) = B*p(t)

p(t) +A"p(t) =0, p(T) = pr.
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Towards proofs of non U/-reachability

If there exists pr € X s.t. J(pr) < 0, then yr is not U-reachable in time T ('sharp’,
because the converse holds)

J(pr) = /0 ou(Lrps(t)) dt — (yr, pr)x-

Key remark: J takes finite values on the whole of X in the bounded case.

Dual equation, through LT pr(t) = B*p(t)

p(t) +A"p(t) =0, p(T) = pr.

o Need to discretise in time: the time-integral 4+ the dual ODE/PDE,

o in infinite-dimension, need to discretise in space.
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Towards computer-assisted proofs of non U{-reachability: finite dimension

Standing assumption: some form of dissipativity for the semigroup (S¢):>o0
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Towards computer-assisted proofs of non U{-reachability: finite dimension

Standing assumption: some form of dissipativity for the semigroup (S¢):>o0

Using Euler's implicit scheme for the dual equation + Riemann sums for the time-integral

o Define a discretised proxy Jg : X — R

Ny

Ja(pr) = Aty ou((Id + At A") 7 pr) — (yr, pr)x-

n=1

o Establish error bounds: for all pr € X
[J(pr) — Ja(pr)l < GLAL A prllx = e(pr),

with explicit constant Cy.
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Towards computer-assisted proofs of non U{-reachability: finite dimension

Standing assumption: some form of dissipativity for the semigroup (S¢):>o0

Using Euler's implicit scheme for the dual equation + Riemann sums for the time-integral
o Define a discretised proxy Jg : X — R

N

Ja(pr) = Aty ou((Id + At A") 7 pr) — (yr, pr)x-

n=1
o Establish error bounds: for all pr € X
[J(pr) — Ja(pr)l < GLAL|A" prllx = e(pr),

with explicit constant Cy.

o Find pr € X such that Ja(pr) < 0.
o Check, by means of interval-arithmetic, that Ja(pr) + e(pr) < 0, hence J(pr) < 0.

pr is a dual certificate of non U-reachability (of yr in time T), cf Computer-assisted proofs
of non-reachability for linear finite-dimensional control systems (HPPZ '25, to appear in
SICON)
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Towards computer-assisted proofs of non U-reachability: infinite dimension

Standing assumption: some form of dissipativity for the semigroup (S¢):>o0

Using Euler’s implicit scheme for the dual equation + Riemann sums for the time-integral

o Define a discretised proxy Jgq : Vi, — R where V}, C X are approximation spaces

Nt

Ja(pm) = At ou((Id + At Ay) " pm) — (ye, pm)x-

n=1

o Establish error bounds, for all pr € X, pm € Vi
[4(pr) = Ja(pm)| < (CLAt+ G A prllx + Cillpr — il x =: e(pr, pm),

with explicit constants G, G, Cs.
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Towards computer-assisted proofs of non U-reachability: infinite dimension

Standing assumption: some form of dissipativity for the semigroup (S¢):>o0
Using Euler’s implicit scheme for the dual equation + Riemann sums for the time-integral
o Define a discretised proxy Jgq : Vi, — R where V}, C X are approximation spaces

N

Ja(pm) = At ou((Id + At Ay) " pm) — (ye, pm)x-

n=1

o Establish error bounds, for all pr € X, pm € Vi

1J(pr) — Ja(pm)| < (CLAt + CGH) A pellx + Csllpr — palx =: e(pr, pm),

with explicit constants G, G, Cs.

o Find pg, € Vi such that Ja(pm) < 0,
o Interpolate pg € V), into pr € D(A"),

o Check, by means of interval-arithmetic, that Ja(pm) + e(pf, pm) < 0, hence J(pr) < 0.

pr is a dual certificate of non U-reachability (of yr in time T), cf upcoming preprint
Computer-assisted proofs of non-reachability for parabolic linear control problems (HPPZ)
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Example in finite dimension

00 1 o0 0 0
00 0 1 0 0
A= 30 0 2| Bi= 10
0 0 -2 0 01

Estimate: )
[(pr) = Jalpr)l < 5 At MT|[B][[|A"prl|<(P) Q2(IIN]| T).

U={ueR? |ull2 < Mz, [[ullc < Moo}

Yr= {(}/1,}/27}/3,}/4) € R47 H(yl —Z1,)2 — Zz)HRZ < 77} )
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Example in finite dimension

00 1 o0 0 0
00 0 1 0 0
A= 30 0 2| Bi= 10
0 0 -2 0 01

Estimate: )
[(pr) = Jalpr)l < 5 At MT|[B][[|A"prl|<(P) Q2(IIN]| T).
U={ueR? [lull2 < Mz, [|u]loc < Moc}.

Ve = {01, y2,y3,y2) €RY, (1 — 21,52 — 22) ez <},

Take z7 = z2 =05, 7=0.1, M = 1.15, Moo =1 and T = 1. Then Y is not
U-reachable in time T thanks to the dual certificate

pr = (0.62,0.78,0,0)"  for which  J(ps) € [0.1146, —0.0717].
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Example in infinite dimension

Consider 0;y — Oxwy = Xwu & Dirichlet boundary conditions
U={uel?0,1),0<u<Mae}, w=(32)U(E1)

PP; finite elements + interpolating with cubic splines 4 using the estimate (with
Mo = M|w['?, C =2+ 3)

() —da(pa)l < MoT (% + )AL + 3(7 +41n(2) + C)R2) [|A pel|+ (Mo TC+ [y ) 1 — Pl



Example in infinite dimension

Consider 0;y — Oxy = xwu & Dirichlet boundary conditions

U={uel?0,1),0<u<Mae}, w=(32)U(E1)

57
P, finite elements + interpolating with cubic splines + using the estimate (with
Mo = Mlw[/?, C =2+ %)

[U(pr)—Ja(pm)| < MoT (% + C)At + 3(7 +4In(2) + )W) [|A" prl|+ (Mo TC+ el 1Pl

For M =1, T =1, the target yr = Asin(w) is not U-reachable in time T if A > 0.035.




Example in infinite dimension

Consider 0;y — Oxy = xwu & Dirichlet boundary conditions
U={uel’0,1),0<u<Mael}, w=(}2)u(1)

55
P, finite elements + interpolating with cubic splines 4+ using the estimate (with
Mo = Mw['/2, C =2+ Z)

[J(pr)—Ja(pm)l < Mo T ((3 + C)At + 3(7 + 4In(2) + C)h?) |A* prl|+ (Mo TCHIye )l pr—pamll,

Figure: Target and optimal dual certificate. Courtesy of lvan Hasenohr



Additional remarks

Crucial part: be able to find pr (or pm) at which J4 is negative
o Done by 'minimising’ Ja
o Found pr can have huge ||A*prl|: regularisation can be necessary

o Structure calls for primal-dual algorithms
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o Structure calls for primal-dual algorithms

Some bottlenecks:
o Computationally demanding
o 2D parabolic problems formally within reach, tall order in practice

o Optimising constants within estimates is key!



Additional remarks

Crucial part: be able to find pr (or pm) at which J4 is negative
o Done by 'minimising’ Ja
o Found pr can have huge ||A*prl|: regularisation can be necessary

o Structure calls for primal-dual algorithms

Some bottlenecks:
o Computationally demanding
o 2D parabolic problems formally within reach, tall order in practice

o Optimising constants within estimates is key!

Next in store? //-reachability
¢ Possible but intractable in large dimensions

o Cannot deal with infinite-dimensional problems



2. Reachability conditions for conically constrained problems, with constructivity
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Constraints:
P is a cone. J
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Unbounded (conic) constraints,
¢ HUM method (Lions '88), unconstrained
© sparsity in finite dimension, k = 1 (Zuazua '10)
© isotropic constraints (Berrahmoune '14 et '19)
o linear constraints (Ervedoza '20)

© sparsity shape constraints for parabolic equations (PTZ '24)



Context and state of the art

Constraints:
P is a cone.

Unbounded (conic) constraints,
HUM method (Lions '88), unconstrained

sparsity in finite dimension, k = 1 (Zuazua '10)

<

isotropic constraints (Berrahmoune '14 et '19)

linear constraints (Ervedoza '20)

S0 0 0

sparsity shape constraints for parabolic equations (PTZ '24)

Constructive methods, based on an appropriate dual functional, also yield a sufficient
reachability condition.

Goal: come up with a general recipe, cf preprint Constructive reachability for linear control
problems under conic constraints (PTZ '25)



Unconstrained reachability: the HUM method (1)

Unconstrained case, i.e.,, P = U: find u € E s.t. ||y(T) — yr|lx = |[LTtu — yr||x < e.

For € > 0, so-called dual functional, defined for pr € X

)
J(pr) =1 / L3 (£)13 dt — (yr. prx + llorlx
0]

= 2IL7pell2 = (vr. pe)x + €llprllx
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Unconstrained reachability: the HUM method (1)

Unconstrained case, i.e.,, P = U: find u € E s.t. ||y(T) — yr|lx = |[LTtu — yr||x < e.

For € > 0, so-called dual functional, defined for pr € X

Je(pr)

)
5[ ILEprCe) de = (s, po)x + elerlx
0]

LT prllE — (yr. pr)x + <l prllx

Provides a sufficient condition (actually also necessary) for reachability
o approximate: Vpr € X, Lipr=0 = {(yr,pr)x =0,
o exact: 3¢ >0, Vpr € X, [{yr, pr)x| < c||Lrpr|le-
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Unconstrained reachability: the HUM method (1)

Unconstrained case, i.e.,, P = U: find u € E s.t. ||y(T) — yr|lx = |[LTtu — yr||x < e.

For € > 0, so-called dual functional, defined for pr € X

Je(pr)

)
5[ ILEprCe) de = (s, po)x + elerlx
0]

LT prllE — (yr. pr)x + <l prllx

Provides a sufficient condition (actually also necessary) for reachability
o approximate: Vpr € X, Lipr=0 = {(yr,pr)x =0,
o exact: 3¢ >0, Vpr € X, [{yr, pr)x| < c||Lrpr|le-

Constructive: if pf minimises J., then u* := L% p} steers 0 to B(yr,¢) at time T.
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Unconstrained reachability: the HUM method (2)

Dual functional, of what? Reachability, i.e., existence of u € E s.t. ||[y(T) — yrllx < ¢, is
equivalent to

= inf Llullz < +oo.
u€E, |Iy(T)—yrllx <o —~
=:F(u)

19 / 26



Unconstrained reachability: the HUM method (2)

Dual functional, of what? Reachability, i.e., existence of u € E s.t. ||[y(T) — yrllx < ¢, is
equivalent to

= inf %||u||i— < +o00.
u€E, [Iy(T)—yfllx <o e —
=:F(u)

Put constraints into objective function

inf F(u) = inf F(u) + G(Lru),
u€E, Ily(T)-yrllx<e (u) u€E (1) (Lru)

where
0 if [ly(T) = yellx = [Lru—yrl[x <€
+oo  else

G(LTU) = {
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Unconstrained reachability: the HUM method (2)

Dual functional, of what? Reachability, i.e., existence of u € E s.t. ||[y(T) — yrllx < ¢, is
equivalent to

= inf %||u||i— < 4o0.
u€E, |ly(T)—yrlix<e

=:F(u)

Put constraints into objective function

inf F(u) = inf F(u) + G(Lru),
u€E, Ily(T)-yrllx<e (u) u€E (1) (Lru)

where
0 if [ly(T) = yellx = [Lru—yrl[x <€
+oo  else

G(LTU) = {

Fenchel-Rockafellar Theorem:
. = — inf F*(L3} + G*(—
m nf (L7pr) (—pr)

_ l * 2 _
= plfh€fX2HLTPfHE (yr, pr) + €llprllx

Je(pr)

and 7. is attained if finite.
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Fenchel conjugate, gauge and support function

H Hilbert, x € H
For f : H — ]—00, +0],
¢ subdifferential
Of(x):={p € H, Yy € H, f(y) > f(x) + (p,y — x)},
o Fenchel conjugate

£ (x) == sup ({x,y) — f(y))-

y€H
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Fenchel conjugate, gauge and support function

H Hilbert, x ¢ H

For f : H — ]—00, +0],
¢ subdifferential

Of(x):={p € H, Yy € H, f(y) > f(x) + (p,y — x)},
o Fenchel conjugate

£ (x) == sup ({x,y) — f(y))-

y€H

For C closed and convex,
o indicator function d¢ defined by dc(x) =0 if x € C, 4o else,

o support function o¢ := d¢, i.e. par définition

oc(x) = sup (x,y),
yecC

o gauge of C,
Jje(x) :=inf{a >0, x € aC}.
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Closed convex case

Constraints: defined by a closed convex cone P,

Choose U, convex, closed, bounded that generates P, (i.e., s.t. cone(U,) = P;). Typically
U, = P, NB(0,1).
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Closed convex case

Constraints: defined by a closed convex cone P,

Choose U, convex, closed, bounded that generates P, (i.e., s.t. cone(U,) = P;). Typically
U, = P, NB(0,1).

Set F(u):= %/Oij,,(u(t))dt. J

- Cost F enforces the constraints: F(u) < 400 <= u € L?(0, T;P,).
- Generalises HUM: if P, = U, with U, = B(0,1), then F = 1| - ||
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Closed convex case

Constraints: defined by a closed convex cone P,

Choose U, convex, closed, bounded that generates P, (i.e., s.t. cone(U,) = P;). Typically
U, = P, NB(0,1).

Set F(u):= %/Oij,,(u(t))dt. }

- Cost F enforces the constraints: F(u) < 400 <= u € L?(0, T;P,).
- Generalises HUM: if P, = U, with U, = B(0,1), then F = 1| - ||

inf F(u) = inf F G(L G=56s ..
v, M, 1e<e () = inf Fu) + G(Lru), Blyr.e)

me = — inf F'(Lype) + G*(=pr)

)
— inf 1 / o2, (Lpe()) dt — {yr, pr) + el|prllx
0

preX

Je(pr)

and 7. is attained if finite.



How constructive is this?

If pf is dual optimal, then any optimal control u* must satisfy v* € OF " (L7 p;).
Necessary optimality condition... not sufficient in general. Becomes sufficient if
subdifferential reduced to a singleton.
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How constructive is this?

If pf is dual optimal, then any optimal control u* must satisfy v* € OF " (L7 p;).
Necessary optimality condition... not sufficient in general. Becomes sufficient if
subdifferential reduced to a singleton.

u € OF (LTpf) < forae t€(0,T), u(t) € ou, (LTpF(t)) Oou, (LTPF(t))
< forae t€(0,T), u(t) € ou (LTpF(t)) argerzr;ax (LTpF (), v)u.
Uniqueness holds as soon as
L7p7 (t) ¢ sing(U,) fora.e. t € (0,T),
"hence" as soon as
Vpr #0, B*S{pr ¢ sing(U,) forae. t>0, (H)
where sing(U,) := {q € U, argmax, ¢, (q,v)u is not a singleton}
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Closed convex case - reachability

Functionals of interest, for € > 0:

:
J(pr) = & / o2, (L5 pr(1)) dt — (yr. pr) + ]| rlIx.
0

Relevant condition

Vpr 20, B*S/ps(t) ¢ sing(U,) for a.e. t>0. (H)

Yr is approximately P.-reachable in time T iff

VpreX, F'(Ltpr)=0 = (yr,pr)x <0 (Ca)

Under (C,), for all e > 0, J. admits a unique minimiser p;, and if (ﬂ) holds, then the
unique u? € OF (LT pf) satisfies the constraints P, and steers 0 to B(yr, ) at time T.
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Functionals of interest, for € > 0:

:
J(pr) = & / o2, (L5 pr(1)) dt — (yr. pr) + ]| rlIx.
0

Relevant condition

Vpr 20, B*S/ps(t) ¢ sing(U,) for a.e. t>0. (H)

Yr is approximately P.-reachable in time T iff

VpreX, F'(Ltpr)=0 = (yr,pr)x <0 (Ca)

Under (C,), for all e > 0, J. admits a unique minimiser p;, and if (ﬂ) holds, then the
unique u? € OF (LT pf) satisfies the constraints P, and steers 0 to B(yr, ) at time T.

o Sufficiency of (Ca): coercivity of Je,
¢ Necessity of (Ca): independent argument,
o Uniqueness of minimiser: study of optimality conditions + strict convexity.
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Closed convex case - reachability

Functional of interest:

(o) =3 [ of (Lrpr(0) de — ().

Relevant condition

Vpr #0, B*S!pr(t) ¢ sing(U,) for a.e. t> 0. (H)

vr is exactly P,-reachable in time T iff

3c>0, Vpr € X, (yr,prix < c F*(Lypr)'/? (Ce)

Under (Ce), and if Jo admits a minimiser p; then any u* € OF* (LT pf) satisfies the
constraints P, and steers Q to yr in time T for each such minimiser p; .
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Closed convex case - reachability

Functional of interest:

(o) =3 [ of (Lrpr(0) de — ().

Relevant condition

Vpr #0, B*S!pr(t) ¢ sing(U,) for a.e. t> 0. (H)

vr is exactly P,-reachable in time T iff

3c>0, Vpr € X, (yr,prix < c F*(Lypr)'/? (Ce)

Under (Ce), and if Jo admits a minimiser p; then any u* € OF* (LT pf) satisfies the
constraints P, and steers Q to yr in time T for each such minimiser p; .

o Sufficiency of (Ce): lower bound Jo by coercive function of variable {yf, pr)x,

o Necessity of (Ce): independent argument.
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Shape control: problem and relaxation

Context: B=1d, X = U = L*(Q)
Typical example: 8y — Ay = u (+ Dirichlet boundary conditions).
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Typical example: 8y — Ay = u (+ Dirichlet boundary conditions).

Constraints P: for 0 < m < |Q|
forae t€(0,T), u(t)= M(t)xuw) where M(t) > 0 and |w(t)| < m. J

Nonconvex conic constraints P with natural generating set:
U = {xw, lw| < m},

Relaxation:
U, =conv(U) = {ue [*(Q), 0<wu<1and /ugm}‘
Q

P, = cone(U,) = {u € L*=(Q2), u > 0}, not closed.
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Shape control: problem and relaxation

Context: B=1d, X = U = L*(Q)
Typical example: 8y — Ay = u (+ Dirichlet boundary conditions).

Constraints P: for 0 < m < |Q| J

fora.e. t € (0, T), u(t)= M(t)Xuw() where M(t) > 0 and |w(t)| < m.

Nonconvex conic constraints P with natural generating set:
U = {xw, lw| < m},

Relaxation:
U, =conv(U) = {ue [*(Q), 0<wu<1and /ugm}‘
Q
P, = cone(U,) = {u € L*=(Q2), u > 0}, not closed.

Lemma 1: For yr € X, T > 0 fixed s.t. y+ > Sryo = 0, yr is P,-approximately reachable.

Lemma 2: 'Relaxation is bound to work’, i.e., ext(i/,) = U.
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Shape (approximate) control: functional and extremality

What about Condition (H), i.e.,
Vpr #0, Sipr(t) ¢ sing(U,) for ae. t > 07 (H)

Ur:conv(u):{ueLz(Q), 0<wu<1land /ugm}.
Q

25 / 26



Shape (approximate) control: functional and extremality

What about Condition (H), i.e.,
Vpr #0, Sipr(t) ¢ sing(U,) for ae. t > 07 (H)

Z/{r:conv(b{):{ueLz(Q), 0<wu<1land /ugm}.
Q
Bathtub lemma: study of the optimisation problem

0, (q) = sup (g, v)u = sup / a(x)v(x) dx.

vEU, vEU,

If all level sets of g have measure 0, then there exists a unique maximiser, i.e., g ¢ sing(U;)

7O

R

Figure: Relaxed in the bathtub. Courtesy of Christophe Zhang.
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Shape (approximate) control: back to the original cone

Let yr, T s.t. yr > Styo = 0. If the adjoint semigroup satisfies
Vpr # 0, all the level sets of S/ pr have measure 0 for a.e. t > 0,

then yr is approximately P-reachable in time T, whatever T > 0 and m > 0 are.
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Shape (approximate) control: back to the original cone

Let yr, T s.t. yr > Styo = 0. If the adjoint semigroup satisfies
Vpr # 0, all the level sets of S/ pr have measure 0 for a.e. t > 0,

then yr is approximately P-reachable in time T, whatever T > 0 and m > 0 are.

o Constructive: formula for the unique optimal control from the unique dual optimal
variable

o Covers the heat (Dirichlet) equation, and more generally analytic-hypoelliptic
operators (4 few non-restrictive properties)

o Nonnegative controllability result, 'optimal’ (for the heat equation, say) because

-u>0 = y(T) >0, by the parabolic comparison principle
- if restriction on where the control acts, small-time obstructions

o Exact reachability: open problem.
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General case

Constraints: defined by a cone P (containing 0).
(i) Choose a bounded set U generating P, i.e, P = cone(l).
(ii) Apply the previous recipe to I/, := conv(l/), of associated cone P, := cone(U,).

P P,

cone cone

L 1 4
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Relaxation usually works

Functional Je, associated to U,: yields u* taking values in P,... maybe even in P?

If pf minimises J., then any optimal control satisfies u* € OF*(LTp;5), i.e.,

u* € OF(LTp;) < forae te (0, T), u*(t) € ou, (LTpf (t)) argmax (LT p7 (t), v)u.
vEU,
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Uniqueness ensured by
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If (H) is satisfied, unique such control u*, which must be extremal:
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Relaxation usually works

Functional Je, associated to U,: yields u* taking values in P,... maybe even in P?

If pf minimises J., then any optimal control satisfies u* € OF*(LTp;5), i.e.,

u* € OF(LTp;) < forae te (0, T), u*(t) € ou, (LTpf (t)) argmax (LT p7 (t), v)u.

veUu,
Uniqueness ensured by
Vpr #0, B"Spr ¢ sing(Ud,) forae t>0 (H)
If (H) is satisfied, unique such control u*, which must be extremal:
57 () € o, (L3 pi (1)) ext ().
Hence u*(t) is in ou, (L7pf (t)) U generically, as soon as
ext(U,) = ext(conv(U)) C U (E)

Milman's theorem: (E) holds under any of the two hypothéses
o U is weakly closed,
© U, is (strongly) compact and U is (strongly) closed.
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General case - reachability

Functionals of interest: for e > 0
T,
Jpr) = [ o (Lrpe(©) de — () + <l
0

Relevant conditions:

Vpr #0, B*S{pr ¢ sing(U,) for a.e. t >0, (H)
ext(U,) = ext(conv(U)) C U. (E)

Assume that yr is approximately P,-reachable in time T, i.e. (C,).

Then J. admits a unique minimiser p; for all ¢ > 0, and if (H) and (E) are satisfied, then
the unique u} € OF* (L% p;) satisfies the constraints P and steers 0 to B(yr,€) in time T.

In particular, if (H) et (E) are satisfied, then yr is approximately P-reachable in time T.

20 / 26



General case - reachability

Functional of interest:

-
lpr) =% [ of (Lrpr(e)) de — tyr, )
0
Relevant conditions:
Vpr #0, B*S{pr ¢ sing(U,) for a.e. t >0, (H)

ext(U,) = ext(conv(U)) C U. (E)

Assume that yr is exactly P.-reachable in time T, i.e., (Ce).

Then, if Jo admits a minimiser pf, and if (H) et (E) are satisfied, then for any such
minimiser, the unique u* € OF* (LT pf) satisfies the constraints P and steers 0 to yr in
time T.

In particular, if (H) et (E) are satisfied, then yr is exactly P-reachable in time T.
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Sparsity in finite dimension: problem and relaxation

Context : X =R", U=R", A et B matrices

k-sparse controls
forae t€(0,T), [u(t)llo<k J

PY .= {ueR"™, |lullo <k}, closed, not convex (for k < m — 1).
Generator:

U = PR NB(0,1) = {ueR", |ullo < k, ||ulle < 1}.
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Sparsity in finite dimension: problem and relaxation

Context : X =R", U=R", A et B matrices

k-sparse controls
forae. t€(0,T), [u(t)o<k J

PY .= {ueR™, |lullo < k}, closed, not convex (for k < m — 1).

Generator:
U® = PV N Bo(0,1) = {u €R", |lullo < k, [|uflee < 1}.
Relaxation:
U =womv(U™) = {u € R”, ||ulls <k, [|lull < 1},
Remarks:

- P, = the whole R™ i.e., the relaxed problem is unconstrained,

- U™ is closed, hence Milman’s theorem applies (hypothesis (E))
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Sparsity in finite dimension: functional

U = corv(U™) = {u € R”, |ullx < k, ullos < K},

Gauge and support functions

k
. u
e B, () = max (1 ul ), o) = S ug),
i=1

where, for u € R™, |u)| > |u@)| > ... > |uim]-
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Sparsity in finite dimension: functional

U = corv(U™) = {u € R”, |ullx < k, ullos < K},

Gauge and support functions

K
. ujl1
e B, () = max (1 ul ), o) = S ug),
i=1
where, for u € R™, |u)| > |u@)| > ... > |uim]-

Associated cost ,
VueE, Flu)=1 / Pio(u() d.
—

For pr € R", letting p(t) = S7_.pr, the dual fonctional equals

.
Jo(pr) = %/ a7 w0 (LT pr(t)) dt — (s, pr)me
o | uf

= %/OT( k I(B*p(t))wl)zdt* (yr; pr)mo.

i=
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Sparsity in finite dimension: results

One can show that
sing(UM) = {u € R, ugy| = |upesn|},

hence (H) rewrites

Vpr #0, {t >0, [(B"Sipr)wy| = |(B"S{pr)k+1)l} has zero measure,  (H)

Proposition

Assume that the pair (A, B) is controllable.

If (H) holds, then for all y¢, T, yr est is exactly reachable in time T by k-sparse controls.

o Proof: Relaxed problem is unconstrained, by Kalman's criterion 'relaxed’ reachability
holds and it can be checked that Jo has a minimiser.

o Constructive: formulae for optimal controls as a function of minimisers of Jo.

o Open question: make (H) more explicit? (sufficient conditions available, but quite
strong)
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Internal controllability of the heat equation

Consider, in the unconstrained case

Ory(t,x) = Ay(t, x) + xw(x)u(t, x), + Dirichlet boundary conditions, (1)
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Internal controllability of the heat equation

Consider, in the unconstrained case
Ory(t,x) = Ay(t,x) + xw(x)u(t, x), + Dirichlet boundary conditions,

rewritten in the form
y(t) = Ay(t) + Bu(t)
avec X = U =1%(Q), A=A, D(A) = H}(Q)NH3(Q), B = u— xuu.
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Internal controllability of the heat equation

Consider, in the unconstrained case
Ory(t,x) = Ay(t,x) + xw(x)u(t, x), + Dirichlet boundary conditions,

rewritten in the form
y(t) = Ay(t) + Bu(t)
avec X = U =1%(Q), A=A, D(A) = H}(Q)NH3(Q), B = u— xuu.

For all w C Q (of positive measure),

o (1) is approximately controllable
Vyr € X,VT >0, Ve >0, FJu. € Es.t. |ly(T)— ysllx <e.

¢ (1) is not exactly controllable
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Internal controllability of the heat equation: HUM method

Dual equation, pr € X
op+Ap=0
P( T, ) = pr,
plaa = 0,
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Internal controllability of the heat equation: HUM method

Dual equation, pr € X
Otp+Ap=0
P( T, ) = pr,
plaa = 0,

Dual functional

1 T
Her) = / / P2(t, %) dx dt — {yr, prx + llprllx

1
= §||XwPH2E —{yr, pr)x +ellprllx
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Internal controllability of the heat equation: HUM method

Dual equation, pr € X
Otp+Ap=0
P( T, ) = pr,
plaa = 0,

Dual functional

1 T
Her) = / / P2(t, %) dx dt — {yr, prx + llprllx

1
= §||XwPH2E —{yr, pr)x +ellprllx

Key result: coercivity thanks to Holmgren's uniqueness theorem:
(V(t,x) c(0,T) xw, pltx)= o) —  pr=0.
J admits a unique minimiser p;, and the control
* *
u = Xwp

steers 0 to B(yr,¢) in time T.



Nonnegative reachability and obstructions

Ory(t,x) = Ay(t, x) + xw(x)u(t, x) + Dirichlet boundary conditions,

with
P={ucl*R), u>0}.
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Oy (t,x) = Ay(t, x) + xw(x)u(t, x) + Dirichlet boundary conditions,

with
P={uel*Q), u>0}.

First obstruction: monotonicity J

Yu>0, Vt>0, y(t)> Sy =0.
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Nonnegative reachability and obstructions

Oy (t,x) = Ay(t, x) + xw(x)u(t, x) + Dirichlet boundary conditions,

with
P={uel*Q), u>0}.

First obstruction: monotonicity J

Yu>0, Vt>0, y(t)> Sy =0.

What if y; >0 ?

If there exists B(x, r) C Q \ w, then one can build y; > 0 s.t., for small enough T, yr is
not P-(approximately) reachable in time T.
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Nonnegative reachability and obstructions (2)

Idea of proof (inspired from Pighin-Zuazua '18), build a separating hyperplane!

Dual equation, pr € X
op+Ap=0
p(T,-) = pr,
pjaa = 0,
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Find yr > 0, pr such that equality below cannot hold with y(T) = yr
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Nonnegative reachability and obstructions (2)

Idea of proof (inspired from Pighin-Zuazua '18), build a separating hyperplanel

Dual equation, pr € X
Otp+Ap=0
p(T,-) = pr, (D)
plaa = 0,

Find ys > 0, pr such that equality below cannot hold with y(T) = yr

(y(T), pr)x = /OT(P(tLqu(t))X dt.

Pick any yr > 0, yr # 0, and then pr s.t.
(i) pr < 0 sur supp(yr),
(i) pour T small enough, p > 0on (0, T) x (2 \ B(x,r)), where p solves (D).

=4 (yr,Pr)x <0 and /0 (p(t), xwu(t))x dt > 0.
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