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Bilinear control of the heat flow

Ω ⊂ Rd bounded with smooth boundary

Problem

For any u0 ∈ H1
0 (Ω) \ {0} find f : [0,∞)→ R such that the solution uf of
∂u
∂t (t, x) = ∆u(t, x) + f (t)u(t, x) R+ × Ω

u = 0 R+ × ∂Ω

u(0, x) = u0(x) x ∈ Ω

(LH)

satisfies ∫
Ω
|uf (t, x)|2dx =

∫
Ω
|u0(x)|2dx ∀t > 0
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Solution
L. Caffarelli and F. Lin, Nonlocal heat flows preserving the L2 energy, DCDS 2009

If f satisfies ∫
Ω
|uf (t, x)|2dx =

∫
Ω
|u0(x)|2dx ∀t > 0

then

0 =

∫
Ω
uf (t, x)

∂uf

∂t
(t, x)dx =

∫
Ω
uf (t, x) ∆uf (t, x)dx+f (t)

∫
Ω
|u0(x)|2dx

So

f (t) =
1∫

Ω |u0(x)|2dx

∫
Ω
|∇uf (t, x)|2dx ∀t > 0
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Abstract formulation
The problem reduces to the invariance of the set

Ku0 :=
{
u ∈ H1

0 (Ω) :

∫
Ω

|u(x)|2dx =

∫
Ω

|u0(x)|2dx
}

under the nonlocal heat flow∂u
∂t (t, x) = ∆u(t, x) +

∫
Ω
|∇uf (t,x)|2dx∫
Ω
|u0(x)|2dx u(t, x) R+ × Ω

u = 0 R+ × ∂Ω

The above equation can be recast in abstract form in H = L2(Ω) as

u′(t) = Au(t) + B
(
u(t)) (t > 0)

for suitable operators

A = Dirichlet Laplacian

B(u) =
∫

Ω
|∇u(x)|2dx∫

Ω
|u0(x)|2dx u
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Semilinear evolution equations

Consider the Cauchy problem{
u′(t) = Au(t) + B(u(t)) t > 0

u(0) = u0 ∈ H
(Pu0 )

where

(H1) H, 〈·, ·〉H , ‖ · ‖H Hilbert space

(H2) A : D(A) ⊂ H → H infinitesimal generator of a strongly continuous semigroup of
contractions on H, denoted by etA

(H3) V , 〈·, ·〉V , ‖ · ‖V Hilbert space such that D(A) ⊂ V ⊂ H and

etAV ⊂ V with ‖etAu‖V 6 ‖u‖V

(H4) B : V → H locally Lipschitz continuous

We denote by u(t, u0) the maximal solution of (Pu0 ) defined for t ∈ [0, τu0 )
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Invariant sets

A set K ⊂ V is invariant under

u′(t) = Au(t) + B(u(t)) (t > 0)

if
u0 ∈ K =⇒ u(t, u0) ∈ K ∀t ∈ [0, τu0 )

was the first to give necessary and sufficient conditions for invariance (for ODEs)
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In finite dimension, necessary and sufficient condition can be found in

We shall present the approach developed in

and later extended to Banach spaces in
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Proximally smooth sets

Let K ⊂ H be a closed set. Define Kδ =
{
u ∈ H \ K : dK (u) < δ

}
Definition
K is proximally smooth if ∃δ > 0 such that every u ∈ Kδ has a unique projection
onto K

We denote by ΠK (u) such a projection
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Necessary and sufficient conditions for invariance

Theorem
Let the closed set K ⊂ H be proximally smooth and suppose that

∃δ > 0 such that ΠK

(
D(A) ∩ Kδ

)
⊂ D(A)

Then K ∩ V is invariant under u′ = Au + B(u) if and only if

〈p,Au + B(u)〉H 6 0 ∀u ∈ ∂K ∩ D(A) , ∀p ∈ NP
K (u) ∩ D(A)

Here NP
K (u) stands for the proximal normal cone to K at u, given by

NP
K (u) =

{
p ∈ H

∣∣∣ ∃ρ > 0 : 〈p, v − u〉H 6
1

2ρ
‖v − u‖2

H

}
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Application to the heat equation with nonlocal term

Let ‖u0‖H = 1 and consider the Cauchy problem{
u′(t) = Au(t) + ‖u(t)‖2

V u(t) t > 0

u(0) = u0 ∈ H
(?)

where A is the Dirichlet Laplacian in H = L2(Ω). Define

K =
{
u ∈ H : ‖u‖H = 1

}
Then

K is (proximally) smooth

ΠK

(
D(A) \ {0}

)
⊂ D(A) because ΠK (u) = u/‖u‖H

for all u ∈ ∂K(= K) we have that NP
K (u) = Ru

Since 〈
u , Au + ‖u‖2

V u
〉
H

=
〈
u , Au

〉
H

+ ‖u‖2
V = 0 ∀u ∈ D(A) ∩ K

we conclude that K ∩ V is invariant under (?)
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Invariance as a way to obtain global existence

Let u0 ∈ V be sucht that ‖u0‖H = 1. By the above invariance result we that that the
maximal solution of the Cauchy problem{

u′(t) = Au(t) + ‖u(t)‖2
V u(t) t > 0

u(0) = u0 ∈ H
(?)

satisfies
‖u(t)‖H = 1 ∀t ∈ [0, τu0 ) (??)

Notice that (??) is not enough to conclude that τu0 =∞. However, together with (?) it
yields

‖u′(t)‖2
H +

1

2

d

dt
‖u(t)‖2

V =
1

2
‖u(t)‖2

V
d

dt
‖u(t)‖2

H = 0 ∀t ∈ [0, τu0 )

Therefore ‖u(t)‖V 6 ‖u0‖V and τu0 =∞

Cannarsa (Rome Tor Vergata) Domain invariance for diffusion models 01/07/2025 14 / 36



Invariance as a way to obtain global existence

Let u0 ∈ V be sucht that ‖u0‖H = 1. By the above invariance result we that that the
maximal solution of the Cauchy problem{

u′(t) = Au(t) + ‖u(t)‖2
V u(t) t > 0

u(0) = u0 ∈ H
(?)

satisfies
‖u(t)‖H = 1 ∀t ∈ [0, τu0 ) (??)

Notice that (??) is not enough to conclude that τu0 =∞. However, together with (?) it
yields

‖u′(t)‖2
H +

1

2

d

dt
‖u(t)‖2

V =
1

2
‖u(t)‖2

V
d

dt
‖u(t)‖2

H = 0 ∀t ∈ [0, τu0 )

Therefore ‖u(t)‖V 6 ‖u0‖V and τu0 =∞

Cannarsa (Rome Tor Vergata) Domain invariance for diffusion models 01/07/2025 14 / 36



Energy preserving nonlinear heat flows

We now study the nonlinear heat equation perturbed by a nonlocal term in a bounded
domain Ω ⊂ Rd with smooth boundary

∂u
∂t

(t, x) = ∆u(t, x) + g |u(t, x)|2σu(t, x) + µ[u(t, ·)]u(t, x) R+ × Ω

u = 0 R+ × ∂Ω

u(0, x) = u0(x) x ∈ Ω

where g ∈ R, σ > 0 and

µ[u] =
‖u‖2

V − g‖u‖2σ+2
L2σ+2(Ω)

‖u‖2
H

(1)

Formally, µ preserves the energy:

1

2

d

dt
‖u(t)‖2

H = −‖u(t)‖2
V + g‖u(t)‖2σ+2

L2σ+2(Ω) + µ[u(t)]‖u(t)‖2
H = 0

(1)u ∈ H1
0 (Ω)⇒ u ∈ L

2d
(d−2)+ (Ω)⇒ u ∈ L2σ+2(Ω) ∀σ < 2

(d−2)+
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Energy

Consider the nonlinear heat equation perturbed by a nonlocal term{
∂u
∂t

= ∆u + g |u|2σu + µ[u]u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0 ∈ H1
0 (Ω)

(NLH)

Define the energy of a solution as

E [u(t)] =
1

2
‖u(t)‖2

V −
g

2σ + 2
‖u(t)‖2σ+2

L2σ+2(Ω)

{
> 0 g 6 0

indefinite g > 0

Then

E [u(t)]− E [u0] = −
∫ t

0

ds

∫
Ω

∣∣∣∂u
∂t

(s, x)
∣∣∣2 dx 6 0
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Motivations
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References/3

The literature on the nonlinear heat equation perturbed by a nonlocal term{
∂u
∂t

= ∆u + g |u|2σu + µ[u]u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0 ∈ H1
0 (Ω)

(NLH)

includes

Caffarelli and Lin, DCDS (2009)

I studied g = 0 (linear case)
I proved global existence, convergence as t →∞, identified limit

Ma and Cheng, J. Evol. Equ. (2009)

I studied the case of g < 0 (positive definite energy)
I proved global existence and weak convergence on tn →∞

Antonelli – C – Shakarov, Calc. Var. Partial Differ. Equ. (2024)

I studied the case of g ∈ R for both Ω bounded and Ω = Rd

Stochastic wave equation: Cerrai and Xie, Electron. J. Prabab. (2025)
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The general case g ∈ R
Antonelli – C – Shakarov, Calc. Var. Partial Differ. Equ. (2024)

Outline

local well-posedness

global solution

strong convergence on a time sequence tn →∞
identification of the limit as t →∞ for u0 > 0
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Local well-posedness 1
Antonelli – C – Shakarov, Calc. Var. Partial Differ. Equ. (2024)

Theorem
Let

g > 0 and 0 < σ <
2

(d − 2)+

Then for any u0 ∈ H1
0 (Ω) there exists a unique mild solutiona

u ∈ C
(
[0, τu0 );H1

0 (Ω)
)

of {
∂u
∂t = ∆u + g |u|2σu + µ[u]u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0

(NLH)

Moreover, either τu0 =∞ or τu0 <∞ and limt→τu0
‖u(t)‖V =∞

au(t) = etAu0 +
∫ t

0
e(t−s)A

(
g |u(s)|2σu(s) + µ[u(s)]u(s)

)
ds
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Local well-posedness 2
Difficulties

The energy functional

E [u(t)] =
1

2
‖u(t)‖2

V −
g

2σ + 2
‖u(t)‖2σ+2

L2σ+2(Ω)

being indefinite, well-posedness cannot follow from a priori bounds

The contraction mapping theorem seems hard to apply because:

I the nonlocal term

µ[u] =
‖u‖2

V − g‖u‖2σ+2
L2σ+2(Ω)

‖u‖2
H

suggests to look for a fixed point in the space C
(
[0,T ];V

)
, but

I the power-like nonlinearity G(u) = |u|2σu fails to be locally Lipschitz in V for
0 < σ < 1/2

Uniqueness has to be derived by an ad hoc method
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Local well-posedness 3
Strategies

We prove the local well-posedness of{
∂u
∂t

= ∆u + g |u|2σu + λ(t)u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0 ∈ V

with λ ∈ L∞(R)

We employ the Schauder fixed point theorem to construct a solution of{
∂u
∂t

= ∆u + g |u|2σu + µ0[u]u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0 ∈ D(A)
(NLH0)

where

µ0[u] =
‖u‖2

V − g‖u‖2σ+2
L2σ+2(Ω)

‖u0‖2
H

We use a density argument to show the existence of solutions for u0 ∈ V

We prove the equivalence of (NLH0) and{
∂u
∂t

= ∆u + g |u|2σu + µ[u]u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0
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u(t, ·)|∂Ω = 0 u(0) = u0 ∈ V

with λ ∈ L∞(R)

We employ the Schauder fixed point theorem to construct a solution of{
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= ∆u + g |u|2σu + µ0[u]u in R+ × Ω
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(NLH0)

where

µ0[u] =
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V − g‖u‖2σ+2
L2σ+2(Ω)

‖u0‖2
H

We use a density argument to show the existence of solutions for u0 ∈ V

We prove the equivalence of (NLH0) and{
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∂t
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Global solution 1
Antonelli – C – Shakarov, Calc. Var. Partial Differ. Equ. (2024)

Theorem
Let {

g 6 0

0 < σ < 2
(d−2)+

or

{
g > 0

σ < 2
d

Then for any u0 ∈ H1
0 (Ω) the solution u ∈ C

(
[0, τu0 );H1

0 (Ω)
)

of{
∂u
∂t = ∆u + g |u|2σu + µ[u]u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0

(NLH)

is global, that is, τu0 =∞
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Global solution 2
Strategies

If

{
g 6 0

0 < σ < 2
(d−2)+

then ‖u(t)‖2
V 6 2E [u(t)] 6 2E [u0]

If

{
g > 0

0 < σ < 2
d

then we use the Gagliardo-Nirenberg inequality

‖u(t)‖2
V = 2E [u(t)] +

g

σ + 1
‖u(t)‖2σ+2

L2σ+2(Ω) . E [u0] + ‖u(t)‖dσV

Since dσ < 2 we conclude
‖u(t)‖V . ‖u0‖V
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Global solution 3 (?)
Potential well

We now want to address the case of

{
g > 0

0 < σ < 2
(d−2)+

Assuming g = 1 we have that

E [u(t)] =
1

2

(
‖u(t)‖2

V −
1

σ + 1
‖u(t)‖2σ+2

L2σ+2(Ω)

)
Define I [u] = ‖u‖2

V − ‖u‖2σ+2
L2σ+2(Ω)

and p = inf
{
E [u] : u ∈ V \ {0} , I [u] = 0

}
Potential Well [ref: Payne-Sattinger (1975), Quittner-Souplet (2019)]

W =
{
u ∈ V : E [u] < p , I [u] > 0

}
∪ {0}

Notice that ‖f ‖V <
√

2p ⇒ f ∈ W

Theorem

W is invariant under ∂u
∂t

= ∆u + g |u|2σu + µ[u]u

If u0 ∈ W then τu0 =∞
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Long time behaviour of solutions
Antonelli – C – Shakarov, Calc. Var. Partial Differ. Equ. (2024)

Let {
g 6 0

0 < σ < 2
(d−2)+

or

{
g > 0

σ < 2
d

and consider the solution u ∈ C
(
[0,∞);V

)
of{

∂u
∂t

= ∆u + g |u|2σu + µ[u]u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0

(NLH)

Theorem
∃ tn ↑ ∞ and u∞ ∈ V such that

u(tn)
V→ u∞ and µ[u(tn)]→ µ[u∞] as n→∞

Moreover

∆u∞ + g |u∞|2σu∞ + µ[u∞]u∞ = 0 and ‖u∞‖H = ‖u0‖H
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A result from elliptic theory

Let Ω = BR = {x ∈ Rd : |x | < R} and let{
g 6 0

0 < σ < 2
(d−2)+

or

{
g > 0

σ < 2
d

Ground state
For any u0 ∈ V \ {0} there exists a unique positive (in BR) minimizer u ∈ V of the
constrained energy

u → min
{
E [u] : u ∈ V , ‖u‖H = ‖u0‖H

}
(?)

Moreover, the ground state u is radially symmetric and satisfies

∆u + g |u|2σu + µ[u]u = 0 and ‖u‖H = ‖u0‖H (??)

Problem (?) and equation (??) have been extensively studied, see, e.g.,
Gidas-Ni-Nirenberg (1979), Stuart (1982), P-L Lions (1984), McLeod-Serrin (1987),
Kwong (1989)
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Identification of the limit as t →∞
Antonelli – C – Shakarov, Calc. Var. Partial Differ. Equ. (2024)

Let Ω = BR and let

{
g 6 0

0 < σ < 2
(d−2)+

or

{
g > 0

σ < 2
d

Theorem

For any u0 ∈ V \ {0}, with u0 > 0, the solution u ∈ C
(
[0,∞);V

)
of{

∂u
∂t = ∆u + g |u|2σu + µ[u]u in R+ × Ω

u(t, ·)|∂Ω = 0 u(0) = u0

(NLH)

converges to the ground state u in V as t →∞
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Identification of the limit as t →∞
Steps of the proof

1 Let tn ↑ ∞ and u∞ ∈ V be such that u(tn)
V→ u∞, with

∆u∞ + g |u∞|2σu∞ + µ[u∞]u∞ = 0 & ‖u∞‖H = ‖u0‖H

2 By the Maximum Principle

u(tn) > 0 =⇒ u∞ > 0 & u∞ 6≡ 0

3 Since ∆u + g |u|2σu + µ[u]u = 0 has a unique positive solution, u∞ = u

4 Since t 7→ E [u(t)] is continuous and decreasing,

lim
t→∞

E [u(t)] = lim
n→∞

E [u(tn)] = E [u∞] = E [u]

Then, one shows that u(t)
V→ u as t →∞ by contradiction

Remark

The proof applies to any bounded Ω such that ∆u + g |u|2σu + µ[u]u = 0 has a
unique positive solution (which minimizes the constrained energy)

For general u0, the solution may not converge to the ground state
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Navier-Stokes equations on T2

Similar problems were studied for the Navier-Stokes equations on the 2D torus{
∂u
∂t

(t, x) +
(
u(t, x) · ∇

)
u(t, x)−∆u(t, x) +∇p(t, x) = f (t)u(t, x) t > 0 , x ∈ T2

u(0, x) = u0(x) x ∈ T2

in

where the N-S equations were considered in vorticity form with two kinds of
constraint—constant energy and moment of inertia—proving the existence of a unique
global solution for a special family of initial data, and in

where a global existence result for the nonlocal N-S system was deduced from the
invariance of the unit sphere
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Abstract form of the N-S system

Let us rewrite the Navier-Stokes system in abstract form as follows{
u′(t) = Au(t) + B(u(t)) + f (t)u(t) 0 < t < T

u(0) = u0 ∈ H
(NSf )

where:

u0 = u0(x) belongs to the space H of vector-valued functions in L2(T2;R2) which
are divergence free

Au = P(∆u − u), with P the orthogonal projector of L2(T2;R2) onto H

B(u) = P
(
(u · ∇)u

)
f : [0,T )→ R is a locally bounded function

Denote by V the subspace of H consisting of all vectors in H1(T2;R2) which are
divergence free. The following trilinear form on V is of common use

b(u, v ,w) =

∫
T2

〈(u · ∇)v ,w〉dx =
2∑

H,K=1

uk(x)
∂vh
∂xk

(x)wh(x) dx
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Hyperplane-constrained evolution

For the Navier-Stokes system{
u′(t) = Au(t) + B(u(t)) + f (t)u(t) 0 < t < T

u(0) = u0

(NSf )

consider the following bilinear control problem

Problem
Given u0, v0 ∈ V with 〈u0, v0〉H 6= 0, find f : [0,T )→ R such that

〈uf (t), v0〉H = 〈u0, v0〉H ∀t ∈ [0,T )

Let f be a solution. Then

f (t) = − 1

〈u0, v0〉H

{
〈Auf (t), v0〉H + b(uf (t), uf (t), v0)

}
=

1

〈u0, v0〉H

{
〈uf (t), v0〉V + b(uf (t), v0, u

f (t))
}
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Recasting as an invariance problem
C – Frankowska, Nonlinear Differ. Equ. Appl. (2025), dedicated to G. Da Prato

The above bilinear control problem can be recast as an invariance problem for{
u′(t) = Au(t) + B(u(t)) + F (u(t)) 0 < t < T

u(0) = u0

(NSF )

with F : V → H given by

F (u) =
〈u, v0〉V + b(u, v0, u)

〈u0, v0〉H
u ∀u ∈ V

(u0, v0 ∈ V are such that 〈u0, v0〉H 6= 0 and ‖v0‖V = 1)

Theorem
Problem (NSF ) has a unique maximal solution u(t, u0) defined for 0 6 t < τu0 6∞

Crucial property:
〈B(u),Au〉H = 0 for all u ∈ D(A) by periodic boundary conditions in 2D
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Invariance of hyperplanes
Let v0 ∈ V be such that ‖v0‖V = 1 and let c 6= 0 be a real number

Theorem

If u ∈ Vc(v0) :=
{
u ∈ V : 〈u, v0〉H = c

}
, then the maximal solution of{

u′(t) = Au(t) + B(u(t)) + F (u(t)) 0 < t

u(0) = u0

(NSF )

belongs to Vc(v0) for all t ∈ [0, τu0 )

Proof.

Since F (u) = φ(u)
〈u0,v0〉H

u with φ(u) = 〈u, v0〉V + b(u, v0, u), we have that

〈u′(t), v0〉H = 〈Au(t) + B(u(t)), v0〉H +
φ(u(t))

c
〈u(t), v0〉H

= −φ(u(t)) +
φ(u(t))

c
〈u(t), v0〉H

So, d
dt

(
〈u(t), v0〉H − c

)
= φ(u(t))

c

(
〈u(t), v0〉H − c

)
forcing 〈u(t), v0〉H − c = 0
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Invariance of hyperplanes
Let v0 ∈ V be such that ‖v0‖V = 1 and let c 6= 0 be a real number

Theorem

If u ∈ Vc(v0) :=
{
u ∈ V : 〈u, v0〉H = c

}
, then the maximal solution of{

u′(t) = Au(t) + B(u(t)) + F (u(t)) 0 < t

u(0) = u0

(NSF )

belongs to Vc(v0) for all t ∈ [0, τu0 )

Proof.

Since F (u) = φ(u)
〈u0,v0〉H

u with φ(u) = 〈u, v0〉V + b(u, v0, u), we have that
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Application to bilinear control of N-S

Let u0, v0 ∈ V be such that 〈u0, v0〉H 6= 0 and ‖v0‖V = 1

Then there exists a unique control f : [0, τu0 )→ R such that the solution uf of{
u′(t) = Au(t) + B(u(t)) + f (t)u(t) 0 < t < T

u(0) = u0

(NSf )

satisfies
〈uf (t), v0〉H = 〈u0, v0〉H ∀t ∈ [0, τu0 )

Moreover

f (t) =
φ(u(t))

〈u0, v0〉H
(
t ∈ [0, τu0 )

)
where φ(u) = 〈u, v0〉V + b(u, v0, u) and u : [0, τu0 )→ V is the maximal solution of{

u′(t) = Au(t) + B(u(t)) + φ(u(t))
〈u0,v0〉H

u(t) (t > 0)

u(0) = u0
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