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Outline

© A bilinear control problem

@ Domain invariance for evolution equations

© Nonlinear heat flows

@ Navier-Stokes equations
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Bilinear control of the heat flow

Q c RY bounded with smooth boundary

Problem

For any ug € H3(R) \ {0} find f : [0,00) — R such that the solution u’ of

%(t,x) = Au(t,x) + f(t)u(t,x) Ry xQ

u=0 R, x 0Q (LH)
u(0, x) = up(x) x€Q

satisfies

o

/|uf(t,x)|2dx:/ wo(x)2dx V>
Q Q
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Solution
L. Caffarelli and F. Lin, Nonlocal heat flows preserving the L energy, DCDS 2009

If f satisfies

/|uf(t,x)|2dx:/ wo(x)2dx V>0
Q Q

then

0:/Q o (¢, x) (t x)dx /Quf(t,x)Auf(t,x)dx+f(t)/Q|u0(x)|2dx
So )
= Q05 Uf X 2 X
(0= e Jy TV E0P0x Ve
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Abstract formulation

The problem reduces to the invariance of the set

m,:{uemam :ll“”F“‘ﬂAW“”F“}

under the nonlocal heat flow

f 2
(¢, x) = Au(t, x) + & e u(t,x) Ry x Q
u=0 R, x 99
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Abstract formulation

The problem reduces to the invariance of the set

Ku = {u € HA(Q) - / lu(x)[2dx :/ uo(x)|2dx}
Q Q
under the nonlocal heat flow

u vuf (t,x)]?d
u(t x) = Au(t,x) + ff‘n ‘SOEX)TZ)LXX u(t,x) Ry xQ

u=20 R+ x 02
The above equation can be recast in abstract form in H = L2(Q) as
u'(t) = Au(t) + B(u(t)) (t>=0)

for suitable operators

@ A = Dirichlet Laplacian

_Ja |V u(x)|?dx

° B(u) = Frutore
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Semilinear evolution equations

Consider the Cauchy problem

{u’(t) = Au(t) + B(u(t)) t>0
u(0)=weH

where
(H1) H,{:,-)n,| - ||# Hilbert space

(H2) A: D(A) C H — H infinitesimal generator of a strongly continuous semigroup of
contractions on H, denoted by e

(H3) V,{-,)v,|l - llv Hilbert space such that D(A) C V C H and
eV Vv with |e”ullv <|ullv
(H4) B:V — H locally Lipschitz continuous
We denote by u(t, up) the maximal solution of (P,,) defined for t € [0, 74,)

TOR VERGATA

UNIVERSITA DEGLI STUDI DI ROMA

Cannarsa (Rome Tor Vergata) Domain invariance for diffusion models 01/07/2025 7 /36



Invariant sets

A set K C V is invariant under

u'(t) = Au(t) + B(u(t))  (t=0)

mweK = u(t,u)ekK vt € [0, 7y,)

@ M. Nagumo.

Uber die Lage der Integralkurven gewdhnlicher Differentialgleichungen.
Proc. Phys.-Math. Soc. Japan, Ill. Ser., 24:551-559, 1942.

was the first to give necessary and sufficient conditions for invariance (for ODEs)
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Proximally smooth sets

Let K C H be a closed set. Define K5 = {u e H\K : dk(u) < 5}

Definition

K is proximally smooth if 36 > O such that every u € Ks has a unique projection
onto K

We denote by Mk (u) such a projection
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Necessary and sufficient conditions for invariance

Theorem

Let the closed set K C H be proximally smooth and suppose that

36 >0 such that Tk (D(A)N Ks) C D(A)

Then K NV is invariant under u' = Au + B(u) if and only if

(p,Au+B(u))y <0 Yue€dKND(A), Vp € NE(u) N D(A)

Here N,'?(u) stands for the proximal normal cone to K at u, given by

1
NE(w) ={peH |3p>0: <p,v—u>H<2—p||v—u||%}
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Application to the heat equation with nonlocal term

Let ||uo||# = 1 and consider the Cauchy problem

U (t) = Au(t) + |Ju(t)|3u(t) t>0
(*)
u(0)=w e H
where A is the Dirichlet Laplacian in H = L?(Q). Define
K={ueH : ||ulln=1}
Then
@ K is (proximally) smooth
@ Mk (D(A)\ {0}) C D(A) because Nk(u) = u/||ul|u
@ for all u € OK(= K) we have that Nf(u) = Ru
Since
(u, Au+ |[ullyu), = (u, Au), +luy =0  Yue D(A)NK
we conclude that K N V is invariant under (%)
TOR VERGATA

UNIVERSITA DEGLI STUDI DI ROMA

Cannarsa (Rome Tor Vergata) Domain invariance for diffusion models 01/07/2025 13 / 36



Invariance as a way to obtain global existence

Let up € V be sucht that |jug||n = 1. By the above invariance result we that that the
maximal solution of the Cauchy problem

{U'(t) = Au(t) + [Ju(t)|[}u(t) t>0 )
U(O) =w€eH
satisfies

[u(ln =1 Vtel[0,7u) (%)
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Invariance as a way to obtain global existence

Let up € V be sucht that |jug||n = 1. By the above invariance result we that that the
maximal solution of the Cauchy problem

{U'(f) = Au(t) + [lu(t)[[Vu(t) t>0 )
u(O) =w€eH

satisfies
lu()lln=1  Vte[0,7y) (%)

Notice that (%) is not enough to conclude that 7,, = co. However, together with (x) it
yields

Ol + 5 S 6@ = 5 (@I S u@lf =0 veeo,m,)

Therefore ||u(t)|lv < ||uol|v and 7y, = 00
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Energy preserving nonlinear heat flows

We now study the nonlinear heat equation perturbed by a nonlocal term in a bounded
domain Q C R? with smooth boundary

%u(t,x) = Du(t, x) + glu(t,x) 7 u(t, x) + plu(t, Yu(t,x) Ry xQ
u=20

u(0,x) = wo(x)

where g € R,0 > 0 and

R+X89
x €N

2 20+2
lulfy — lluls b

llullf

plu] =
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Energy preserving nonlinear heat flows

We now study the nonlinear heat equation perturbed by a nonlocal term in a bounded
domain Q C R? with smooth boundary

2u(t,x) = Au(t,x) + glu(t,x)|* u(t,x) + plu(t, )u(t,x) Ry xQ

u=20 R+ x 002
u(0, x) = wo(x) x e

where g € R,0 > 0 and

2 20+2
lulfy — lluls b

plu] =

Tl
Formally, u preserves the energy:
1d 2042 2
5t lu(®) Il = =llu()IV + gllu(t)15:52q) + ulu(®]llu(®)]} = 0
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Energy

Consider the nonlinear heat equation perturbed by a nonlocal term

%:Au+g|u|2‘7u+u[u]u in Ry x Q (NLH)
u(t,)joa =0 u(0) = uo € H3(Q)
Define the energy of a solution as
1 2 2042 >0 g§<0
E[u(t)] = 5 [[u(®)llv — [[u(t)ll2-
2 Y 20 +2 B72@) ) indefinite g > 0
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Energy

Consider the nonlinear heat equation perturbed by a nonlocal term

%:Au+g|u|2"u+u[u]u in Ry x Q
u(t, ")

. (NLH)
, e |aQ=0 U(O)ZU() S HO(Q)
Define the energy of a solution as
1 2 2042 >0 g0
Efu(®)] = 3 llu(®)llv - l[u(®)l[12
2 20 +2 P ) indefinite g > 0
Then
¢ ou 2
Efu(t)] — E[uo] = — [ ds ‘—(s,x)‘ dx <0
0 qlot
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References/3

The literature on the nonlinear heat equation perturbed by a nonlocal term

%0 = Au+glulu+pfulu inRy xQ 1 (NLH)
u(t,)jan =0 u(0) = up € H}(Q)
includes
@ Caffarelli and Lin, DCDS (2009)
» studied g = 0 (linear case)
» proved global existence, convergence as t — oo, identified limit
@ Ma and Cheng, J. Evol. Equ. (2009)
» studied the case of g < 0 (positive definite energy)
» proved global existence and weak convergence on t, — co
@ Antonelli — C — Shakarov, Calc. Var. Partial Differ. Equ. (2024)
» studied the case of g € R for both Q bounded and Q = R
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The general case g € R
Antonelli — C — Shakarov, Calc. Var. Partial Differ. Equ. (2024)

Outline
@ local well-posedness
@ global solution
@ strong convergence on a time sequence t, — 0o

@ identification of the limit as t — oo for up > 0
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Local well-posedness 1
Antonelli — C — Shakarov, Calc. Var. Partial Differ. Equ. (2024)

Theorem
Let

2
g>0 and 0<0’<m

Then for any ug € H3(Q2) there exists a unique mild solution®

u € C([0,74); Hy(Q))

u(t,)joe =0 u(0) = up (NLH)

Moreover, either 7,, = 00 or 7, < 00 and lim¢—,r, [lu(t)[|v = oo

{% = Au+glul®?u+ plulu in Ry x Q

“u(t) = e + [ & (glu()?7 u(s) + ulu(s)]us)) ds

v
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Local well-posedness 2
Difficulties
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Local well-posedness 2
Difficulties

@ The energy functional

Efu(?)] :%HU(t)II?/ % +2 ()12

being indefinite, well-posedness cannot follow from a priori bounds
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Local well-posedness 2
Difficulties

@ The energy functional

Efu(?)] :%HU(t)H?/ % +2 ()12

being indefinite, well-posedness cannot follow from a priori bounds
@ The contraction mapping theorem seems hard to apply because:

> the nonlocal term ) 2oi2
lulfy — g2 g

ulul = TulE,

suggests to look for a fixed point in the space C([0, T]; V), but
» the power-like nonlinearity G(u) = |u|*’ u fails to be locally Lipschitz in V for
0<o<1/2
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Local well-posedness 2
Difficulties

@ The energy functional

Efu(?)] :%HU(t)H?/ % +2 ()12

being indefinite, well-posedness cannot follow from a priori bounds
@ The contraction mapping theorem seems hard to apply because:

> the nonlocal term ) 2oi2
lulfy — g2 g

ulul = TulE,

suggests to look for a fixed point in the space C([0, T]; V), but
» the power-like nonlinearity G(u) = |u|*’ u fails to be locally Lipschitz in V for
0<o<1/2

@ Uniqueness has to be derived by an ad hoc method
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Local well-posedness 3

Strategies

Cannarsa (Rome Tor Vergata)

Domain invariance for diffusion models
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Local well-posedness 3
Strategies
@ We prove the local well-posedness of
{g‘t' =Au+glufTu+ Aty inRy xQ
u(t,)joa =0 u(0)=w eV
with A € L*(R)
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Local well-posedness 3
Strategies
@ We prove the local well-posedness of
{g‘t' =Au+glufTu+ Aty inRy xQ
u(t,)joa =0 ul0)=uw eV
with A € L*(R)

@ We employ the Schauder fixed point theorem to construct a solution of

% = Au +g|u|2au + ,uo[u]u in Ry x Q (NLHO)
u(t,)joa =0 u(0) = up € D(A)
where
] = lull¥ — gllulliz % q
He = ol
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Local well-posedness 3
Strategies
@ We prove the local well-posedness of
{g‘t' =Au+glufTu+ Aty inRy xQ
u(t,)joa =0 ul0)=uw eV
with A € L*(R)

@ We employ the Schauder fixed point theorem to construct a solution of

% = Au +g|u|2au + ,uo[u]u in Ry x Q (NLHO)
u(t,-)joa =0 u(0) = wo € D(A)
where R 2o
2 lullv — gllulli2-"% g
polu] =
[[uoll?,
@ We use a density argument to show the existence of solutions for up € V
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Local well-posedness 3
Strategies

@ We prove the local well-posedness of

{g‘t' = Au+gluu+ \t)u

U(t, ')‘BQ =0
with A € L*(R)

in

R+XQ

U(O): u €V

@ We employ the Schauder fixed point theorem to construct a solution of

% :Au+g|u|2au+,u,o[u]u in ]R+><Q (NLHo)
U(f, ')‘BQ =0 U(O) = Up € D(A)
where ) 2ot2
2 lullv — gllulli2-"% g
polu] =
[[uoll?,
@ We use a density argument to show the existence of solutions for up € V
@ We prove the equivalence of (NLH,) and
W — Au+glul®u+ pfulu in Ry x
ot glulut plu] § TOR VERGATA
(t7 .)laQ =0 u(O) = UNIVERSITA DEGLI STUDI DI ROMA
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Global solution 1
Antonelli — C — Shakarov, Calc. Var. Partial Differ. Equ. (2024)

Theorem
Let

g<0 or g>0
O<U<ﬁ 0'<%

Then for any ug € H3 () the solution u € C([0,7y,); H3(Q)) of

% = Au+gluPu+ plulu in Ry xQ (NLH)
u(t,)joa =0 u(0) = uo

is global, that is, T,, = 00
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Global solution 2
Strategies
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Global solution 2
Strategies

o If {g <0 then  [lu(t)[|V < 2E[u(t)] < 2E[uo]

Cannarsa (Rome Tor Vergata) Domain invariance for diffusion models
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Global solution 2
Strategies

g<o0 2
o If then  |lu(t)||v < 2E[u(t)] < 2E[uwo]
0<o< @ 2)+

orf 570
O<U<E

then we use the Gagliardo-Nirenberg inequality
g {og o
lu(t)IV = 2E[u(1)] + Tr1 lu(t) 12"y < Eluo] + [lu(t)][¥

Since do < 2 we conclude
lu(®)llv < [uollv
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Global solution 3 (x)

Potential well

g>0

We now want to address the case of )
0 <o < W

Assuming g = 1 we have that

Elu(o)] = 5 () -~ N2

Define I[u] = [Jul|} — ||u] f;’:fz(m and p=inf{E[u] : ue V\{0}, I[u] =0}
Potential Well [ref: Payne-Sattinger (1975), Quittner-Souplet (2019)]

W={ueV : E[ul <p, I[u] >0} U{0}
Notice that ||fllv <+2p = feW
Theorem

® W is invariant under 9% = Au+ g|ul** u + plu]u
@ [fuy € W then 1,y = 00

ey
= ———
\J UNIVERSITA DEGLI STUDI DI ROMA
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Long time behaviour of solutions
Antonelli — C — Shakarov, Calc. Var. Partial Differ. Equ. (2024)

g<0 or g>0
0<a<(d o7 o< 2

and consider the solution u € C([0,0); V) of

Let

{g? =Au+gluu+plulu in Ry xQ (NLH)

u(t,-)jon =0 u(0) = uo
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Long time behaviour of solutions
Antonelli — C — Shakarov, Calc. Var. Partial Differ. Equ. (2024)

g<0 o 18>0
0<0< gogr c<3

and consider the solution u € C([0,0); V) of

Let

9 — Ay glul®u+ plulu in Ry x Q (NLH)
u(t,-)jon =0 u(0) = uo
Theorem
Jt, T oo and ux € V such that
u(ts) Y Use  and ulu(tn)] = pluss] as n— oo
Moreover
Ao + guso*7 oo + pluce]uco =0 and  luse |l = |uo| )
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A result from elliptic theory

Let Q=Br={xcR? : |x| < R} and let
g<0 g>0
2 or 2
0<U<W U<E

Ground state

For any up € V' \ {0} there exists a unique positive (in Br) minimizer u € V of the
constrained energy

u—min{E[u] : ueV, |lully=|luolln} (*)

Moreover, the ground state u is radially symmetric and satisfies

Au+glul7u+plulu=0 and |[lulln = |uo||n (%)

v

Problem (%) and equation (%*) have been extensively studied, see, e.g.,
Gidas-Ni-Nirenberg (1979), Stuart (1982), P-L Lions (1984), McLeod-Serrin (1987),

Kwong (1989) TOR VERGATA
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|dentification of the limit as t — oo
Antonelli — C — Shakarov, Calc. Var. Partial Differ. Equ. (2024)

<0 0
Let Q = Br and let g ) or g~ )
0<0<W 0'<3

"
i
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|dentification of the limit as t — oo
Antonelli — C — Shakarov, Calc. Var. Partial Differ. Equ. (2024)

0<0< =2 o< 2

<0 0
Let Q = Br and let {g or {g -
@27
Theorem

For any up € V' \ {0}, with uy > 0, the solution u € C([0,0); V) of

ou __ 20 :
{at Au+ glul*®u+ plulu in Ry xQ (NLH)

u(t,-)jon =0 u(0) = wo

converges to the ground state u in V as t — oo
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Identification of the limit as t — oo
Steps of the proof
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Identification of the limit as t — oo
Steps of the proof
@ Let t, 1 00 and use € V be such that u(t,) % tse, with

Ause + gltiso[* oo + pluccltce = 0 & tso]| = [| o]l
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Identification of the limit as t — oo
Steps of the proof
@ Let t, 1 00 and use € V be such that u(t,) % tse, with

Ause + gltiso[* oo + pluccltce = 0 & tso]| = [| o]l

@ By the Maximum Principle
u(tn) 20 = Uww>0 & usxx #0

@ Since Au+ g|ul*’ u + p[u]u = 0 has a unique positive solution, e = u
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Identification of the limit as t — oo
Steps of the proof
@ Let t, 1 00 and use € V be such that u(t,) % tse, with

Ause + gltiso[* oo + pluccltce = 0 & tso]| = [| o]l

@ By the Maximum Principle
u(tn) 20 = Uww>0 & usxx #0

@ Since Au+ g|ul*’ u + p[u]u = 0 has a unique positive solution, e = u
© Since t — E[u(t)] is continuous and decreasing,

Jim E{u(t)] = lim E[u(t)] = E[usc] = Ely]

Then, one shows that u(t) Luast— oo by contradiction
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Identification of the limit as t — oo
Steps of the proof
@ Let t, 1 00 and use € V be such that u(t,) % tse, with

Ause + gltiso[* oo + pluccltce = 0 & tso]| = [| o]l

@ By the Maximum Principle
u(tn) 20 = Uww>0 & usxx #0

@ Since Au+ g|ul*’ u + p[u]u = 0 has a unique positive solution, e = u
© Since t — E[u(t)] is continuous and decreasing,

lim E[u(t)] = lim E[u(t.)] = E[us] = E[u]
t—oo n—oo
Then, one shows that u(t) L uast— oo by contradiction

Remark

@ The proof applies to any bounded Q such that Au + g|u|** u+ p[u]u = 0 has a
unique positive solution (which minimizes the constrained energy)
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Identification of the limit as t — oo
Steps of the proof
@ Let t, 1 00 and use € V be such that u(t,) % tse, with

Ause + gltiso[* oo + pluccltce = 0 & tso]| = [| o]l

@ By the Maximum Principle

u(th) 20 = U220 & usx#0
@ Since Au+ g|u|* u+ p[u]u = 0 has a unique positive solution, us = u
@ Since t — E[u(t)] is continuous and decreasing,

lim E[u(t)] = lim E[u(t.)] = E[us] = E[u]
t—oo n— oo
Then, one shows that u(t) L uast— oo by contradiction

Remark
@ The proof applies to any bounded Q such that Au + g|u|** u+ p[u]u = 0 has a
unique positive solution (which minimizes the constrained energy)

@ For general ug, the solution may not converge to the ground state
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Navier-Stokes equations on T?

Similar problems were studied for the Navier-Stokes equations on the 2D torus

20 (¢,x) + (u(t,x) - V) u(t, x) — Au(t, x) + Vp(t,x) = F(t)u(t,x) >0, x € T
u(0, x) = w(x) x €T?
in
E. Caglioti, M. Pulvirenti, and F. Rousset.

On a constrained 2-D Navier-Stokes equation.
Commun. Math. Phys., 290(2):651-677, 2009.

where the N-S equations were considered in vorticity form with two kinds of
constraint—constant energy and moment of inertia—proving the existence of a unique
global solution for a special family of initial data, and in

Zdzistaw Brzezniak, Gaurav Dhariwal, and Mauro Mariani.
2d constrained Navier-Stokes equations.
J. Differ. Equations, 264(4):2833-2864, 2018.
where a global existence result for the nonlocal N-S system was deduced from the

invariance of the unit sphere TOR VERGATA
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Abstract form of the N-S system

Let us rewrite the Navier-Stokes system in abstract form as follows

{u'(t) = Au(t) + B(u(t)) + f(t)u(t) 0<t<T (NS;)

u()=w e H

where:

@ 1y = up(x) belongs to the space H of vector-valued functions in L?(T?; R?) which
are divergence free

@ Au= P(Au — u), with P the orthogonal projector of L*(T?; R?) onto H
@ B(u)=P((u-V)u)
@ f:[0,T) — Ris a locally bounded function
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Abstract form of the N-S system

Let us rewrite the Navier-Stokes system in abstract form as follows

{u’(t) = Au(t) + B(u(t)) + f(t)u(t) 0<t<T

u(0)=weH (N5r)

where:

@ 1y = up(x) belongs to the space H of vector-valued functions in L?(T?; R?) which
are divergence free

@ Au= P(Au — u), with P the orthogonal projector of L*(T?; R?) onto H
@ B(u)=P((u-V)u)
@ f:[0,T) — Ris a locally bounded function

Denote by V' the subspace of H consisting of all vectors in H'(T?; R?) which are
divergence free. The following trilinear form on V is of common use
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Hyperplane-constrained evolution

For the Navier-Stokes system

{u'(t) = Au(t) + B(u(t)) + f(t)u(t) 0<t<T

u(0) = wo (N5e)
consider the following bilinear control problem
Problem
Given ug, vo € V with (uo, o) # 0, find f : [0, T) — R such that
(u'(t), o) = (w0, o) VEE[0,T)
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Hyperplane-constrained evolution

For the Navier-Stokes system

{u'(t) = Au(t) + B(u(t)) + f(t)u(t) 0<t<T

(NSr)

u(0) = wo
consider the following bilinear control problem
Problem
Given ug, vo € V with (uo, o) # 0, find f : [0, T) — R such that

(u(t), vo)n = (w0, vo)n VYt €[0,T)
Let f be a solution. Then
(1) = — 7 { (AU () vl + b(u' (2),u'(8), w) }
(uo, vo)
_ 1 g f f
= T {0 (e), vo)v + B (1), wo, 0 (6)) }
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Recasting as an invariance problem
C — Frankowska, Nonlinear Differ. Equ. Appl. (2025), dedicated to G. Da Prato

The above bilinear control problem can be recast as an invariance problem for

(NSF)

{u’(t) = Au(t)+ B(u(t)) + F(u(t)) 0<t<T
u(0) = wo

with F : V — H given by

Fu) = (u, vo)v + b(u, vo, u) J

4
(o, vor Yu e

(uo, vo € V are such that (ug, vo)r # 0 and ||wo|lv = 1)
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Recasting as an invariance problem
C — Frankowska, Nonlinear Differ. Equ. Appl. (2025), dedicated to G. Da Prato

The above bilinear control problem can be recast as an invariance problem for

(NSF)

{u’(t) = Au(t)+ B(u(t)) + F(u(t)) 0<t<T
u(0) = wo

with F : V — H given by

<u7 V0>V + b(uv Vo, U) u

F(u) = YueV
(u) (uo, vo)H
(uo, vo € V are such that (ug, vo)r # 0 and ||wo|lv = 1)
Theorem
Problem (NSF) has a unique maximal solution u(t, up) defined for 0 < t < 7y, < 00 J

Crucial property: =
(B(u), Au)y = 0 for all u € D(A) by periodic boundary conditions inB b s i s
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Invariance of hyperplanes
Let vo € V be such that ||wl||v =1 and let ¢ # 0 be a real number

Theorem

Ifue Ve(w) :={u€V : (uw)y=c}, then the maximal solution of

{u'(t) = Au(t) + B(u(t)) + F(u(t)) 0<t (NSP)

u(0) = wo

belongs to V:(w) for all t € [0, 74,)
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Invariance of hyperplanes
Let vo € V be such that ||w||v =1 and let ¢ # 0 be a real number

Theorem

Ifue Ve(w) :={u€V : (uw)y=c}, then the maximal solution of

{u’(t) = Au(t) + B(u(t)) + F(u(t)) 0<t

NSe

u(0) = wo (NSr)
belongs to V(w) for all t € [0, Ty,) |
Proof.
Since F(u) = (uf,(vL(’))>H u with ¢(u) = (u, vo)v + b(u, vo, u), we have that

(W (6) vohur = (Aut) + Blu(t)), b + P (u(e), vy
~o(u() + 24D (1), v

So, < ((u(t), voyu — ) = 24 ((u(t), vo)u — c) forcing (u(t), vo)w — c =0 O

Cannarsa (Rome Tor Vergata) Domain invariance for diffusion models 01/07/2025
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Application to bilinear control of N-S

Let wo, vo € V be such that (up, vo)n # 0 and ||wljv =1

Then there exists a unique control f : [0,7,) — R such that the solution u of

{ul(t) = Au(t) + B(u(t)) + f(t)u(t) 0<t<T (NS
u(0) = uo
satisfies
(u'(8), vo)u = (w0, o)Vt € [0, 7u)
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Application to bilinear control of N-S

Let wo, vo € V be such that (up, vo)n # 0 and ||wljv =1

Then there exists a unique control f : [0,7,) — R such that the solution u’ of

{U’(t) = Au(t) 4+ B(u(t)) + f(t)u(t) 0<t<T ns,)
u(0) = uo
satisfies
(u'(8), vo)u = (w0, o)Vt € [0, 7u)
Moreover

f(t) = o) (t €[0,74))

<U0, >H
where ¢(u) = (u, vo)v + b(u, vo, u) and T : [0, 7y,) — V is the maximal solution of

{u (t) = Au(t) + B(u(t)) + 24OL () (t > 0)

(“o Vo) H
u(0) = wo
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