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Abstract

These notes for the IHP summer school introduce dark matter in astrophysical bodies.
The flux of dark matter through astrophysical objects is examined from different angles. Dark
matter accumulation in these objects is captured in a few derivations. The effects of dark
matter on astrophysical objects are briefly illuminated with emphasis on heating signatures
and in-situ dark matter core collapse in compact stars.
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1 Introduction

We would like to know about dark matter in astrophysical bodies. Let us begin by reflecting on
what is meant by “dark matter in astrophysical bodies.” This is a funny name for a scientific
field, since our modern cosmological understanding indicates that pretty much any dark matter
can be described as residing “in an astrophysical body,” whether that is the intergalactic medium,
a galaxy cluster, a dwarf galaxy (perchance harboring a WIMP-like dark matter halo that sends
gamma rays towards a terrestrially orbiting satellite), a main sequence star, a planet, a liquid
xenon detector buried kilometers underground, or a crust of bread we left out on the table.
Let’s start by looking at some examples.

1.1 Examples of Astrophysical Bodies

e Liquid Xenon Detectors: Liquid xenon detectors have been designed to measure the
energies of recoiling nuclei for F, ~ keV — 100 keV, and particularly to distinguish nuclear
and electronic recoils. The typical design includes cryogenic liquid xenon with an applied
electric field of ~ 25 — 200 V/cm to drift electrons. Photomultiplier tubes at the top and
bottom of the detector readout prompt scintillation photons produced in nuclear recoils and
photons produced near the top of the detector, where the ionized and drifted electrons excite
gas-phase xenon.



Figure 1 shows recent calibration results from a liquid xenon experiment. Note that the
calibration of light and charge yield from nuclear recoils appears to be well-understood for
recoils as low as E, ~ 500 eV.
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Figure 1: Scintillation and ionization (charge) yields in liquid xenon from [1], calibrated using 154
keV neutrons from a #Y/Be source [2].

e The Earth:
A number of dark matter studies have used heat flow through the Earth to constrain dark
matter’s properties [3-5]. In fact, if all dark matter flowing through the Earth is captured
and annihilates in its interior, this would imply ~ 3300 TW of heat emanating from the
Earth. This can be compared to an oft-quoted estimate of the Earth’s heat flow at around
44 + 1 TW [6], while a recent analysis by Davies and Davies has suggested a slightly higher
heat flux with larger uncertainty, 47 £ 2 TW |[7].

Figure 2 shows an Earth heat flow uncertainty map compiled in [7], using thousands of
geothermal measurements, and extrapolating these to similar regions under the assumption
that regions with similar geology will have similar heat flow.

e White Dwarfs and Type Ia Explosions:
White dwarf explosions have been proposed as a means to detect dark matter that would heat
their interiors above the temperature required to ignite a thermonuclear explosion [8-11].
This effect must be sought within the context of Type Ia supernovae, which are the explosions
of white dwarfs, whose explosion light curves have been instrumental in measurements of
cosmic expansion. However, the exact mechanism behind white dwarf explosions is unknown
- this is the "Type Ia progenitor problem" [12,13].

Figure 3 shows the progenitor masses of 337 type la supernovae, using the ratio of ejected mass
/ 56Ni mass inferred from calibrations using nearby type Ia supernovae. There are also persistent
observations of correlations between host galaxy properties and type Ia supernova luminosity [15]
(it has been observed that younger galaxies tend to host brighter type la supernovae).

In the above examples, we have ordered the astrophysical bodies from most-calibrated to
least-calibrated. It is often in these less-calibrated astrophysical bodies that interesting new dark
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Figure 2: Earth heat flow map uncertainty estimates, in units of mW /m? |7]. This study found
the total heat flow through Earth to be 47 £2 TW.
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Figure 3: Type Ia supernova progenitor masses inferred from light curve models for the *Ni mass
as presented in [14].



matter searches are undertaken. To some extent, we might say that every dark matter search
method begins as a search for “dark matter in astrophysical bodies,” and then, if there is enough
development, becomes refined into a subfield with a distinct name like “direct detection” or “indirect
detection with gamma rays.”

2 Flux through Astrophysical Bodies

The first research on dark matter’s effect on stars [16-19] began as a means to explain the solar
neutrino problem: about two thirds as many electron neutrinos as predicted were observed at the
Homestake experiment [20]. For large dark matter-nucleon cross-sections not ruled out by direct
detection experiments at the time, it was possible for dark matter captured in the sun to scatter
efficiently enough with protons that it would provide an extra conduit for heat flow that reduced
nuclear processes like B formation in the center of the sun (and the resulting ®B neutrino flux).

It is funny that, since the solar neutrino problem was resolved with the discovery that neutrinos
have mass, and since massive relic neutrinos contribute a small part of the “dark matter” mass
responsible for galactic halos (e.g. [21]), then from a certain perspective we have already discovered
the existence of one kind of dark matter, using an anomaly observed in an astrophysical body - the
sun.

Perhaps we will so fortunate again. To begin, we will want to know how much dark matter
flows through astrophysical bodies. We will start with astrophysical bodies whose gravitational
potentials shouldn’t much alter dark matter’s trajectory.

2.1 Tabletop Dark Matter Detection

How much dark matter flows through a table? Since we reside in a (mostly [22,23|) spherically
symmetric dark matter distribution, let us for the moment assume the speed distribution of dark
matter is isotropic. The standard Maxwellian halo distribution is given by

Fv) ox v2e” /v (2.1)

which is normalized according to [ dvf(v) = 1, with a relationship to the halo velocity distribution

f(v),
) = v? / dOF(v). (2.2)

In practice we will be most interested in the halo flux v f(v), which is shown in Figure 4.

To estimate the tabletop flux of dark matter, let us simplify this further and consider an
isotropic velocity distribution with single-speed vy = 250 km /s, which is close to the average speed
predicted by current halo models, which find using simulations matching Milky Way parameters
that vy ~ 225 km/s [22].
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Figure 4: The Standard Maxwellian halo flux distribution vf(v). Here the distribution has been
normalized according to [ dvf(v) =1 over the interval v € [0,600] km/s.

Figure 5: A spherical, isotropic, single-speed dark matter distribution moves through the table.
We compute the flux through the top of the table.

In Figure 5 we show a diagram for the flux of isotropic, single-speed dark matter flowing through
the top of a table. The flux F (units per area per time) of dark matter with density n, through
the top of the table for a spherical, isotropic, single-speed v, distribution is

1 1
|dF| = 3" dv, = 3" Us cos @ sin 6 df (2.3)

where we have used that the fraction of spherically distributed dark matter flowing through the
flat tabletop surface is proportional to v, cosf, and we integrate over # (note that the factor of %
actually comes from integrating the azimuthal angle and dividing by 47 steradians, [ d¢/4m = %,
see below). Integrating over the tabletop and spherical distribution we obtain the integrated mass
flux dF = dF - dA through the table with area A,

A w/2
F = HQXUS / cosf sinf df =
0

An, v,

: (2.4)




Let us now find the same result with more formally. If the velocity distribution f (v) of dark
matter is isotropic then this implies using Eq. (2.2),

/ (zso _471"0 f( )(zso)
fw)

Amv?’

) -

(2.5)

We define the vector flux
dF(v) = n, f(v)vdv,

and the differential area element with normal vector n
dA = ndA.

Then the integrated flux F through a flat surface oriented in the z — y plane, with area A is

= /d3v /dA - dF(v) = Anx/ d*v f(v) vcosb.
A v, <0

Switching to spherical velocity coords (v, 0, ¢), with v, = vcos¥,
d®v = v*dv sin 6 df do,

using the expression (2.5) for an isotropic velocity distribution and integrating over the bottom
hemisphere of flux oriented towards our tabletop 6 € [0, 5], ¢ € [0, 27] gives

* 4 fw) i
F = Anx/ dv v® (27r)/ cos 0 sin 6 df
0 0

4m0?
1 o 1
:ZAnX dvf(v)v:ZnX<U>A,
0

where we note that the expectation value of v for speed distribution f(v) is defined by (v) =
J5~ dv f(v) v. Hence,

F - inx (v) A. (2.6)

Note that this is valid for any isotropic flux, and we see that the simple estimate above which
used an single-speed velocity vy, is actually valid for a generalized isotropic halo model with the
replacement vy — (v) . In terms of mass density p, = m, n,, the tabletop mass flux is also just

2.2 Flux through a sphere

We now compute the inward flux through a spherical surface of radius R. As before, we define
the vector differential flux

dF(v) = n, f(v)vdv,
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Figure 6: A dark matter flux moving through the sphere.

and have an area element
dA = ndA, dA= R?sin b, d, dos,

with 7 the normal vector.
Figure 6 shows the flux of dark matter through the sphere.

We see from the definitions above that the dot product of the differential flux dF with the sphere’s
surface element dA will have the same form and dependence on the angle 6 as for the tabletop
flux calculation. Hence to compute the integrated flux through the sphere we may simply replace
the area of the tabletop in (2.6) with the area of the sphere.

F = 7R*n, (v). (2.7)

2.3 Flux through a gravitating sphere

....................
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Figure 7: Dark matter deflected towards a star, with an effective “flux sphere” of radius R. The
trajectory shown is the limiting case that the particle has an angular momentum which results in
it just grazing the surface of the star.



In the case of a gravitating sphere (let’s call it a star), the incoming dark matter will be
deflected towards the star. Assuming the incoming flux of dark matter is spherically distributed,
it follows from spherical symmetry that there is an effective “capture sphere” surrounding the star.

Figure 7 shows the effective flux sphere and the limiting case that a dark matter particle is
deflected just enough to graze the surface of the star.

To estimate the flux sphere radius Ry, let us analyze the limiting case of a dark matter particle
with halo speed v, on a trajectory that will cause it to barely graze the surface of the star.
Conservation of energy implies the velocity of such a trajectory grazing the surface of the star is

w? = v? + 02

esc)

while conservation of angular momentum implies
wR =vRy

where v2,, = 2GM/R. Altogether this implies a flux radius for the star of R; = *, implying a

€esc

flux through the star

U}2

F = nRinw,= 7rR2nX7. (2.8)

In more detail, we assume a homogeneous dark-matter density n, far from the star, with speed
v. Particles with impact parameter b will have specific angular momentum J = jm relative to the
star
7 = bv.

By energy conservation, at a far distance from the star E = 1mo?, while at radial distance r

2
from the star,
E 1.9 52 GM

m 2 212 r

where the second term is the initial kinetic energy re-expressed as angular momentum.

At the point of closest approach on its hyperbolic trajectory the particle will have vanishing
radial velocity so
. GM

2r2 Proin

min

1
21)

where we substituted in its initial halo energy F. Requiring that the particle grazes the star’s
surface fixes r,;, = R, which in turn fixes the maximum angular momentum

M
=28 (302 + ED) = 2 (02 4 02,),

which gives the maximum impact parameter in terms of j,00 = bpmaz¥ as

/U2 + /Ugsc

bmax



2.3.1 General Relativistic capture

If the star is sufficiently compact so that v, is close to relativistic, General Relativistic corrections
to the effective flux radius will apply.

The effective flux radius corrections from General Relativity can be arrived at as follows. The
arguments leading to Eq. (2.9) are the same, but the angular momentum of the particle grazing
the star picks up a factor of =,,,. = ———— (in the limit v, > v). (One way to understand this

1—v

esc

shift in the angular momentum is to note that in the rest frame of a distant observer, the radius
of the neutron star will appear a factor of 7,s. larger due to the bending of light.) This implies
the effective flux through a compact star is

2

F = wR*>y nxvzsc. (2.9)

2.3.2 Bondi (aka fluid) accretion

A way to understand fluid accretion relative to particle accretion is to realize that at a certain
radius from a star, any accreting fluid element will meet an equal and opposite momentum fluid
element, assuming the fluid is isotropic and homogeneous around the star. At this radius the
angular momentum of the fluid relative to the star cancels against its matching fluid element, and
the fluid becomes bound to the star.

This radius is known as the Bondi radius, and is illustrated in Figure 8.

~ D

~
.---"

Figure 8: At a certain radius from the star, gravitational deflection implies each fluid element of
a homogeneous and isotropically distributed fluid will collide with a fluid element with opposite
momentum.
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The radius at which we can expect an O(1) gravitational deflection of a fluid element is where
the fluid’s halo kinetic energy is equal to the energy it has gained falling into the star,

1 o, GMm
—mu® &

2 Rp ’

(2.10)

v2

from which we can immediately obtain the Bondi radius Rgp = R <s¢. This implies the effective
Bondi flux is

U4

_ 2 esc
.F = 7R nxm, (2].1)

where here we have accounted for the fact that the fluid flow may be supersonic or subsonic at the
Bondi radius by making the replacement v — /v? 4 ¢2, where ¢; is the fluid sound speed [24].

In a more detailed derivation of Bondi accretion, the above argument is formalised using
Euler’s equation for an inviscid fluid (aka momentum conservation for a fluid), along with the
mass continuity equation. When combined, the resulting expression has a number of solutions,
some of which imply the fluid’s radial velocity vanishes at the Bondi radius. Both supersonic and
subsonic fluid flow solutions are represented in Eq. (2.11). However, some caution is advisable
when using the Bondi accretion estimate - the Bondi formalism does not account for detailed fluid
dynamics, e.g. turbulence.

3 Capture by Astrophysical Bodies

Let us turn to capture of dark matter in astrophysical bodies. So far we have obtained expressions
for the flux of dark matter through stars (/planets/tables/etc), but now we want to know what
amount of the dark matter flux through the star becomes gravitationally bound to the star.

3.1 Dark matter scatter sensitivity region

We'll begin by reviewing the dark matter scatter parallelogram (or triangle in the case of multi-
scatter), shown in Figure 9. This sketches out the region of sensitivity objects have for dark matter
that scatters with their interiors.

e Left, single scatter: There will be some threshold energy FEy, the object is sensitive to.
In the case that the object is sensitive to single scatter recoil interactions with dark matter,
this will define the left edge of the parallelogram and is parametrically determined by the
energy transferred in a single scattering event

Ey ~ ,uaxv2a (31>

where the particle (nucleus, electron) dark matter scatters with has a mass m, and p,, is
the reduced mass.

e Bottom, single scatter: If the object is sensitive to single-scatter interactions from dark

matter, the bottom edge will scale with dark matter particle flux n, o 7’;—".
X

11
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Figure 9: The dark matter detection scattering sensitivity region is shown. The left /bottom edges
are defined by the energy threshold of the detector. The right edge is determined by the total
dark matter flux through the detector. The top edge is defined by overburden attenuation.

e Bottom, multiscatter: If the object is only sensitive to multiple-scatter interactions from
dark matter, the bottom edge will be determined by the threshold energy of dark matter,
which will depend on the energy transferred per scatter and the optical depth (aka number
of scatters) T ~ 1,0, L.

By ~ uaxv2. (3.2)

e Right: The minimum flux of dark matter required for the objects sensitivity defines the
right edge of the parallelogram. In the case that the object is sensitive to a F},;, dark matter
particles transiting through the detector, this will be

Fmin ~ Aobjnx <U>
— My ~ ANy (V) Frin.

In the case of a mostly background-free dark matter detector, 90% confidence bounds usually
set [, = 2.4

e Top: The top edge of the sensitivity zone is often called the overburden or “overburden
attenuation” boundary. This is where dark matter interactions with material around the
object deplete dark matter particle energy so that it can no longer impart the threshold
energy Ey,. Parametrically this is determined by (assuming m, > m,)

Ey, ~ myv? <1 - —) : (3.5)
where the number of scatters in overburden of length L, is 7, ~ 14,004y L,. For many objects
this will scale with 1/m,, because the binomial expansion of the RHS of Eq. (3.5) will be

myv*[1 — Tomg/m, + O(Tfmi/mi)]

12



3.2 Single scatter capture in objects

Now that we’ve catalogued some ways dark matter interacts with astrophysical objects, let’s
compute how much dark matter passing through a star becomes gravitationally bound to the star
through scattering.

Figure 10: Single scatter capture.

To estimate the rate at which dark matter will become gravitationally bound to an astrophysical
object, in the “single scatter” (i.e. 7 < 1) regime, we combine the flux for dark matter through
the object F with the probability for a single scatter during the dark matter trajectory through
the star p; ~ Tp ~ n,04 R, with the probability for a single scatter to slow the dark matter
below escape velocity ¢;:

dN, v?

—X =C\ ~TR*—=p,g;. 3.6
(it X 1}5 2)1£]1 ( )
It remains to estimate g;. Assuming for the moment that the speed through the star is much
larger than the DM halo velocity, v.,. > v, the requirement for DM to be captured is that its
energy loss in the scatter AF is greater than its halo kinetic energy E = %mxzﬂ, where its energy
crossing the star is here approximated as Ejy ~ %mxv2

esc’

A kinematic analysis (see later text) shows that for elastic scattering the energy loss in the star’s
rest frame is evenly distributed over the interval

0<AE < E™* = Ef,, (3.7)

where 3, = 4m,m, /(m, 4+ m,)?. It follows from this that the probability for the dark matter to

lose £ = %mxv2 In one scatter is
1 v?
G~ — (m - —) : (3.8)

2
+ Vese

where the factor of i normalizes the range of energy losses equally over 0 < AE < E™*,

13



Let us now proceed with a full single scatter derivation for the capture of dark matter on stars.
What follows is an abridged version of a derivation given Appendix A of [25], where this procedure
was first detailed in [17,19]. Let us lay out the steps we will follow in this derivation:

A. At a distance from the star where the dark matter particles are all Boltzmann distributed
according (2.2), we can expect that half the dark matter particles will have a trajectory
that crosses the “effective flux sphere” of the star. These will be particles with headings over
angular range —7/2 < 6 < 7w/2, with 6 defined from a normal vector or radius pointing
away from the star’s center. As before we will take the integrated flux of dark matter to be
defined by F.

B. To determine the trajectories of the particles through the star, we will be using the same
principle as in Section 2.3, that conservation of angular momentum will dictate how close
the dark matter passes to the star’s center. In this derivation we will explicitly integrate
over incoming angular momenta of the dark matter particles to obtain the precise velocity-
weighted flux of dark matter in the star’s interior.

C. To further specify our procedure, we will be integrating over spherical shells of our star with
thickness dr. Within each of these shells, we can determine the precise velocity-weighted
flux of dark matter using angular momentum conservation. In addition, in each of these star
shells we can use the number density of particles n(r) that the dark matter can scatter with,
to determine a probability for capture as the dark matter crosses the shell.

As we have seen in prior sections, sufficiently far away from the star the dark matter particles
will follow a Maxwell Boltzmann halo distribution, which here we will label with velocity u, where
we define this formally over interval u to u + du as

B 6v/3 n,u?
IVZ =

where the numerical prefactors enforce the normalization indicated for the halo distribution (2.2)
in prior sections, and we retain the rescaled velocity dispersion vZ = %172 as a historic convention.

At a radius 7 from the star, each particle will have a total velocity given by w? = u? + v2(r),
where we define v.(r) here as the escape velocity from the star at radius r. Then following the
same logic and procedure as Section 2.1 we know that the (non-integrated) flux of dark matter

through the effective capture sphere far from the star is given by

F(u)du Exp [—3—52] du, (3.9)

|dF| = %u f(u) du cos 0 d(cos 0) = éll f(u)u du d(cos® 6). (3.10)

As before this is related to the integrated flux for an a distant radius R, through,
dF = 4nR? dF = 7R? f(u)u du d(cos® 0). (3.11)
We will use each particle’s angular momentum to determine its trajectory across a spherical

shell at distance r from the center of the star. We can temporarily introduce angle o between the
dark matter’s velocity w and the normal vector on the surface of the sphere n = 7. Then matching

14



the angular momentum of the dark matter at the effective flux radius to the angular momentum
at shell radius r,

J = uR, sin § = wr sin . (3.12)

As defined previously, w? = u? + v2(r), where v.(r) is the radius r escape speed. Using d.J? =
u?R? d(cos? ), we re-express the flux

d
dF = 7 f(u)— dJ?. (3.13)
u
We again define the probability of dark matter to become orbitally bound to the star after
scattering once as g;(w). The probability for dark matter for dark matter to be captured while

traversing a spherical shell of width dl = dr/cos «, is then given by
N (1) 00y g1(w) dl, (3.14)

where n, is the usual number density of particles the dark matter scatters with.

We can further use the relation in Eq. (3.12) to relate the length differential to the angular
momentum, dl = dr//1 — (J/rw)?. With all of this, the differential single scatter capture rate is
found by taking the product of Egs. (3.14) and (3.13), and then accounting for all the incoming
angles of the dark matter flux by integrating over J. Finally, reminiscent of the limiting case for
grazing the a spherical shell that we studied in Section 2.3, we must implement a theta function
to enforce that the incoming flux has small enough angular momentum that it passes through a
shell of size r, ©(rw — J),

du
u

= 47mn4(r) 04y g1 (W) f(u)ci—u w?r? dr, (3.15)

4C = Amna(r)oaygs (w) F(u) /0 g O(rw— ) J di

Note that here we also multiplied by a factor of 2 to account for the particle passing through both
sides of the spherical shell.

The probability for capture after a single scatter still needs to be determined, which we have
defined as g;(w). In Appendix A we review kinematics relevant for elastic scattering in the star’s
rest frame. That kinematic analysis demonstrates that per scatter, the fraction of kinetic energy
lost will be distributed equally over an interval 0 < AE/E; < (., for initial kinetic energy
E; = %mxw2, with the kinematic factor 5, defined as

dmxm
(mx +m)?’

Be = (3.16)

In order for dark matter to be captured after a single scatter, it should lost a fraction u?/w?
of its energy F;, since this means it will have lost the kinetic energy it had before being deflected
towards the star. Hence the probability for capture after a scatter g;(w) is given by the probability
for the energy loss fraction to be greater than the ratio of the halo kinetic energy to the kinetic
energy at radius r, u?/w?,

2
i (5+ _ %) | (3.17)
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and to this we must multiply by a theta function that enforces the capture condition is fulfilled
after one scatter,

2

o (m - %) . (3.18)

So then in total ¢;(w) is Eqgs. (3.17) and (3.18) multiplied together. Putting this finally into
Eq. (3.15), the single scatter capture as a function of radius (performing the u integral), is

nx R ) ) - e—Az(r)
C = W\/iE?/O dr % ng(r)oay (r)vs(r) <1 — 1AT> , (3.19)

where there is a Boltzmann variable A? = 3v?(r)/20?3_. If we ignore the radial dependence of
the star’s density profile, and set ve(7) =~ Vese = ve(R), the result is

my U Osat A?

2 1 — —A2
Oy ~ V6rR? X Vese iy [1, U“X} (1 - —e) : (3.20)

where 0,4 = ”TRQ, with N, the number of particles a in the star. The Min function is introduced to

limit the amount of dark matter captured to not be greater than the flux of dark matter through
the star (without this, as o,, increases, eventually the equation would predict more capture than
the flux through the star).

3.3 Multiscatter capture in objects

When the cross-section for dark matter to scatter is high enough, o,y 2 04, dark matter will
scatter multiple times as it crosses the star. This requires a somewhat different set of calculations

to compute capture. Here we will present a very abridged presentation of results detailed in [25].

Figure 11: Multiscatter capture.
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For the purposes of computing multiscatter capture it will be convenient to specify a generalized

optical depth as 7 = Z’Z”’i, which is the average number of times dark matter scatters when

traversing the star.!

For the simplest multiscatter dark matter analysis, we begin by analyzing dark matter’s inter-
actions when it enters the star at radius R. Specifying y as the cosine angle between the star’s
radius and dark matter’s trajectory as it enters the star, the probability for dark matter to scatter
N times as it passes through the star integrated over all incidence angles (y) is

b oye v (yr)”
pn(T) =2 / dy , (3.22)
0 N

which is a Poisson distribution modified to account for the dark matter’s trajectory through the
star.

Then the multiscatter capture rate, defined as the capture rate for dark matter to become
bound after exactly IV scatters is given by

Cy = 7R py(7) /000 f(u)dzu w?gn(w), (3.23)

Notice that we have not yet defined the probability that the dark matter loses enough energy to be
captured after N scatters gy (w). In order to accommodate the eventual form of this probability,
it is useful for us to shift to an integral over w, where w? = u? 4+ v2_. With this shift the capture
rate becomes

Cy =7 R*pn(7) /OO dw fz(;;) w? gy (w), (3.24)

where to obtain the total capture rate we must sum over the possibility that capture occurs for
any number of scatters Cy

Cit = »_ Cl. (3.25)
N=1

Usually this sum is truncated at an appropriate C'y value, for which the capture is sufficiently
miniscule.

The probability that enough energy will be lost after N scatters for capture depends on the
initial dark matter velocity at the surface of the star w, since the initial energy is Ey = m,w?/2.
Using somewhat different notation, the energy lost per scatter (see Appendix A) is given by
AE = zf, Ey, where z stands in for the CM scattering angle and ranges over z € [0, 1]. After N
scatters, the energy and velocity will become

N N

Ey =] -280)E, ov=][0-28)"w (3.26)

i=1 =1

'The % factor in the optical depth comes from setting the optical depth to one for dark matter traversing a path
2R,

o 3N,
1= N Ogy (2R) = W(Tax (2R) = o RQU (321)
2 (TR? 2
o= 3 \N, ) T 3%

Hence with this convention, where 7 =1 for 04y = 0sqt = TR? /N,.
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This leads to the full integral for the probability of energy loss sufficient for capture after N
scatters,

gn(w) = /01 dz /01 dzy - - - /01 dZN@(Uescﬁ(l — 2z )7 - w). (3.27)

=1

One common simplification of the above expression is to assume the kinematic factor z assumes
its average value throughout (sometimes this is an ok assumption if 7 > 1, but see [25] for a
discussion of form factors in white dwarfs), (z;) ~ 1/2, in which case gy(z) simplifies to a theta
function

gv(w) = O (Ve = (20)8,) 2 = w). (3.28)

Using this estimate for gy (w), the N scatter capture equation becomes
2 2

On ~ 1 R px(7) ;f/;f ((2 74 302) — (2% + 31%) exp{ ( - WNQ—;;))})) (3.29)

where vy = Vese(1 — B4 /2) N2, If we further assume that ve,. > © and my > m, we find

1 2A3% 2 3v2, N
Cy=V24rpy(T)Gnx M R—(1— 1+ NU ) 4% . A% = M (3.30)
v 302, 2 mx

3.4 Redshifted kinetic energy

While the above scattering capture is generally applicable, there is a subtlety to capture in the
case that the spacetime around the capturing star is sufficiently curved. In this case, in the rest
frame far from the star, the dark matter’s kinetic energy will be diminished by a redshift factor
x = 1/[1 — (1 — 2GM/R)"?] | meaning it is somewhat more difficult for the dark matter to drop
below escape velocity while scattering. One way to account for this it so make the substitution in
Eq. (3.28)

Vese — \/ 2X, (3.31)

where this will appropriately rescale the effective escape velocity from the vantage of a distant
observer to account for the gravitational redshift effect.

4 Thermalization, Heating, and Other Effects in Astrophys-
ical Bodies

We now turn to the configuration dark matter settles into, and the effects dark matter can have
after becoming bound to a star (planet/asteroid/gas cloud/dragon/etc). This will necessarily
be the least complete section of this introduction to dark matter in astrophysical bodies, and it
is good to emphasize why. In this section, we begin to say what effect dark matter will have
on astrophysical objects, but our understanding of this is only as good as our models of the
astrophysical objects themselves. As previously mentioned, there is a rich history of looking at
astrophysical objects and wondering if some hitherto un-modeled feature of these objects might
be attributed to dark matter [20].
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Figure 12: Thermalization timescales for heavy dark matter in a white dwarf from [10].

Figure 13: Ilustration of thermalization times in an astrophysical object. The left shows first
thermalization, when the dark matter scatters until its orbit through the star is fully contained. By
the end of second thermalization shown on the right, dark matter will have the same temperature
as the star’s interior, orbiting around the so-called “thermalization radius.”.

4.1 First thermalization

After dark matter is captured on an orbit through the star, it will re-scatter with the star until
it settles into an orbit fully contained within the star. For a detailed review of thermalization
see [5]. The first thermalization time is typically much shorter than other relevant timescales. For

19



the sun, t; thermalization from scatering off protons with cross-section o, is

b WRé/ me ! de
b Tomi/GMg J2mp €3/2(2.38 — €)
mx
3/2 54 2
m 107 cm
~49x10"yrs x [ —2— EE——— 4.1
Y <107Ge\/) ( o ) (4.1)
Where the dimensionless variable giving the energy loss rate during ¢; thermalization is € = mixGiM )

4.2 Second thermalization

After the dark matter enters an orbital trajectory fully contained in the star, it will continue to
scatter until its kinetic energy matches the thermal energy of the star,

dFE
E = _paaaxvi7 (42)

where the final energy in the integral is fixed by dark matter’s “thermalized” energy FEy, =~ %Ta.
There are two important exceptions to this treatment to note

1. If dark matter has an extremely high cross-section with the object, it may slow to a speed
below the thermal speed of the object’s particles a. This is the so-called viscous regime
where v, > v,, and requires some special consideration to determine the drift time of dark
matter to the object’s core [5].

2. Likewise, if the object is made of a degenerate fluid (e.g. a neutron star), both the capture
rate [26] and the thermalization times [27,28] will need to be carefully re-considered.

After second thermalization, the dark matter will reside within the “thermalization radius,”
which is a zone defined by applying the virial theorem, 2 (Ey,) = — (V), for the dark matter’s
kinetic and potential energy, (Eyw) = 3T, and (V) = —37rd p,Gm,. For the sun and the Earth
this thermalization radius is [5]

9T, 107 GeV'\ 2 T 3 (156g/cm?\ 2
S 1% M R U R
4G pgmy My 1.5 x 107K o
1 1 1
~ 9km x 107 GeV'\ 2 Te 2 (10g/cm? 2 (4.3)
mX 5X103K P . '

4.3 Heating and other Effects

After dark matter is captured in astrophysical objects, it can have a number of observable effects.
e Heating: If dark matter annihilates or kinetically heats (from its halo kinetic energy or the

energy gained during infall) [29] inside the star, this can result in a late-time temperature
for the star according to

m, Cy = dnogR*T, (4.4)
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Figure 14: Potential sensitivity to dark matter heating for a neutron star within hundreds of
parsecs of Earth [29].
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Figure 15: Cooling curves for a white dwarf and a neutron star from [30]. The white dwarf and
neutron stars have mass and radius indicated, and the above assumes no heating from dark matter.

This can be comapred to the predicted late time temperatures that can be imparted from dark
matter, discussed in the text.

where op = 72/60 is the Stefan-Boltzmann constant in natural units, we assume the dark
matter heating is the major contributor to the star’s thermal energy, and this is the result
for an isothermal spherical blackbody. This is actually pretty close to the correct result
for an old neutron star, except the LHS of this equation becomes 7yes.m,C)y, and the RHS
gains a factor of (1 — 2G'M/R) from relativistic effects. Note also that, even if dark matter
does not annihilate in a neutron star, it still heats it considerably by an amount up to
(Yvese — 1)m, Cy |29]. The sensitivity for this is shown in Figure 14.
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Figure 15 shows the late time cooling behavior for a standard white dwarf and neutron
star. In practice the white dwarf will have a richer interior thermal structure at late times
— the asymptotic temperature from dark matter annihilation heating for the white dwarf
parameters shown in Figure 15 is given by |30, 31],

350 km /s /* p 1/
Twp ~ 4000 K X 4.5
Wb ( Vrel ) 103 GeV /cm? ’ (45)

e Black hole formation: It has been appreciated for some time that if dark matter is
a particle under some particle-anti-particle asymmetry (aka asymmetric just like visible
matter), it can form black holes in astrophysical objects. The basic dynamic is that once
enough dark matter collects into a radius ry, given by Eq. (4.3), the thermalized dark matter
sphere can become unstable to collapse, then collapse and form a black hole [32]. During
such a collapse it can also cause white dwarfs to ignite |8, 10].

10742

g Sun destroyed -Ncutrinus }@y i
o 5
= 1012 [ Earth destroyed [ Earth heating 10-43
o CMB
5 17 104} $
g LS = i
g |2 g 10745] P
o & o FOLa
S 1021 ~ i
g % 10746
g ©
%; 10-% DAMA (o
= o
E‘ -\'\N\G“\ ¥ . 10 -48
B 10 = m, : J ; : Isotope-dependent
106 10° 1010 1012 1014 101 10 10° 108 101
0f 0 0 0 0 0 0
Dark matter mass m, [GeV] myx (GeV)

Figure 16: Regions of sensitivity for the Earth and Sun from [5] (left) and neutron stars from [33]
(right) resulting from dark matter forming black holes in their interiors.

The black holes that can result from the dark matter collapsing in the astrophysical objects’
interiors will either grow to consume these objects, or evaporate and deposit energy. The
black hole growth is determined by [5]

J(Mgg)

dMBH . 47T,0*(GMBH)2
(GMBH)2 ’

4.
dt 3, (4.6)

+e,m,Cy, —

where the first term should be the familiar Bondi accretion rate, for the object’s sound
speed cg,, the second term accounts for further dark matter accretion onto the black hole
with efficiency e,, relative to its collection in the astrophysical body, and the final term
accounts for Hawking evaporation of the black hole, with O(1) greybody factors f(Mpgn).
Of course, the possibility that dark matter may be converting compact stars to black holes
is exciting — there are some interesting astrophysical anomalies that might be associated
with this phenomenon [33-35|. Figure 16 shows some parameter space where astrophysical
objects have sensitivity to black hole formation in their interiors.
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A Kinematics

A.1 Elastic scattering review

Let the two particles have masses m, and ms, and relative speed v, with particle 2 at rest in the
lab frame. The CM-velocity will then be

myiv
Vem = ——.
cm my + M

In CM frame (primed), the initial speeds are

/ ma / my

v; =0 — Vo= ——"—v Vg = — ——————

14 cm my + ma ) 21 my + mo

Elasticity in the CM frame implies vy, = vy; = s v Let 0oy be the angle between vy; and vy ;.

Particle 2’s final lab-frame velocity is the vector sum of the CM velocity shift (let’s put it in the
x-direction) plus its CM-frame recoil velocity:

Volab = Vem X — Vg [c08(fem) X + sin(fem) ¥

Hence )
2 2 / m
“21ab Vim + Vg —QWmUQfC089cm=2<ml+lm2v> [1—C089cm}.
. , o
using U2f T oma +m v and ‘/Cm T omatme

The recoil energy of ms in the lab frame is
2 mqms

(mq + my

2
E=3 mQU%lab 1m22< oL v) [1— cosbem] = E;

mi+ma

2 [1 — COS Gcm},

where E; = mlfu is the initial kinetic energy of m;. Using 1 — cos Oy, = 2sin?(%m), we get

4dmims . 9/0
EF=F, —————— sin“( %),
(my + mo)? ( 2 )

A.2 Distribution of recoil energy
We have found that the recoil energy of particle my in the lab frame is related to the CM scattering
angle 6., by
4m1m2
(m1 + m2)2 ’

ecm .
E = By sin? < 5 ) . with  Epnin =0, Eupax=FE;

In the CM frame, scattering is isotropic so the probability to scatter into the solid angle df).,,

is equally distributed

e = 1 Sin e dBern,
47 2

where we have integrated out the ¢ component of the solid angle since scattering occurs in a plane,
Ao, = 278N Oy AOcryy .

Now we differentiate £/ and use sinf cosf = %sin(Z@),

dE = E, . sin (ecm) cos (ecm> db.., = E;ax Sin Ogm dOery,

dP =

2 2
and from this we find that the probability distribution for energy transfer from 1 — 2 is equally
distributed from 0 to E,,q.,
dE dP 1

P(F) = =

P = - =
I Ernax’ (&) dE  Epax

for 0< FE < FEpax.
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