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Lecture 1: Neutrino in history and the SM; 
Neutrino mixing and oscillations

Aims 
Introduce neutrinos and briefly recap the anomalies that led to 
the discovery of neutrino oscillations (see A. McDonald’s lectures). 

Develop the formalism of neutrino mixing.

Discuss theoretical aspects of neutrino oscillations. 

Outline   
1. Neutrino all around us 
2. Keys steps in the history of neutrino physics 
3. Neutrino mixing 
4. Neutrino oscillation formalism 

- general case 
- 2-neutrino oscillations in vacuum 
- 3-neutrino oscillations in vacuum
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Why study neutrinos?

● Neutrino masses imply new physics BSM.
Their origin is a necessary ingredient for the newSM.

● The least know of all SM fermions (a window on the BSM?).

● Their nature (and mass) is related to the fundamental 
symmetries of nature (lepton number, link with proton decay).

● The most abundant of all fermions in the Universe with 
strong impact of its evolution.

● Neutrino mass models can explain the baryon asymmetry of 
the Universe.

● A complementary window on the problem of flavour.
3
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Neutrinos are all around and through us in large amounts.

JUNO INO
Will measure the rate 
at which antineutrinos 
of different energies 
created at the 
Yangjiang and Taishan 
nuclear power plants 
(53 kilometres apart) 
switch flavour to 
calculate the 
differences between 
mass states. 

DUNE Hyper-Kamiokande
Will send neutrinos of 
different energies from 
Fermilab to the 
Sanford Underground 
Research Facility in 
South Dakota. 
Physicists will record 
differences in the way 
neutrinos and 
antineutrinos oscillate 
and how this depends 
on their energy. 

Neutrinos and 
antineutrinos will travel 
from the Japan Proton 
Accelerator Research 
Complex (J-Parc) in 
Tokaimura. Particles 
will be of a single 
energy, selected to 
maximize the detection 
of flavour switching 
over the distance from 
J-Parc.

A neutrino (ν), or its antimatter 
counterpart the antineutrino, is 
always produced alongside an 
electron (e) or one of the electron’s 
heavier cousins, the muon (μ) or tau 
(τ) particle — and the presence of 
this partner particle gives the 
neutrino a ‘flavour’.

Unlike electrons, muons and tau 
particles, neutrinos do not have 
definite masses. Instead, every 
neutrino is a mixture — or quantum 
superposition — of three ‘mass 
states’, and those states mix in 
different proportions to make different 
flavours.

Neutrinos are everywhere, 
generated by a variety of 
processes.

Fusion of hydrogen nuclei 
to form helium in the Sun.
 

Supernovae and collisions 
between cosmic rays and 
air particles in Earth’s 
atmosphere.

Particle accelerators 
smashing protons 
into a target and 
fission from the 
radioactive decay of 
elements inside 
nuclear reactors.

A major puzzle is why the Universe is 
filled with matter, rather than antimatter. 
Differences in how neutrinos and 
antineutrinos oscillate between flavours 
as they travel could provide a clue.

Some theories propose a fourth, sterile, neutrino. 
If it exists, it would interact with matter even more 
weakly than the other flavours, and could account 
for the as-yet-undetected dark matter that is 
thought to make up 85% of all the matter in the 
Universe. If neutrinos mysteriously ‘disappear’ at 
a detector, that could be a sign that they have 
switched into sterile neutrinos.

ν
Although physicists know that neutrinos exist in 
three different mass states, which state is the 
lightest and which is the heaviest remains a 
mystery. Knowing that would help scientists to 
decide between rival theories about how the four 
forces of nature unite as a single force at high 
energies, similar to those experienced in the 
moments after the Big Bang.

Physicists know the differences 
between the first and second and 
the first and third mass states. 
They also know that that the 
second mass state is bigger than 
the first. That leaves just two 
possibilities for the hierarchy:

20,000 tonnes of 
‘liquid scintillator’  
lights up when 
neutrinos hit

50,000 tonnes of 
magnetic iron 
plates distinguish 
neutrino from 
antineutrino strikes 

40,000 tonnes of liquid 
argon produces 
electrons and light when 
neutrinos hit

295 km1,300 km

1 megatonne of 
water shows cones 
of light where 
neutrinos hit

Status: Construction begun
Cost: $330 million
Sits under 700 metres of rock.

Status: Funding approved
Cost: $233 million
Will be largest experimental 
basic-science facility in India.

Jiangmen Underground Neutrino 
Observatory (JUNO), China

Status: Planned
Cost: About $800 million
Will be the world’s largest neutrino 
detector — it is 25 times bigger than 
its predecessor, Super-Kamiokande.

Status: Planned
Cost: US$1 billion
Will make highest-energy 
neutrinos of any experiment.

Deep Underground Neutrino 
Experiment  (DUNE), United States

Hyper-Kamiokande, Japan

India-based Neutrino 
Observatory (INO), India

AN UNCONVENTIONAL PARTICLE

NEUTRINO
FACTORIES

WHERE THEY
WILL BE DETECTED

BIG QUESTIONS
What is the mass hierarchy? Why is there so little antimatter? Is there a ‘sterile’ neutrino?

ν

νeνe

As a neutrino travels, each state contributes to 
its mass at a varying rate, causing the neutrino 
to change flavour over time. The frequency of 
the changes depends on the differences 
between the mass states, the neutrino’s 
energy and parameters that govern how the 
states are allowed to mix.

νμνe ντ

Mass states Time

2020 2025

Flavours

? ?NORMAL

1

2

3

3 1 2

31 2

νμ ντ

Will detect neutrinos 
and antineutrinos 
produced by cosmic 
rays from the other side 
of Earth. If the journey 
boosts neutrino 
switching, this implies a 
normal mass hierarchy; 
if antineutrino switching 
speeds up, the inverted 
hierarchy is likely.

Sun

Supernovae

Nuclear fission

INVERTED

A s researchers at CERN, Europe’s particle-physics laboratory 
near Geneva, dream of super-high-energy colliders to explore 
the Higgs boson, their counterparts in other parts of the world 
are pivoting towards a different subatomic entity: the neutrino.  

Neutrinos are more abundant than any particle other than 
photons, yet they interact so weakly with other matter that every 
second, more than 100 billion stream — mainly unnoticed — 
through every square centimetre of Earth. Once thought to be 
massless, they in fact have a minuscule mass and can change type as 
they travel, a bizarre and entirely unexpected feature that physicists 
do not fully understand (see ‘An unconventional particle’). Indeed, 
surprisingly little is known about the neutrino. “These are the most 
ubiquitous matter particles in the Universe that we know of, and 
probably the most mysterious,” says Nigel Lockyer, director of the 

Fermi National Accelerator Laboratory (Fermilab) in Batavia, Illinois.
Four unprecedented experiments look poised to change this. 

Two — one in China and one in India — already have the go-ahead, 
and plans to erect detectors in Japan and the United States are in 
the works (see ‘Where they will be detected’). Buried underground 
to prevent interference from other particles, all four are designed to 
detect many more neutrinos, and to probe the switching process in 
more detail, than any existing experiment.

The results are expected to feed into some of the most 
fundamental questions in cosmology (see ‘Flurry of experiments’). 
Some of the experiments will make their own neutrinos; all will use 
any they can capture from the Sun or from supernova explosions. 
“The age of the neutrino,” Lockyer says, “could go on for a very 
long time.”

Age of the

NEUTRINO

The detectors in China (JUNO) 
and India (INO) are designed 
to untangle the relationship 
between the three mass states, 
with implications for the origins 
of the forces of nature. By 
contrast, DUNE in the United 
States and Hyper-Kamiokande 
in Japan aim to spot differences 
in how neutrinos and 
antineutrinos oscillate between 
flavours. That could solve a 
second cosmological puzzle: 
why the Universe is made up of 
matter rather than antimatter. 
All four detectors will also hunt 
for a hypothesized ‘sterile’ 
neutrino.

Flurry of  
experiments

B Y  E L I Z A B E T H  G I B N E Y
G R A P H I C  B Y  N I G E L  H AW T I N
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Neutrinoscope

Neutrinoscope is a 
free App for iPhone 
and iPad developed 
by Cambridge 
Consultants and 
Durham University. 
It allows to visualise 
the neutrinos as 
they are around us.
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Useful references

● C. Giunti, C. W. Kim, Fundamentals of Neutrino Physics and 
Astrophysics, Oxford University Press, USA (May 17, 2007)

● M. Fukugita,T.Yanagida, Physics of Neutrinos and 
applications to astrophysics, Springer 2003

● A. De Gouvea,TASI lectures, hep-ph/0411274

● A. Strumia and F.  Vissani, hep-ph/0606054.

● Talks at the Neutrino 2024 conference
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A brief history of 
our knowledge of 

neutrinos
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Despite being the most abundant fermion in the Universe, 
we did not even realise they existed till the ’30.  The idea 
came about in the study of beta decays and a puzzle which 
troubled physicists for several decades. 

 G. J. Neary, Roy. Phys. Soc. 
(London), A175, 71 (1940).

+?
The experimental results 
were puzzling. The positron 
(= anti-electron) carries 
away different amounts of 
energy in each individual 
observed decay.
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Despite being the most abundant fermion in the Universe, 
we did not even realise they existed till the ’30.  The idea 
came about in the study of beta decays and a puzzle which 
troubled physicists for several decades. 

 G. J. Neary, Roy. Phys. Soc. 
(London), A175, 71 (1940).

+?
The experimental results 
were puzzling. The positron 
(= anti-electron) carries 
away different amounts of 
energy in each individual 
observed decay.W
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The proposal of the “neutrino” was put forward by W. Pauli in 
1930. [Pauli Letter Collection, CERN]

Dear radioactive ladies and gentlemen,

…I have hit upon a desperate remedy to save 
the … energy theorem. Namely the possibility 
that there could exist in the nuclei electrically 
neutral particles that I wish to call neutrons, 

which have spin 1/2 … The mass of the neutron 
must be … not larger than 0.01 proton mass. 
…in β decay a neutron is emitted together 

with the electron, in such a way that the sum of 
the energies of neutron and electron is 

constant.

W. Pauli
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● Since the neutron was discovered in 1932 by J. 
Chadwick, Fermi, following E. Amaldi, used the 
name “neutrino” (little neutron) and later 
proposed the Fermi theory of beta decay.

● Reines and Cowan discovered neutrinos in 
1956 using inverse beta decay.

The Nobel 
Prize in 
Physics 
1995

F. Reines

Savannah River experiment

E. Fermi
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● Madame Wu in 1956 
demonstrated that the parity 
symmetry is violated in weak 
interactions. Neutrinos come 
only as left-handed (spin 
opposite to momentum) 
differently from all other 
fermions.

● Muon neutrinos were 
discovered in 1962 by L. 
Lederman, M. Schwartz 
and J. Steinberger.

The Nobel Prize in Physics 1988



After their discovery by Cowan and Reines, searches were 
performed for astrophysical neutrinos, produced in the Sun, 
Supernova (just by chance) and in the atmosphere.

The 
Homes
take 
experi
ment.

Nobel prize in 2002
13

R. Davis Jr. 

Kamiokande

M. Koshiba

T h e fi r s t 
atmospher ic 
n e u t r i n o s 
w e r e 
observed in 
1965 by the 
Ko l a r Go l d 
F ie ld (KGF) 
and Re ines ' 
experiments. 
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The first idea of neutrino oscillations was put forward 
by B. Pontecorvo in 1957.
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Neutrinos seemed to fit well in the picture of the SM 
which was forming. But soon some anomalies started to 
appear. 

● First indications of ν oscillations came from solar ν: 
less electron neutrinos were observed than 
expected. Where did the others go?

15

Nobel Prize in 
Physics 2015The SNO Detector

A. McDonald

Super-Kamiokande

39m

41
.4

m Outer detector ~  1,900  20cm PMTs
Inner detector ~11,100 50cm PMTs

1,000m under the ground
50,000 tons  Ring imaging Water Cherenkov detector

Super-Kamiokande detector

SK-I started in Apr. 1st, 1996.
SK-IV finished on May 31st, 2018.

6

SK-I SK-III SK-IV
1996

SK-II
Photo coverage 40% 20% 40% 40%

2002 2006 2008

Accident Full reconstruction Replace electronics & DAQ system

2018

Preparation
for SK-Gd
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● Indications of an anomaly in atmospheric neutrinos was 
presented in 1988, subsequently confirmed by MACRO. 
● More muon neutrinos were seen going down than coming 
up from the other side of the Earth.
● Discovery was presented in 1998 by SuperKamiokande.

Nobel Prize in 
Physics 2015

16

Super-
Kamiokande 
Detector

T. Kajita
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What was going on?

These experiments showed that neutrinos oscillate, i.e. 
that can change flavour (going into flavours that some 
detectors cannot see).

Neutrinos are chameleon particles.
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Neutrinos in the SM
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The Standard Model
SM gauge group and EW symmetry breaking

Particle content

● There are 3 generations of 
quarks and leptons.

● The theory is chiral as left 
and right components behave 
differently.

SU(3)c ⌦ SU(2)L ⌦ U(1)Y
<latexit sha1_base64="B1BEp1HXbE+MERCX056oIKZ76fA=">AAACInicbVDLTsJAFJ3iC/FVdelmItHAhrRookuiGxcuMFrAAGmmwxQmTKfNzNSkafgDP8MvcKtf4M64MnHrfzhAYwQ8ySTnnntvzp3jRYxKZVmfRm5peWV1Lb9e2Njc2t4xd/caMowFJg4OWShaHpKEUU4cRRUjrUgQFHiMNL3h5bjffCBC0pDfqSQi3QD1OfUpRkpLrnl865ROyi6GnVDRgEio62rZvf6tnZJddu9ds2hVrAngIrEzUgQZ6q753emFOA4IV5ghKdu2FaluioSimJFRoRNLEiE8RH3S1pQj7dVNJ/8ZwSOt9KAfCv24ghP170aKAimTwNOTAVIDOd8bi//12rHyz7sp5VGsCMdTIz9mUIVwHA7sUUGwYokmCAuqb4V4gATCSkc44+KThAfRSOdiz6ewSBrVim1V7JvTYu0iSygPDsAhKAEbnIEauAJ14AAMHsEzeAGvxpPxZrwbH9PRnJHt7IMZGF8/AaqiQg==</latexit><latexit sha1_base64="B1BEp1HXbE+MERCX056oIKZ76fA=">AAACInicbVDLTsJAFJ3iC/FVdelmItHAhrRookuiGxcuMFrAAGmmwxQmTKfNzNSkafgDP8MvcKtf4M64MnHrfzhAYwQ8ySTnnntvzp3jRYxKZVmfRm5peWV1Lb9e2Njc2t4xd/caMowFJg4OWShaHpKEUU4cRRUjrUgQFHiMNL3h5bjffCBC0pDfqSQi3QD1OfUpRkpLrnl865ROyi6GnVDRgEio62rZvf6tnZJddu9ds2hVrAngIrEzUgQZ6q753emFOA4IV5ghKdu2FaluioSimJFRoRNLEiE8RH3S1pQj7dVNJ/8ZwSOt9KAfCv24ghP170aKAimTwNOTAVIDOd8bi//12rHyz7sp5VGsCMdTIz9mUIVwHA7sUUGwYokmCAuqb4V4gATCSkc44+KThAfRSOdiz6ewSBrVim1V7JvTYu0iSygPDsAhKAEbnIEauAJ14AAMHsEzeAGvxpPxZrwbH9PRnJHt7IMZGF8/AaqiQg==</latexit><latexit sha1_base64="B1BEp1HXbE+MERCX056oIKZ76fA=">AAACInicbVDLTsJAFJ3iC/FVdelmItHAhrRookuiGxcuMFrAAGmmwxQmTKfNzNSkafgDP8MvcKtf4M64MnHrfzhAYwQ8ySTnnntvzp3jRYxKZVmfRm5peWV1Lb9e2Njc2t4xd/caMowFJg4OWShaHpKEUU4cRRUjrUgQFHiMNL3h5bjffCBC0pDfqSQi3QD1OfUpRkpLrnl865ROyi6GnVDRgEio62rZvf6tnZJddu9ds2hVrAngIrEzUgQZ6q753emFOA4IV5ghKdu2FaluioSimJFRoRNLEiE8RH3S1pQj7dVNJ/8ZwSOt9KAfCv24ghP170aKAimTwNOTAVIDOd8bi//12rHyz7sp5VGsCMdTIz9mUIVwHA7sUUGwYokmCAuqb4V4gATCSkc44+KThAfRSOdiz6ewSBrVim1V7JvTYu0iSygPDsAhKAEbnIEauAJ14AAMHsEzeAGvxpPxZrwbH9PRnJHt7IMZGF8/AaqiQg==</latexit><latexit sha1_base64="B1BEp1HXbE+MERCX056oIKZ76fA=">AAACInicbVDLTsJAFJ3iC/FVdelmItHAhrRookuiGxcuMFrAAGmmwxQmTKfNzNSkafgDP8MvcKtf4M64MnHrfzhAYwQ8ySTnnntvzp3jRYxKZVmfRm5peWV1Lb9e2Njc2t4xd/caMowFJg4OWShaHpKEUU4cRRUjrUgQFHiMNL3h5bjffCBC0pDfqSQi3QD1OfUpRkpLrnl865ROyi6GnVDRgEio62rZvf6tnZJddu9ds2hVrAngIrEzUgQZ6q753emFOA4IV5ghKdu2FaluioSimJFRoRNLEiE8RH3S1pQj7dVNJ/8ZwSOt9KAfCv24ghP170aKAimTwNOTAVIDOd8bi//12rHyz7sp5VGsCMdTIz9mUIVwHA7sUUGwYokmCAuqb4V4gATCSkc44+KThAfRSOdiz6ewSBrVim1V7JvTYu0iSygPDsAhKAEbnIEauAJ14AAMHsEzeAGvxpPxZrwbH9PRnJHt7IMZGF8/AaqiQg==</latexit>
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● Neutrino flavours correspond to each of the 
charged leptons. 

● They have hypercharge -1/2 and charge 0.

W
electron antineutrino

electron

20

Table 1: SM fermionic content and its irreducible representations with respect to the groups SU(3), SU(2)L and
U(1)Y . 3 indicates a triplet of SU(3), 2 a doublet of SU(2)L and 1 a singlet with respect to either group. Y is
the hypercharge of the fields.

Particles SU(3) SU(2)L U(1)Y
Leptons✓
⌫e
e

◆

L

,

✓
⌫µ
µ

◆

L

,

✓
⌫⌧
⌧

◆

L

1 2 �1/2

eR , µR , ⌧R 1 1 �1
Quarks✓
u
d

◆

L

,

✓
c
s

◆

L

,

✓
t
b

◆

L

3 2 1/6

uR , cR , tR 3 1 2/3
dR , sR , bR 3 1 �1/3

right and viceversa, is maximally violated in the SM as there are no right-handed neutrinos.
Left-handed neutrinos interact via the weak force according to the charged current and neutral

current terms in the SM Lagrangian:

LSM = � gp
2

X

↵= e, µ, ⌧

⌫↵L�
µ`↵LWµ � g

2 cos ✓W

X

↵= e, µ, ⌧

⌫↵L�
µ⌫↵LZµ + h.c. , (2)

where g is the SU(2)L coupling, ✓W is the Weinberg angle, and all other symbols have the common
meaning. We notice that the structure of the SM weak interaction is of the V �A type.

As discussed in the Introduction, neutrinos come in three families. A fourth active neutrino is
not allowed by the invisible width of the Z boson to which it would contribute as much as one active
neutrino, Z ! ⌫↵⌫̄↵. The invisible width has been measured with great accuracy at LEP and leads to the
following constraint on the active number of neutrinos [40]:

N⌫ =
�inv

�⌫̄⌫
= 2.984± 0.008. (3)

Additional neutrinos could be present, as we will discuss later, but they need not partake in SM interac-
tions, and therefore are called sterile neutrinos.

2.1 Leptonic mixing
Since neutrinos have masses, there are two bases that can be used to describe them: the flavour basis,
⌫↵, ↵ = e, µ, ⌧ , depicted in Table 1, in which each neutrino is associated to the corresponding charged
lepton, and the mass basis, ⌫i, i = 1, 2, 3, in which each neutrino has a definite mass. The two bases, as
required by probability conservation, are related by a unitary matrix U , the so-called Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [23, 24]:

⌫↵L =
3X

i=1

U↵i ⌫iL . (4)

The PMNS matrix then enters the CC Lagrangian when we express it in terms of mass fields (in the basis
in which the charged lepton mass matrix is diagonal):

LSM = � gp
2

X

↵, i

⌫iU
⇤
↵i�

µPL`↵Wµ + h.c. , (5)

4

S. PASCOLI
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● Neutrinos in the SM are described by Weyl spinors 
with left-handed chirality (PL=1-  5/2).

● They are massless as nuR are not present (no 
Yukawa coupling with the Higgs) and Majorana mass 
term (of left-handed neutrinos) is not gauge invariant.

21

Note: For massless neutrinos, helicity and chirality correspond as 
the chiral and helicity operators are the same up to m/E.

Note: LH neutrino states are accompanied by RH antineutrino 
ones as required by CPT.

Note: Natural units. We will assume c=1, hbar=1.

�
<latexit sha1_base64="AIV3Kc915+yhcJcdtafXMIJD3Qk=">AAACAHicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMxM7PLzKywhFz8Aq/6Bd7Eq3/iB/gfTpI9mMSChqKqm+6uMOFMG8/7dgpr6xubW8Xt0s7u3v5B+fCoqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+Hoduq3nlBpFssHkyUYCDKQLGKUGCs1uwMiBOmVK17Vm8FdJX5OKpCj3iv/dPsxTQVKQznRuuN7iQnGRBlGOU5K3VRjQuiIDLBjqSQCdTCeXTtxz6zSd6NY2ZLGnal/J8ZEaJ2J0HYKYoZ62ZuK/3md1ETXwZjJJDUo6XxRlHLXxO70dbfPFFLDM0sIVcze6tIhUYQaG9DClggzKZKJzcVfTmGVNC+qvlf17y8rtZs8oSKcwCmcgw9XUIM7qEMDKDzCC7zCm/PsvDsfzue8teDkM8ewAOfrF0KEl4M=</latexit><latexit sha1_base64="AIV3Kc915+yhcJcdtafXMIJD3Qk=">AAACAHicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMxM7PLzKywhFz8Aq/6Bd7Eq3/iB/gfTpI9mMSChqKqm+6uMOFMG8/7dgpr6xubW8Xt0s7u3v5B+fCoqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+Hoduq3nlBpFssHkyUYCDKQLGKUGCs1uwMiBOmVK17Vm8FdJX5OKpCj3iv/dPsxTQVKQznRuuN7iQnGRBlGOU5K3VRjQuiIDLBjqSQCdTCeXTtxz6zSd6NY2ZLGnal/J8ZEaJ2J0HYKYoZ62ZuK/3md1ETXwZjJJDUo6XxRlHLXxO70dbfPFFLDM0sIVcze6tIhUYQaG9DClggzKZKJzcVfTmGVNC+qvlf17y8rtZs8oSKcwCmcgw9XUIM7qEMDKDzCC7zCm/PsvDsfzue8teDkM8ewAOfrF0KEl4M=</latexit><latexit sha1_base64="AIV3Kc915+yhcJcdtafXMIJD3Qk=">AAACAHicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMxM7PLzKywhFz8Aq/6Bd7Eq3/iB/gfTpI9mMSChqKqm+6uMOFMG8/7dgpr6xubW8Xt0s7u3v5B+fCoqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+Hoduq3nlBpFssHkyUYCDKQLGKUGCs1uwMiBOmVK17Vm8FdJX5OKpCj3iv/dPsxTQVKQznRuuN7iQnGRBlGOU5K3VRjQuiIDLBjqSQCdTCeXTtxz6zSd6NY2ZLGnal/J8ZEaJ2J0HYKYoZ62ZuK/3md1ETXwZjJJDUo6XxRlHLXxO70dbfPFFLDM0sIVcze6tIhUYQaG9DClggzKZKJzcVfTmGVNC+qvlf17y8rtZs8oSKcwCmcgw9XUIM7qEMDKDzCC7zCm/PsvDsfzue8teDkM8ewAOfrF0KEl4M=</latexit><latexit sha1_base64="AIV3Kc915+yhcJcdtafXMIJD3Qk=">AAACAHicbVDLSgNBEOyNrxhfUY9eFoPgKeyKoMegF48RzAOSJcxOepMxM7PLzKywhFz8Aq/6Bd7Eq3/iB/gfTpI9mMSChqKqm+6uMOFMG8/7dgpr6xubW8Xt0s7u3v5B+fCoqeNUUWzQmMeqHRKNnElsGGY4thOFRIQcW+Hoduq3nlBpFssHkyUYCDKQLGKUGCs1uwMiBOmVK17Vm8FdJX5OKpCj3iv/dPsxTQVKQznRuuN7iQnGRBlGOU5K3VRjQuiIDLBjqSQCdTCeXTtxz6zSd6NY2ZLGnal/J8ZEaJ2J0HYKYoZ62ZuK/3md1ETXwZjJJDUo6XxRlHLXxO70dbfPFFLDM0sIVcze6tIhUYQaG9DClggzKZKJzcVfTmGVNC+qvlf17y8rtZs8oSKcwCmcgw9XUIM7qEMDKDzCC7zCm/PsvDsfzue8teDkM8ewAOfrF0KEl4M=</latexit>
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Table 1: SM fermionic content and its irreducible representations with respect to the groups SU(3), SU(2)L and
U(1)Y . 3 indicates a triplet of SU(3), 2 a doublet of SU(2)L and 1 a singlet with respect to either group. Y is
the hypercharge of the fields.

Particles SU(3) SU(2)L U(1)Y
Leptons✓
⌫e
e

◆

L

,

✓
⌫µ
µ

◆

L

,

✓
⌫⌧
⌧

◆

L

1 2 �1/2

eR , µR , ⌧R 1 1 �1
Quarks✓
u
d

◆

L

,

✓
c
s

◆

L

,

✓
t
b

◆

L

3 2 1/6

uR , cR , tR 3 1 2/3
dR , sR , bR 3 1 �1/3

right and viceversa, is maximally violated in the SM as there are no right-handed neutrinos.
Left-handed neutrinos interact via the weak force according to the charged current and neutral

current terms in the SM Lagrangian:

LSM = � gp
2

X

↵= e, µ, ⌧

⌫↵L�
µ`↵LWµ � g

2 cos ✓W

X

↵= e, µ, ⌧

⌫↵L�
µ⌫↵LZµ + h.c. , (2)

where g is the SU(2)L coupling, ✓W is the Weinberg angle, and all other symbols have the common
meaning. We notice that the structure of the SM weak interaction is of the V �A type.

As discussed in the Introduction, neutrinos come in three families. A fourth active neutrino is
not allowed by the invisible width of the Z boson to which it would contribute as much as one active
neutrino, Z ! ⌫↵⌫̄↵. The invisible width has been measured with great accuracy at LEP and leads to the
following constraint on the active number of neutrinos [40]:

N⌫ =
�inv

�⌫̄⌫
= 2.984± 0.008. (3)

Additional neutrinos could be present, as we will discuss later, but they need not partake in SM interac-
tions, and therefore are called sterile neutrinos.

2.1 Leptonic mixing
Since neutrinos have masses, there are two bases that can be used to describe them: the flavour basis,
⌫↵, ↵ = e, µ, ⌧ , depicted in Table 1, in which each neutrino is associated to the corresponding charged
lepton, and the mass basis, ⌫i, i = 1, 2, 3, in which each neutrino has a definite mass. The two bases, as
required by probability conservation, are related by a unitary matrix U , the so-called Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [23, 24]:

⌫↵L =
3X

i=1

U↵i ⌫iL . (4)

The PMNS matrix then enters the CC Lagrangian when we express it in terms of mass fields (in the basis
in which the charged lepton mass matrix is diagonal):

LSM = � gp
2

X

↵, i

⌫iU
⇤
↵i�

µPL`↵Wµ + h.c. , (5)
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Number of active neutrinos

Table 1: SM fermionic content and its irreducible representations with respect to the groups SU(3), SU(2)L and
U(1)Y . 3 indicates a triplet of SU(3), 2 a doublet of SU(2)L and 1 a singlet with respect to either group. Y is
the hypercharge of the fields.

Particles SU(3) SU(2)L U(1)Y
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uR , cR , tR 3 1 2/3
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right and viceversa, is maximally violated in the SM as there are no right-handed neutrinos.
Left-handed neutrinos interact via the weak force according to the charged current and neutral

current terms in the SM Lagrangian:

LSM = � gp
2

X

↵= e, µ, ⌧

⌫↵L�
µ`↵LWµ � g

2 cos ✓W

X

↵= e, µ, ⌧

⌫↵L�
µ⌫↵LZµ + h.c. , (2)

where g is the SU(2)L coupling, ✓W is the Weinberg angle, and all other symbols have the common
meaning. We notice that the structure of the SM weak interaction is of the V �A type.

As discussed in the Introduction, neutrinos come in three families. A fourth active neutrino is
not allowed by the invisible width of the Z boson to which it would contribute as much as one active
neutrino, Z ! ⌫↵⌫̄↵. The invisible width has been measured with great accuracy at LEP and leads to the
following constraint on the active number of neutrinos [40]:

N⌫ =
�inv

�⌫̄⌫
= 2.984± 0.008. (3)

Additional neutrinos could be present, as we will discuss later, but they need not partake in SM interac-
tions, and therefore are called sterile neutrinos.

2.1 Leptonic mixing
Since neutrinos have masses, there are two bases that can be used to describe them: the flavour basis,
⌫↵, ↵ = e, µ, ⌧ , depicted in Table 1, in which each neutrino is associated to the corresponding charged
lepton, and the mass basis, ⌫i, i = 1, 2, 3, in which each neutrino has a definite mass. The two bases, as
required by probability conservation, are related by a unitary matrix U , the so-called Pontecorvo-Maki-
Nakagawa-Sakata (PMNS) matrix [23, 24]:

⌫↵L =
3X

i=1

U↵i ⌫iL . (4)

The PMNS matrix then enters the CC Lagrangian when we express it in terms of mass fields (in the basis
in which the charged lepton mass matrix is diagonal):

LSM = � gp
2

X

↵, i

⌫iU
⇤
↵i�

µPL`↵Wµ + h.c. , (5)
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The invisible width of the Z (measured precisely at LEP) 
restricts the number of active neutrinos to 

Note: Additional neutrinos can be present but they cannot partake of 
the SM interactions and are called sterile neutrinos (See later).
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Neutrino mixing
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Neutrino mixing
Mixing is described by the Pontecorvo-Maki-Nakagawa-
Sakata matrix:

This implies that in an interaction with an electron, the 
corresponding (anti-)neutrino will be produced, as a 
superposition of different mass eigenstates.

Flavour field
Mass field

W
electron neutrino

Positron

=
X

i

Uei⌫i

which enters in the CC interactions
|⇥�⇤ =

�

i

U�i|⇥i⇤

LCC = � g⇧
2

�

k�

(U�
�k⇥̄kL�⇥l�LW⇥ + h.c.)

⌫↵ =
X

i

U↵i⌫i
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Neutrino mixing
Mixing is described by the Pontecorvo-Maki-Nakagawa-
Sakata matrix:

Flavour field
Mass field

which enters in the CC interactions
|⇥�⇤ =

�

i

U�i|⇥i⇤

LCC = � g⇧
2

�

k�

(U�
�k⇥̄kL�⇥l�LW⇥ + h.c.)

⌫↵ =
X

i

U↵i⌫i
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Note: this holds in the basis under which the charged lepton mass 
matrix is diagonal. 

Note: A flavour neutrino is produced in a CC interaction as a 
superposition of mass eigenstates under the assumption that the 
mass differences can be ignored (= coherence of the final state). 
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● 2-neutrino mixing matrix depends on 1 angle only. 
The phases get absorbed in a redefinition of the 
leptonic fields (a part from 1 Majorana phase). 

�
cos � � sin �
sin � cos �

⇥

● 3-neutrino mixing matrix has 3 angles and 1(+2) 
CPV phases.

One can always rephrase a field as: e � e�i(�e+⇥)e

µ � e�i(�µ+⇥)µ

⇥ � e�i⇥⇥

�
⇥̄e ⇥̄µ ⇥̄⇤

⇥
ei⇧

⇤

⇧
ei⌅e 0 0
0 ei⌅µ 0
0 0 1

⌅

⌃

⇤

⇧
. . .
. . .
. . .

⌅

⌃

⇤

⇧
ei⇥e 0 0
0 ei⇥µ 0
0 0 1

⌅

⌃

⇤

⇧
e
µ
⇤

⌅

⌃CKM-
type

1 2 3

1

2
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�
⇥̄e ⇥̄µ ⇥̄⇤

⇥
ei⇧

⇤

⇧
ei⌅e 0 0
0 ei⌅µ 0
0 0 1

⌅

⌃

⇤

⇧
. . .
. . .
. . .

⌅

⌃

⇤

⇧
ei⇥e 0 0
0 ei⇥µ 0
0 0 1

⌅

⌃

⇤

⇧
e
µ
⇤

⌅

⌃CKM-
type

1 2 3

1

2

The kinetic, NC and mass terms are not modified. One 
can choose a rephrasing to eliminate 3 phases from the 
U mixing matrix in the full Lagrangian. These phases are 

therefore unphysical.

For Dirac neutrinos, a similar rephasing can be done 
eliminating the two phases on the left. Only one phase 

remains physical.
For Majorana neutrinos, the Majorana condition forbids 

such rephasing: 2 physical CP-violating phases.
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For antineutrinos, U � U�

U is real� � = 0, ⇥CP-conservation requires

U =

0

@
1 0 0
0 c23 s23
0 �s23 c23

1

A

0

@
c13 0 s13ei�

0 1 0
�s13e�i� 0 c13

1

A

0

@
c12 s12 0
�s12 c12 0
0 0 1

1

A

0

@
1 0 0
0 ei↵21/2 0
0 0 ei↵31/2

1

A

with ↵ = e, µ, ⌧ and i = 1, 2, 323. From here it plays a role in neutrino oscillations as we will discuss
later.

In general, a 3⇥ 3 unitary matrix can be parameterized in terms of 3 angles and 6 phases. Several
of the phases are unphysical. In fact, we have the freedom to phase-rotate the fields as  ! ei� .
If we do so for the charged leptons, we can eliminate three phases from the PMNS matrix and these
disappear from the Lagrangian as they do not affect the kinetic terms, the NC one and the mass term for
the leptons as far as both left and right-handed component undergo the same rephasing. If neutrinos are
Dirac particles, as the charged leptons, the same rephasing can be applied to them as well, eliminating
two further phases. There remains only one physical phase, called the Dirac phase, as in the Cabibbo-
Kobayashi-Maskawa mixing matrix in the quark sector. If neutrinos are Majorana, such rephasing does
not eliminate two phases which will reappear in the Majorana condition and in the Majorana mass term.
Therefore, for Majorana neutrinos, there are three physical phases, two of which enter only in lepton
number violating processes. Since for antineutrinos we need to use the conjugate of U , any physical
phase represents a violation of the CP symmetry and will be called a CP violating (CPV) phase.

The PMNS matrix can be parameterized as [41, 42]

U↵i =

0

BB@

c12c13 s12c13 s13e�i�

�s12c23 � c12s23s13ei� c12c23 � s12s23s13ei� s23c13

s12s23 � c12c23s13ei� �c12s23 � s12c23s13ei� c23c13

1

CCA · P , (6)

where we define cij ⌘ cos ✓ij and sij ⌘ sin ✓ij , with ✓ij 2 [0, 90�]. In this notation, � is the Dirac CPV
phase � 2 [0, 360�] and P is a diagonal phase matrix P ⌘ diag(1, ei

↵21
2 , ei

↵31
2 ) which embeds the two

Majorana CPV phases ↵21, ↵31.
It is interesting to express the CP-violating effects due to the Dirac phase in a rephasing-invariant

manner. This can be done using the Jarlskog invariant [43]

J ⌘ =[Uµ3Ue2U
⇤
µ2U

⇤
e3] =

1

8
sin 2✓12 sin 2✓23 sin 2✓13 cos ✓13 sin � . (7)

This formulation makes apparent that Dirac CP violation is a genuine 3-neutrino mixing effect whose
physical impact depends on all of the three mixing angles, including the relatively small ✓13.

3 Neutrino oscillations
In presence of leptonic mixing and non-degenerate neutrino masses, the phenomenon of neutrino oscil-
lations takes place. This is a beautiful manifestation of quantum mechanics on macroscopic distances.
The basic picture is the following. In production and detection neutrinos are described by flavour states.
Let’s assume that a muon neutrino is produced. This is a coherent superposition of massive states which
have slightly different masses. The coherence is a key condition which needs to be satisfied to have
neutrino oscillations. It is satisfied thanks to the uncertainty in the neutrino momentum at production4.
The massive components of the initial state propagate over long distances with slightly different phases.
This amounts to a change in the state over distance. It is then possible that at detection, when projecting
the flavour components out, a different flavour is found compared to the initial one. In order for the
oscillatory behaviour to hold, coherence is needed also during propagation and this is possible because
of the very weakly interacting nature of neutrinos5.

2Unless otherwise indicated, we will use Greek indexes for flavour fields/states and Roman ones for mass fields/states.
3The flavour states are related to mass states as |⌫↵i = P

i U
⇤
↵i|⌫ii.

4If the momentum uncertainty is small compared to the mass differences, for instance if there exists a very heavy nearly-
sterile neutrino, such coherence is lost and oscillations do not develop. At production in a specific event either the light states
will be produced coherently or the heavy one.

5Over astronomical distances the massive components of neutrinos can separate in the wave function due to the slightly
different velocities, effectively destroying coherence.

5

NEUTRINO PHYSICS

217

It is useful to express the CP violating effects in a 
rephrasing invariant manner (Jarlskog invariant):
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Neutrino 
oscillations: 

theory



C o n t r a r y t o w h a t 
expected in the SM, 
neutrinos oscillate: after 
being produced, they 
c a n c h a n g e t h e i r 
flavour.

30

⌫1

muon 
neutrino

electron 
neutrino⌫2

⌫1 ⌫1

⌫2 ⌫2

Neutrino oscillations imply that neutrinos 
have mass and they mix.

First evidence of physics beyond the SM.

Neutrinos oscillations: the basic picture
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Neutrino oscillations: the picture

�µ
X

Production

Flavour 
states

Propagation

Massive states
(eigenstates of the 

Hamiltonian)

Detection

Flavour 
states

At production, coherent superposition of massive states:

|�µ� = Uµ1|�1� + Uµ2|�2� + Uµ3|�3�

e
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Production Propagation Detection:
projection over|�µ� =

�

i

Uµi|�i� �1 : e�iE1t

�2 : e�iE2t

�3 : e�iE3t

As the propagation phases are different, the state 
evolves with time and can change to other flavours.

⌫1

muon neutrino electron 
neutrino

⌫2

⌫1 ⌫1

⌫2 ⌫2
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In the same-momentum approximation:

E1 =
�

p2 + m2
1 E2 =

�
p2 + m2

2 E3 =
�

p2 + m2
3

Let’s assume that at t=0 a muon neutrino is produced

|�, t = 0� = |�µ� =
�

i

Uµi|�i�

The time-evolution is given by the solution of the 
Schroedinger equation with free Hamiltonian:

|�, t� =
�

i

Uµie
�iEit|�i�

Note: other derivations are also valid (same E formalism, etc).

Neutrinos oscillations in vacuum: the theory
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⇤<latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit>
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At detection one projects over the flavour state as these 
are the states which are involved in the interactions.

 The probability of oscillation is
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Typically, neutrinos are very relativistic: 

⇤<latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit>

⇤<latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit>

⇤<latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit>

⇤<latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit>
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The oscillation probability implies that

● neutrinos have mass (as the different components 
of the initial state need to propagate with different 
phases)

● neutrinos mix (as U needs not be the identity. If 
they do not mix the flavour eigenstates are also 
eigenstates of the propagation Hamiltonian and they 
do not evolve)
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Implications of the existence of neutrino oscillations
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General properties of neutrino oscillations

● Neutrino oscillations conserve the total lepton 
number: a neutrino is produced and evolves with times

● They violate the flavour lepton number as expected 
due to mixing.

● Neutrino oscillations do not depend on the overall 
mass scale and on the Majorana phases.

● CPT invariance:

● CP-violation:

P (�� � �⇥) = P (�̄⇥ � �̄�)
�����
⇥

i

U�iU
⇥
⇥ie

�iEit

�����

2

=

�����
⇥

i

U⇥iU
⇥
�ie

iEit

�����

2

P (�� � �⇥) ⇥= P (�̄� � �̄⇥) requires U �= U�(� �= 0, ⇥)
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● Appearance channel:

● Disappearance channel:

● The total probability of oscillation is 1:

● The argument of the sin can be expressed as:

⌫↵ ! ⌫� ↵ 6= �
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3.1 Oscillation probability in vacuum
The oscillation probability can be derived in different ways but here we will limit the discussion to the
commonly used plane-wave approximation. This approximation does not capture the momentum uncer-
tainty necessary for coherence. We will assume by hand that the initial state is a coherent superposition
of massive states with a definite spatial momentum p ⌘ |p|.

Let’s consider a ⌫↵ produced at t = 0 in a charged current interaction. We describe the initial state
as a superposition of mass eigenstates, which we take as plane waves with momentum p,

|⌫, t = 0i = |⌫↵i =
X

i

U⇤
↵i|⌫ii . (8)

The mass states |⌫ii are eigenstates of the free Hamiltonian Ĥ with eigenvalues Ei =
q
p

2 +m2
i . The

evolution of the neutrino state can be obtained by solving the evolution equation and is expressed as6

|⌫, ti = exp(�iĤt)|⌫ai =
X

i

U⇤
↵i exp(�iEit)|⌫ii . (9)

The probability of transition from ⌫↵ to ⌫� at time t is obtained projecting the state |⌫, ti in the ⌫�
direction as

P (⌫↵ ! ⌫� , t) = |h⌫� |⌫, ti|2 =
�����
X

i

U�iU
⇤
↵i exp(�iEit)

�����

2

, (10)

where we have used the fact that h⌫j |⌫ii = �ij .
In all experimentally relevant situations, neutrinos are highly relativistic and one can approximate,

for common momentum p,

Ei � Ej '
m2

i �m2
j

2p
, (11)

and moreover one can take L = t.
Finally, one obtains the general formula for neutrino oscillations in vacuum

P (⌫↵ ! ⌫� , t) = |h⌫� |⌫, ti|2 =
�����
X

i

U�iU
⇤
↵i exp

✓
�i

�m2
i1t

2E

◆�����

2

, (12)

where we have defined �m2
i1 ⌘ m2

i � m2
1 and we have approximated E ' p. It is apparent from this

formula that oscillations between one flavour and another are possible only if there is leptonic mixing,
U 6= 1, and neutrinos have masses. This is the reason why the discovery of neutrino oscillations in 1998
has had such a groundbreaking effect in our understanding of neutrinos and more broadly of particle
physics.

We notice that neutrino oscillations conserve lepton number, i.e. if a neutrino is produced, the state
will continue being a neutrino, but does not respect leptonic flavour as the neutrino can change from one
to the other over distances. We furthermore notice that Majorana phases do not enter in the oscillation
formula as expected since this is a lepton number conserving process. Moreover, the overall mass scale
does not play a role in it.

The case ↵ = � is usually referred to as a survival probability or disappearance channel, the
opposite one ↵ 6= � is the transition probability or appearance channel. Conservation of probability is
satisfied as

P
� P (⌫↵ ! ⌫� , t) = 1. For antineutrinos, one substitutes U with its complex conjugate U⇤.

6We use natural units throughout: c = 1, ~ = 1.

6
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218Exercise 
Derive

�m2
i1

4E
L = 1.27

�m2
i1[eV

2]

E[GeV]
L[km]
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Energy-momentum conservation

Further theoretical issues on neutrino oscillations

Let’s consider for simplicity a 2-body decay:                   .

Energy-momentum conservation seems to require:

⇤ � µ ⇥̄µ

E⇥ = Eµ + E1 with E1 =
�

p2 + m2
1

E⇥ = Eµ + E2 with E2 =
�

p2 + m2
2

How can the 
picture be 
consistent?

?
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Energy-momentum conservation

Further theoretical issues on neutrino oscillations

Let’s consider for simplicity a 2-body decay:                   .

Energy-momentum conservation seems to require:

⇤ � µ ⇥̄µ

E⇥ = Eµ + E1 with E1 =
�

p2 + m2
1

E⇥ = Eµ + E2 with E2 =
�

p2 + m2
2

These two requirements seems to be incompatible. 
Intrinsic quantum uncertainty, localisation of the initial 
pion lead to an uncertainty in the energy-momentum 
and allow coherence of the initial neutrino state. 
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The need for wavepackets
● In deriving the oscillation formulas we have implicitly 
assumed that neutrinos can be described by plane-
waves, with definite momentum.

● However, production and detection are well localised 
and very distant from each other. This leads to a 
momentum spread which can be described by a wave-
packet formalism. 

Typical sizes: 
- e.g. production in decay: the relevant timescale is the 
pion lifetime (or the time travelled in the decay pipe), 

�t � �� ⇥ �E ⇥ �p �x

For details see, Akhmedov, Smirnov, 1008.2077; Giunti and Kim, Neutrino Physics and 
Astrophysics.
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Decoherence and the size of a wave-packet

● The different components of the wavepacket, ν1, ν2 
and ν3, travel with slightly different velocities (as their 
mass is different).

● If the neutrinos travel extremely long distances, these 
components stop to overlap, destroying coherence and 
oscillations.

● In terrestrial experimental situation this is not 
relevant. But this can happen for example for 
supernovae neutrinos.
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2-neutrino case

Let’s recall that the mixing is

We compute the probability of oscillation

P (⇥� ⇥ ⇥⇥) =
����U�1U
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⇥1 + U�2U
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⇥2e
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Fig. 1: The transition probability P (⌫µ ! ⌫⌧ ) in the 2-neutrino mixing approximation as a function of L/E for
sin2 2✓ = 1 and �m2 = 2.5⇥ 10�3 eV2.

– Case A: �m2
21L

2E ⌧ 1. This is the case relevant for accelerator, atmospheric, and medium baseline
reactor neutrino experiments as far as subdominant 3-neutrino mixing effects can be neglected.
The oscillations due to �m2

21 do not develop and the probability reduces to:

P (⌫↵ ! ⌫�) ' 4|U↵3|2|U�3|2 sin2
✓
�m2

31L

4E

◆
. (17)

This formula resembles the one for the 2-neutrino oscillation case and indeed has the same prop-
erties, in that it is not sensitive to CP-violating effects.
Accelerator neutrino experiments such as T2K and NOvA, and in the past MINOS, K2K, and
atmospheric neutrino experiments, specifically Super-Kamiokande, exploit a muon neutrino beam,
mainly from pion decays and can measure quite precisely its disappearance probability given by

P (⌫µ ! ⌫µ) ' 1�4|Uµ3|2(1�|Uµ3|2) sin2
✓
�m2

31L

4E

◆
' 1�sin2 2✓23 sin

2

✓
�m2

31L

4E

◆
+O(s213) .

(18)
Consequently, they provide the dominant information on �m2

31 and on the ✓23 angle. The current
generation experiments T2K and NOvA are also designed to detect electron neutrinos from the
⌫µ ! ⌫e oscillations at long distance. The probability at leading order is given by

P (⌫µ ! ⌫e) ' 4|Ue3|2|Uµ3|2 sin2
✓
�m2

31L

4E

◆
' s223 sin

2 2✓13 sin
2

✓
�m2

31L

4E

◆
. (19)

We note that this probability is suppressed by the small mixing angle ✓13. Subdominant terms
arise due to matter effects, see Sec. 3.2, and Dirac CP violation. This is the channel of choice
to determine the mass ordering and discover CP violation in long baseline neutrino oscillation
experiments.
Finally, the probability which is relevant for medium baselines L ⇠ 1 km in reactor neutrino
experiments is

P (⌫e ! ⌫e) ' 1� sin2 2✓13 sin
2

✓
�m2

31L

4E

◆
. (20)
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P (�� � �⇥) ⇥ 0 P (⇥� � ⇥⇥) ⇥ 1
2

sin2(2�)
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Properties of 2-neutrino oscillations 

● Appearance probability:
 

● Disappearance probability: 

● No CP-violation as there is no Dirac phase in the 
mixing matrix

● Consequently, no T-violation (using CPT):

P (⇥� � ⇥⇥) = sin2(2�) sin2(
�m2

21

4E
L)

P (⇥� ⇥ ⇥�) = 1� sin2(2�) sin2(
�m2

21

4E
L)

P (�� � �⇥) = P (�̄� � �̄⇥)

P (�� � �⇥) = P (�⇥ � ��)
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3-neutrino oscillations
They depend on two mass squared-differences

In general the formula is quite complex
�m2

21 � �m2
31

P (�� � �⇥) =
����U�1U

⇥
⇥1 + U�2U

⇥
⇥2e

�i
�m2

21
2E L + U�3U

⇥
⇥3e

�i
�m2

31
2E L

����
2

2-neutrino limits relevant for experiments

For a given L, the neutrino energy  determines the 
impact of a mass squared difference. Various limits are 
of interest in concrete experimental situations. Using 
the current values
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<latexit sha1_base64="lFx9MfWLAoBhJfYeyfecAXQAgLU=">AAACGXicbZDLSgMxFIYzXmu9VV2KECyCqzJTCrosXsCFiwr2Am0tmfRMG5pkhiQjlGFWPoZP4FafwJ24deUD+B6ml4Vt/SHw859zOCefH3Gmjet+O0vLK6tr65mN7ObW9s5ubm+/psNYUajSkIeq4RMNnEmoGmY4NCIFRPgc6v7gclSvP4LSLJT3ZhhBW5CeZAGjxNiokztqBYrQpHUF3BAsHoqdpOilaVK6TvEt7uTybsEdCy8ab2ryaKpKJ/fT6oY0FiAN5UTrpudGpp0QZRjlkGZbsYaI0AHpQdNaSQTodjL+RopPbNLFQajskwaP078TCRFaD4VvOwUxfT1fG4X/1ZqxCc7bCZNRbEDSyaIg5tiEeMQEd5kCavjQGkIVs7di2ieWi7HkZrYEMJQiSi0Xb57CoqkVC55b8O5K+fLFlFAGHaJjdIo8dIbK6AZVUBVR9IRe0Ct6c56dd+fD+Zy0LjnTmQM0I+frF9VAoEU=</latexit><latexit sha1_base64="lFx9MfWLAoBhJfYeyfecAXQAgLU=">AAACGXicbZDLSgMxFIYzXmu9VV2KECyCqzJTCrosXsCFiwr2Am0tmfRMG5pkhiQjlGFWPoZP4FafwJ24deUD+B6ml4Vt/SHw859zOCefH3Gmjet+O0vLK6tr65mN7ObW9s5ubm+/psNYUajSkIeq4RMNnEmoGmY4NCIFRPgc6v7gclSvP4LSLJT3ZhhBW5CeZAGjxNiokztqBYrQpHUF3BAsHoqdpOilaVK6TvEt7uTybsEdCy8ab2ryaKpKJ/fT6oY0FiAN5UTrpudGpp0QZRjlkGZbsYaI0AHpQdNaSQTodjL+RopPbNLFQajskwaP078TCRFaD4VvOwUxfT1fG4X/1ZqxCc7bCZNRbEDSyaIg5tiEeMQEd5kCavjQGkIVs7di2ieWi7HkZrYEMJQiSi0Xb57CoqkVC55b8O5K+fLFlFAGHaJjdIo8dIbK6AZVUBVR9IRe0Ct6c56dd+fD+Zy0LjnTmQM0I+frF9VAoEU=</latexit><latexit sha1_base64="lFx9MfWLAoBhJfYeyfecAXQAgLU=">AAACGXicbZDLSgMxFIYzXmu9VV2KECyCqzJTCrosXsCFiwr2Am0tmfRMG5pkhiQjlGFWPoZP4FafwJ24deUD+B6ml4Vt/SHw859zOCefH3Gmjet+O0vLK6tr65mN7ObW9s5ubm+/psNYUajSkIeq4RMNnEmoGmY4NCIFRPgc6v7gclSvP4LSLJT3ZhhBW5CeZAGjxNiokztqBYrQpHUF3BAsHoqdpOilaVK6TvEt7uTybsEdCy8ab2ryaKpKJ/fT6oY0FiAN5UTrpudGpp0QZRjlkGZbsYaI0AHpQdNaSQTodjL+RopPbNLFQajskwaP078TCRFaD4VvOwUxfT1fG4X/1ZqxCc7bCZNRbEDSyaIg5tiEeMQEd5kCavjQGkIVs7di2ieWi7HkZrYEMJQiSi0Xb57CoqkVC55b8O5K+fLFlFAGHaJjdIo8dIbK6AZVUBVR9IRe0Ct6c56dd+fD+Zy0LjnTmQM0I+frF9VAoEU=</latexit><latexit sha1_base64="lFx9MfWLAoBhJfYeyfecAXQAgLU=">AAACGXicbZDLSgMxFIYzXmu9VV2KECyCqzJTCrosXsCFiwr2Am0tmfRMG5pkhiQjlGFWPoZP4FafwJ24deUD+B6ml4Vt/SHw859zOCefH3Gmjet+O0vLK6tr65mN7ObW9s5ubm+/psNYUajSkIeq4RMNnEmoGmY4NCIFRPgc6v7gclSvP4LSLJT3ZhhBW5CeZAGjxNiokztqBYrQpHUF3BAsHoqdpOilaVK6TvEt7uTybsEdCy8ab2ryaKpKJ/fT6oY0FiAN5UTrpudGpp0QZRjlkGZbsYaI0AHpQdNaSQTodjL+RopPbNLFQajskwaP078TCRFaD4VvOwUxfT1fG4X/1ZqxCc7bCZNRbEDSyaIg5tiEeMQEd5kCavjQGkIVs7di2ieWi7HkZrYEMJQiSi0Xb57CoqkVC55b8O5K+fLFlFAGHaJjdIo8dIbK6AZVUBVR9IRe0Ct6c56dd+fD+Zy0LjnTmQM0I+frF9VAoEU=</latexit>
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<latexit sha1_base64="SIRF8BDF8qjlNeCDzGdXHHw1iFw=">AAACGXicbZDLSgMxFIYz9VbrrepShGARXJWZWtBl8QIuXFSwF2hryaRn2tAkMyQZoQyz8jF8Arf6BO7ErSsfwPcwvSy0+kPg5z/ncE4+P+JMG9f9dDILi0vLK9nV3Nr6xuZWfnunrsNYUajRkIeq6RMNnEmoGWY4NCMFRPgcGv7wfFxv3IPSLJS3ZhRBR5C+ZAGjxNiom99vB4rQpH0B3BAs7krd5NhL06R8meJr3M0X3KI7Ef5rvJkpoJmq3fxXuxfSWIA0lBOtW54bmU5ClGGUQ5prxxoiQoekDy1rJRGgO8nkGyk+tEkPB6GyTxo8SX9OJERoPRK+7RTEDPR8bRz+V2vFJjjtJExGsQFJp4uCmGMT4jET3GMKqOEjawhVzN6K6YBYLsaS+7UlgJEUUWq5ePMU/pp6qei5Re+mXKiczQhl0R46QEfIQyeogq5QFdUQRQ/oCT2jF+fReXXenPdpa8aZzeyiX3I+vgHW4aBG</latexit><latexit sha1_base64="SIRF8BDF8qjlNeCDzGdXHHw1iFw=">AAACGXicbZDLSgMxFIYz9VbrrepShGARXJWZWtBl8QIuXFSwF2hryaRn2tAkMyQZoQyz8jF8Arf6BO7ErSsfwPcwvSy0+kPg5z/ncE4+P+JMG9f9dDILi0vLK9nV3Nr6xuZWfnunrsNYUajRkIeq6RMNnEmoGWY4NCMFRPgcGv7wfFxv3IPSLJS3ZhRBR5C+ZAGjxNiom99vB4rQpH0B3BAs7krd5NhL06R8meJr3M0X3KI7Ef5rvJkpoJmq3fxXuxfSWIA0lBOtW54bmU5ClGGUQ5prxxoiQoekDy1rJRGgO8nkGyk+tEkPB6GyTxo8SX9OJERoPRK+7RTEDPR8bRz+V2vFJjjtJExGsQFJp4uCmGMT4jET3GMKqOEjawhVzN6K6YBYLsaS+7UlgJEUUWq5ePMU/pp6qei5Re+mXKiczQhl0R46QEfIQyeogq5QFdUQRQ/oCT2jF+fReXXenPdpa8aZzeyiX3I+vgHW4aBG</latexit><latexit sha1_base64="SIRF8BDF8qjlNeCDzGdXHHw1iFw=">AAACGXicbZDLSgMxFIYz9VbrrepShGARXJWZWtBl8QIuXFSwF2hryaRn2tAkMyQZoQyz8jF8Arf6BO7ErSsfwPcwvSy0+kPg5z/ncE4+P+JMG9f9dDILi0vLK9nV3Nr6xuZWfnunrsNYUajRkIeq6RMNnEmoGWY4NCMFRPgcGv7wfFxv3IPSLJS3ZhRBR5C+ZAGjxNiom99vB4rQpH0B3BAs7krd5NhL06R8meJr3M0X3KI7Ef5rvJkpoJmq3fxXuxfSWIA0lBOtW54bmU5ClGGUQ5prxxoiQoekDy1rJRGgO8nkGyk+tEkPB6GyTxo8SX9OJERoPRK+7RTEDPR8bRz+V2vFJjjtJExGsQFJp4uCmGMT4jET3GMKqOEjawhVzN6K6YBYLsaS+7UlgJEUUWq5ePMU/pp6qei5Re+mXKiczQhl0R46QEfIQyeogq5QFdUQRQ/oCT2jF+fReXXenPdpa8aZzeyiX3I+vgHW4aBG</latexit><latexit sha1_base64="SIRF8BDF8qjlNeCDzGdXHHw1iFw=">AAACGXicbZDLSgMxFIYz9VbrrepShGARXJWZWtBl8QIuXFSwF2hryaRn2tAkMyQZoQyz8jF8Arf6BO7ErSsfwPcwvSy0+kPg5z/ncE4+P+JMG9f9dDILi0vLK9nV3Nr6xuZWfnunrsNYUajRkIeq6RMNnEmoGWY4NCMFRPgcGv7wfFxv3IPSLJS3ZhRBR5C+ZAGjxNiom99vB4rQpH0B3BAs7krd5NhL06R8meJr3M0X3KI7Ef5rvJkpoJmq3fxXuxfSWIA0lBOtW54bmU5ClGGUQ5prxxoiQoekDy1rJRGgO8nkGyk+tEkPB6GyTxo8SX9OJERoPRK+7RTEDPR8bRz+V2vFJjjtJExGsQFJp4uCmGMT4jET3GMKqOEjawhVzN6K6YBYLsaS+7UlgJEUUWq5ePMU/pp6qei5Re+mXKiczQhl0R46QEfIQyeogq5QFdUQRQ/oCT2jF+fReXXenPdpa8aZzeyiX3I+vgHW4aBG</latexit>

Type of 
neutrinos

Average E (Typical) L

Atmospheric 
neutrinos

(0.1-100 GeV) 
10 GeV

(10-12000 km) 
6000 km

0.06 1.9

Reactor 
neutrinos I

3 MeV 1 km 0.03 1.1

Reactor 
neutrinos II

3 MeV 100 km 3.2 106

Accelerator 
(T2K)

0.7 GeV 300 km 0.04 1.36

Accelerator 
(DUNE)

3 GeV 1300 km 0.04 1.37

SBL 0.8 GeV 500 m 0.00006 0.001
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“Atmospheric regime”

The first limit applies to atmospheric, reactor with 
short baseline, accelerator neutrinos (K2K, MINOS, 

T2K, NOvA, DUNE, T2HK) at leading order. 
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⇤<latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit> ⇤<latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit> ⇤<latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit><latexit sha1_base64="GKc68hQ8kXQxFxOOec2atmVjoeo=">AAAB/nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cKthXaUDbbTbt0swm7EyGUgr/Aq/4Cb+LVv+IP8H+4aXOwrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrF+DKjhUijeQoGSPyaa0yiQvBOMb3O/88S1EbF6wCzhfkSHSoSCUcylHjXYr9bcujsDWSVeQWpQoNmv/vQGMUsjrpBJakzXcxP0J1SjYJJPK73U8ISyMR3yrqWKRtz4k9mtU3JmlQEJY21LIZmpfycmNDImiwLbGVEcmWUvF//zuimG1/5EqCRFrth8UZhKgjHJHycDoTlDmVlCmRb2VsJGVFOGNp6FLSHPVJRMbS7ecgqrpH1R99y6d39Za9wUCZXhBE7hHDy4ggbcQRNawGAEL/AKb86z8+58OJ/z1pJTzBzDApyvX8uUlrQ=</latexit>
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The same we have encountered in the 2-neutrino case

Exercise 
Derive
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Fig. 1: The transition probability P (⌫µ ! ⌫⌧ ) in the 2-neutrino mixing approximation as a function of L/E for
sin2 2✓ = 1 and �m2 = 2.5⇥ 10�3 eV2.

– Case A: �m2
21L

2E ⌧ 1. This is the case relevant for accelerator, atmospheric, and medium baseline
reactor neutrino experiments as far as subdominant 3-neutrino mixing effects can be neglected.
The oscillations due to �m2

21 do not develop and the probability reduces to:
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This formula resembles the one for the 2-neutrino oscillation case and indeed has the same prop-
erties, in that it is not sensitive to CP-violating effects.
Accelerator neutrino experiments such as T2K and NOvA, and in the past MINOS, K2K, and
atmospheric neutrino experiments, specifically Super-Kamiokande, exploit a muon neutrino beam,
mainly from pion decays and can measure quite precisely its disappearance probability given by
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Consequently, they provide the dominant information on �m2

31 and on the ✓23 angle. The current
generation experiments T2K and NOvA are also designed to detect electron neutrinos from the
⌫µ ! ⌫e oscillations at long distance. The probability at leading order is given by
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We note that this probability is suppressed by the small mixing angle ✓13. Subdominant terms
arise due to matter effects, see Sec. 3.2, and Dirac CP violation. This is the channel of choice
to determine the mass ordering and discover CP violation in long baseline neutrino oscillation
experiments.
Finally, the probability which is relevant for medium baselines L ⇠ 1 km in reactor neutrino
experiments is

P (⌫e ! ⌫e) ' 1� sin2 2✓13 sin
2
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Exp relevant probabilities:

Exercise 
Derive
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“Small Dm2 regime”

�m2
31

4E
L� 1

The oscillations due to the atmospheric mass squared 
differences get averaged out.

P (⇥̄e ⇥ ⇥̄e; t) ⇤ c4
13

�
1� sin2(2�12) sin2 �m2

21L

4E

⇥
+ s4

13

Derivation of oscillation probability
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Thanks to T. Schwetz
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“CPV effects”
The oscillations due to the atmospheric mass squared 
differences get averaged out.
CP-violation will manifest itself in neutrino oscillations, 
due to the delta phase. Let’s consider the CP-
asymmetry:

P (⇥� ⇤ ⇥⇥ ; t)� P (⇥̄� ⇤ ⇥̄⇥ ; t) =

=
����U�1U

⇥
⇥1 + U�2U

⇥
⇥2e

�i
�m2

21L

2E + U�3U
⇥
⇥3e

�i
�m2

31L

2E

����
2

� (U ⇤ U⇥)

= U�1U
⇥
⇥1U

⇥
�2U⇥2e

i
�m2

21L

2E + U⇥
�1U⇥1U�2U

⇥
⇥2e

�i
�m2

21L

2E � (U ⇤ U⇥) + · · ·

= 4s12c12s13c
2
13s23c23 sin �

⌅
sin

⇥
�m2

21L

2E

⇤
+

⇥
�m2

23L

2E

⇤
+

⇥
�m2

31L

2E

⇤⇧

Exercise** 
Derive
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Notice:

● CP-violation requires all angles to be nonzero. It is a 
genuinely 3-mixing effect.

●  It is proportional to the sine of the delta phase. It 
can be expressed in terms of the Jarlskog invariant.

● If one can neglect        , the asymmetry goes to zero 
as we have seen that effective 2-neutrino probabilities 
are CP-symmetric.
This implies that searching for leptonic CPV requires P 
which are sensitive to both Dm^2.

�m2
21


