
carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

Carlos  F.  Sopuerta
Institute of Space Sciences 

(ICE, CSIC & IEEC)
Bellaterra (Barcelona)

Integrability in the Dynamics of 
Binary Black Holes

Mathematical Physics of Gravity and Symmetry
Institut de Mathématiques de Bourgogne (IMB), Dijon (France)

Varma, Stein & Gerosa

arXiv:1811.06552v3

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

1. Physical Motivation (Gravitational Wave Astronomy) 

2. Black Holes

3. The Binary Black Hole Problem (GR two-body problem)

4. A Hierarchical Approach to the Binary Black Hole Problem

5. Remarks and Conclusions

Outline

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

Honorable Mention

Awards for Essays 

on Gravitation 2023

arXiv:2305.08554

Collaborators: JL Jaramillo,  
M Lenzi, B Krishnan, C Vitel,

U Sperhake, P Laguna, N Yunes,  
F Fayos

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

Honorable Mention

Awards for Essays 

on Gravitation 2023

arXiv:2305.08554

Collaborators: JL Jaramillo,  
M Lenzi, B Krishnan, C Vitel,

U Sperhake, P Laguna, N Yunes,  
F Fayos

International Journal of 

Modern Physics D, 32, 


2342005

mailto:carlos.f.sopuerta@csic.es


Physical Motivation



carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

Credit: Ira 
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fGW ↓ ( λGW ↑ ) ⟹ Larm ↑ MGW−source ↑
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✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

✴ Types of Compact Objects:

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

• Compact stars: White Dwarfs, Neutron Stars.

✴ Types of Compact Objects:

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

• Compact stars: White Dwarfs, Neutron Stars.

• Black Holes:  Primordial BHs, Stellar-origin BHs, Intermediate Mass BHs, Supermassive 
BHs.

✴ Types of Compact Objects:

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

• Compact stars: White Dwarfs, Neutron Stars.

• Black Holes:  Primordial BHs, Stellar-origin BHs, Intermediate Mass BHs, Supermassive 
BHs.

✴ Types of Compact Objects:

• Exotic Objects:  Boson stars,  Gravastars, etc.

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

• Compact stars: White Dwarfs, Neutron Stars.

• Black Holes:  Primordial BHs, Stellar-origin BHs, Intermediate Mass BHs, Supermassive 
BHs.

✴ Types of Compact Objects:

• Exotic Objects:  Boson stars,  Gravastars, etc.

✴ Types of Binaries:

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

• Compact stars: White Dwarfs, Neutron Stars.

• Black Holes:  Primordial BHs, Stellar-origin BHs, Intermediate Mass BHs, Supermassive 
BHs.

✴ Types of Compact Objects:

• Exotic Objects:  Boson stars,  Gravastars, etc.

✴ Types of Binaries:

• Mass Ratio: (M1/M2): Comparable/Intermediate/Extreme Mass Ratio Binaries.

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

• Compact stars: White Dwarfs, Neutron Stars.

• Black Holes:  Primordial BHs, Stellar-origin BHs, Intermediate Mass BHs, Supermassive 
BHs.

✴ Types of Compact Objects:

• Exotic Objects:  Boson stars,  Gravastars, etc.

✴ Types of Binaries:

• Mass Ratio: (M1/M2): Comparable/Intermediate/Extreme Mass Ratio Binaries.

• Inspiral Stage: Inspiral vs Inspiral-Merger-Ringdown (IMR)

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

✴ Without doubt, the main source of Gravitational Waves for any GW detector are compact 
binaries (in the regime where their dynamics is ruled by GW emission):

• Compact stars: White Dwarfs, Neutron Stars.

• Black Holes:  Primordial BHs, Stellar-origin BHs, Intermediate Mass BHs, Supermassive 
BHs.

✴ Types of Compact Objects:

• Exotic Objects:  Boson stars,  Gravastars, etc.

✴ Types of Binaries:

• Mass Ratio: (M1/M2): Comparable/Intermediate/Extreme Mass Ratio Binaries.

• Inspiral Stage: Inspiral vs Inspiral-Merger-Ringdown (IMR)

Main GW Source Type: Compact Binary  Coalescence

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

From: Kip Thorne (Caltech)

✴ When the evolution of a Black Hole Binaries are driven by gravitational-wave emission, one 
can distinguish three different stages: Inspiral, Merger and Ringdown.

Inspiral, Merger, and Ringdown of Binary Black Holes
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From: Kip Thorne (Caltech)

Post-Newtonian 
expansions are good 
enough to describe 
the slow inspiral.  
The Phase of the 

waves is known to 
order 3.5PN, that is, 

to order (v/c)^7.
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can distinguish three different stages: Inspiral, Merger and Ringdown.
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From: Kip Thorne (Caltech)

This stage has to be 
described using 

Numerical 
Relativity 

(Numerical solution 
of the full vacuum 

Einstein equations).  
Breakthrough in 

year 2005. 
[Pretorius, PRL, 

95,121101 (2005)]
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can distinguish three different stages: Inspiral, Merger and Ringdown.
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From: Kip Thorne (Caltech)

The system here 
resembles a perturbed 

single Black Hole. 
The evolution can be 
followed using BH 
perturbation theory 

(evolution of damped 
sinusoids, i.e. Quasi-

normal modes).

✴ When the evolution of a Black Hole Binaries are driven by gravitational-wave emission, one 
can distinguish three different stages: Inspiral, Merger and Ringdown.
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Kip Thorne prediction for BBH dynamics
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Kip Thorne prediction for BBH dynamics
GW150914

Physical Review Letters 116, 061102 (2016)
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Kip Thorne prediction for BBH dynamics
GW150914

Physical Review Letters 116, 061102 (2016)

The GW signal is universal in the 
sense that it only depends on the 
physical parameters of the Binary 
Black Hole system, namely: Black 
Hole masses, Black Hole spins, initial 
orbital parameters (for LVK mostly 
quasicircular), sky location and 
luminosity distance, gravitational 
wave polarization.
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✴ In practice, it is crucial to have theoretical models of the waveforms  to 
extract the Gravitational Wave signals from the data, in particular in those 
situations where the signal is much below the noise. It is also crucial for 
parameter estimation, i.e. to obtain  and .

h(t, ⃗λ)

⃗λ P(Δ ⃗λ)

The relevance of waveforms for Gravitational Wave Astronomy
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Fundamental Physics with Massive Black Hole Mergers

• High precision measurements of Strong Gravity 
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Inspiral Phase (post-Newtonian)
The phase carries information about the 
propagation of the Gravitational Waves 

Can test theories of gravity that predict 
m a s s i ve g ra v i t o n s a n d / o r e x t ra 
polarizations, improving present bounds.

Fundamental Physics with Massive Black Hole Mergers

• High precision measurements of Strong Gravity 
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Merger 
(Numerical Relativity)

Short bursts of Gravitational Waves in the non-
linear regime of General Relativity.  

It is a very energetic event, concentrating most 
power of the gravitational radiation emission.

Fundamental Physics with Massive Black Hole Mergers

• High precision measurements of Strong Gravity 
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Ringdown 
(Perturbation Theory)

The asymmetric remnant after the merger settles down to a single (Kerr) Black Hole.  In this “relaxation” process 
the system emits Gravitational Waves that are combinations of the QuasiNormal Modes (QNMs) of the final Black 
Hole.

The QNMs, according to General Relativity, only depend on the Mass and Spin of the Black Hole (no hair conjecture).

The identification of two QNMs provides a test of the geometry of Black Holes (are they really Kerr Black Holes?).  
The QNM spectrum is sufficiently rich to allow for distinction of different object. 

hQNM
n`m (t) = An`m e�t/⌧n`m cos (!n`m t+ �o)

(!n`m, ⌧n`m) ! (BH mass, BH Spin)

Fundamental Physics with Massive Black Hole Mergers

• High precision measurements of Strong Gravity 
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✴How LISA would see a Massive Black Hole merger assuming the LISA 
Pathfinder acceleration noise?

 Physical Processes around Black Holes
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✴How LISA would see a Massive Black Hole merger assuming the LISA 
Pathfinder acceleration noise?

High Signal-to-Noise
Ratio (SNR):

SNR ~ 50-5000

 Physical Processes around Black Holes
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Historial Origin:  A Black Hole is a concept that was established in the 1950-60’s when 
people finally understood the physical implications of some of the solutions of the 
General Theory of Relativity (Schwarzschild solution).

Black Holes
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Historial Origin:  A Black Hole is a concept that was established in the 1950-60’s when 
people finally understood the physical implications of some of the solutions of the 
General Theory of Relativity (Schwarzschild solution).

There is growing evidence (VLBI, X-ray, Gravitational Waves,…)  of objects in the 
cosmos that present properties so close to this concept that makes us think that they 
must be Black Holes. However, it is impossible to observationally prove the existence of 
event horizons (the key element of BHs).

Black Holes
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• A Black Hole is a region of the spacetime of no escape.  From this region, no physical signals/
interactions can propagate outside.  The BH horizon is the boundary of this region.  

Eternal BH BH Formation

Black Holes
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Black Hole Formation
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• Consider an initial mass distribution (no symmetries 
assumed) that will be the source of the Gravitational 
Field according to Einstein’s Equations.

Black Hole Formation
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• Consider an initial mass distribution (no symmetries 
assumed) that will be the source of the Gravitational 
Field according to Einstein’s Equations.

• The matter distribution is assumed to satisfy certain 
energy-momentum conditions (like positivity of the 
mass-energy density).

• Under these assumptions, Penrose proved that 
deviations from spherical symmetry cannot prevent the 
appearance of space-time singularities: The spacetime 
manifold is incomplete or it losses its meaning due to 
unbounded curvature regions (quantum effects?). 

• Existence of TRAPPED SURFACES.

Black Hole Formation
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BH 
Mass

 The Black Hole Spectrum
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1967:  Werner Israel found that non-rotating Black Holes, when they have finally 
settle down to become stationary (static), would necessarily become completely 
spherically symmetrical.
Carter, Robinson and others generalized this to include rotating Black Holes, the 
implication being that the space-time geometry of the final state must be given by 
the Kerr family of Black Holes.Werner 

Israel

 Black Holes in General Relativity
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1967:  Werner Israel found that non-rotating Black Holes, when they have finally 
settle down to become stationary (static), would necessarily become completely 
spherically symmetrical.
Carter, Robinson and others generalized this to include rotating Black Holes, the 
implication being that the space-time geometry of the final state must be given by 
the Kerr family of Black Holes.Werner 

Israel

1972:  The previous argument was, given by Hawking, that if there is any rotation 
present, then there must be complete axial symmetry. The very remarkable 
conclusion is that the Black Holes that we expect to find in Nature have to 
conform to the Kerr geometry!!  (No hair conjecture. Penrose gave a 
formulation).
Hawking also proved that the topology of the Event Horizon of a Black Hole 
must be (homemorphic to) the 2-sphere.

Stephen 
Hawking

 Black Holes in General Relativity

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

➡ Cosmic Censorship Conjecture [Penrose and others]: When the outcome of 
gravitational collapse is a singularity, it must always be covered by a Horizon, and hence it 
must be a Black Hole. 

 Black Holes in General Relativity
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➡ Cosmic Censorship Conjecture [Penrose and others]: When the outcome of 
gravitational collapse is a singularity, it must always be covered by a Horizon, and hence it 
must be a Black Hole. 

➡ No-hair Conjecture [Penrose, Hawking, others; see Hawking and Ellis, 1973]: 
Assuming that the cosmic censorship conjecture is correct, we should expect that the final 
state of the gravitational collapse is a stationary BH. 

 Black Holes in General Relativity
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➡ Cosmic Censorship Conjecture [Penrose and others]: When the outcome of 
gravitational collapse is a singularity, it must always be covered by a Horizon, and hence it 
must be a Black Hole. 

➡ No-hair Conjecture [Penrose, Hawking, others; see Hawking and Ellis, 1973]: 
Assuming that the cosmic censorship conjecture is correct, we should expect that the final 
state of the gravitational collapse is a stationary BH. 

 Black Holes in General Relativity

In General Relativity the only 
vacuum stationary BH solutions 
are those described by the Kerr 
family (Kerr, 1963) of BHs.
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➡ Cosmic Censorship Conjecture [Penrose and others]: When the outcome of 
gravitational collapse is a singularity, it must always be covered by a Horizon, and hence it 
must be a Black Hole. 

➡ No-hair Conjecture [Penrose, Hawking, others; see Hawking and Ellis, 1973]: 
Assuming that the cosmic censorship conjecture is correct, we should expect that the final 
state of the gravitational collapse is a stationary BH. 

 Black Holes in General Relativity

In General Relativity the only 
vacuum stationary BH solutions 
are those described by the Kerr 
family (Kerr, 1963) of BHs.

“The Black Holes of Nature are the most perfect 
macroscopic objects there are in the Universe: 
The only elements in their construction are our 
concepts of space and time. And since the 
General Theory of Relativity provides only a 
single unique family of solutions for their 
description, they are the simplest objects as 
well”.

 Subrahmanyan 
Chandrasekhar
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 Black Holes in General Relativity: Paths to the Kerr solution

Vacuum Einstein’s equations:  Rμν = 0
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 Black Holes in General Relativity: Paths to the Kerr solution

Symmetry Reduction

Vacuum Einstein’s equations:  Rμν = 0
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 Black Holes in General Relativity: Paths to the Kerr solution

Symmetry Reduction

Vacuum Einstein’s equations:  Rμν = 0

spacetime is stationary 

and axisymmetric 
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Symmetry Reduction

Vacuum Einstein’s equations:  Rμν = 0

[ξ(t) , ξ(φ)] = 0
Abelian group

of symmetries 

spacetime is stationary 

and axisymmetric 
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 Black Holes in General Relativity: Paths to the Kerr solution

Symmetry Reduction

Vacuum Einstein’s equations:  Rμν = 0

[ξ(t) , ξ(φ)] = 0
Abelian group

of symmetries 

spacetime is stationary 

and axisymmetric 

We can introduce the 

Ernst complex potential

ℰ = − N + i Ω
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 Black Holes in General Relativity: Paths to the Kerr solution

Symmetry Reduction

Vacuum Einstein’s equations:  Rμν = 0

[ξ(t) , ξ(φ)] = 0
Abelian group

of symmetries 

spacetime is stationary 

and axisymmetric 

We can introduce the 

Ernst complex potential

ℰ = − N + i Ω

N = ξ(t) ⋅ ξ(t)

ω = − * ξ(t) ∧ dξ(t) . In vacuum: dω = 0 ⇒ ω = dΩ
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 Black Holes in General Relativity: Paths to the Kerr solution

Symmetry Reduction

Vacuum Einstein’s equations:  Rμν = 0

[ξ(t) , ξ(φ)] = 0
Abelian group

of symmetries 

spacetime is stationary 

and axisymmetric 

We can introduce the 

Ernst complex potential

ℰ = − N + i Ω

N = ξ(t) ⋅ ξ(t)

ω = − * ξ(t) ∧ dξ(t) . In vacuum: dω = 0 ⇒ ω = dΩ

Ernst equation:

(ℰ + ℰ̄)DaDaℰ = 2DaℰDaℰ
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 Black Holes in General Relativity: Paths to the Kerr solution

Symmetry Reduction

Vacuum Einstein’s equations:  Rμν = 0

[ξ(t) , ξ(φ)] = 0
Abelian group

of symmetries 

spacetime is stationary 

and axisymmetric 

We can introduce the 

Ernst complex potential

ℰ = − N + i Ω

N = ξ(t) ⋅ ξ(t)

ω = − * ξ(t) ∧ dξ(t) . In vacuum: dω = 0 ⇒ ω = dΩ

Ernst equation:

(ℰ + ℰ̄)DaDaℰ = 2DaℰDaℰ

Ernst equation is 

completely integrable!
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 Black Holes in General Relativity: Paths to the Kerr solution

Symmetry Reduction

Vacuum Einstein’s equations:  Rμν = 0

[ξ(t) , ξ(φ)] = 0
Abelian group

of symmetries 

spacetime is stationary 

and axisymmetric 

We can introduce the 

Ernst complex potential

ℰ = − N + i Ω

N = ξ(t) ⋅ ξ(t)

ω = − * ξ(t) ∧ dξ(t) . In vacuum: dω = 0 ⇒ ω = dΩ

Ernst equation:

(ℰ + ℰ̄)DaDaℰ = 2DaℰDaℰ

Ernst equation is 

completely integrable!

We can use the inverse

scattering method
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 Black Holes in General Relativity: Paths to the Kerr solution

Vacuum Einstein’s equations:  Rμν = 0
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 Black Holes in General Relativity: Paths to the Kerr solution

Geometry Reduction

Vacuum Einstein’s equations:  Rμν = 0
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 Black Holes in General Relativity: Paths to the Kerr solution

Geometry Reduction

Vacuum Einstein’s equations:  Rμν = 0

spacetime Weyl curvature 

tensor is Petrov type D 

C̃μνρσ = Cμνρσ + i * Cμνρσ

1
2 C̃μνρσ = Ψ2 (VμνUρσ + UμνVρσ + WμνWρσ)
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 Black Holes in General Relativity: Paths to the Kerr solution

Geometry Reduction

Vacuum Einstein’s equations:  Rμν = 0

spacetime Weyl curvature 

tensor is Petrov type D 

C̃μνρσ = Cμνρσ + i * Cμνρσ

1
2 C̃μνρσ = Ψ2 (VμνUρσ + UμνVρσ + WμνWρσ)
Uμν ≡ − 2ℓ[μm̄ν] , Vμν ≡ 2k[μmν] ,
Newman-Penrose Basis: {k, ℓ, m, m̄}

Wμν ≡ 2m[μm̄ν] − 2k[μℓν]
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Geometry Reduction

Vacuum Einstein’s equations:  Rμν = 0

spacetime Weyl curvature 

tensor is Petrov type D 

C̃μνρσ = Cμνρσ + i * Cμνρσ

1
2 C̃μνρσ = Ψ2 (VμνUρσ + UμνVρσ + WμνWρσ)

 are null principal 
directions of the Weyl tensor

(k, ℓ)

Uμν ≡ − 2ℓ[μm̄ν] , Vμν ≡ 2k[μmν] ,
Newman-Penrose Basis: {k, ℓ, m, m̄}

Wμν ≡ 2m[μm̄ν] − 2k[μℓν]
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Geometry Reduction

Vacuum Einstein’s equations:  Rμν = 0

spacetime Weyl curvature 

tensor is Petrov type D 

C̃μνρσ = Cμνρσ + i * Cμνρσ

1
2 C̃μνρσ = Ψ2 (VμνUρσ + UμνVρσ + WμνWρσ)

 are null principal 
directions of the Weyl tensor

(k, ℓ)

 are also geodesic and 

shear free null directions

(k, ℓ)

Uμν ≡ − 2ℓ[μm̄ν] , Vμν ≡ 2k[μmν] ,
Newman-Penrose Basis: {k, ℓ, m, m̄}

Wμν ≡ 2m[μm̄ν] − 2k[μℓν]
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 Black Holes in General Relativity: Paths to the Kerr solution

Geometry Reduction

Vacuum Einstein’s equations:  Rμν = 0

spacetime Weyl curvature 

tensor is Petrov type D 

C̃μνρσ = Cμνρσ + i * Cμνρσ

1
2 C̃μνρσ = Ψ2 (VμνUρσ + UμνVρσ + WμνWρσ)

 are null principal 
directions of the Weyl tensor

(k, ℓ)

 are also geodesic and 

shear free null directions

(k, ℓ)

This is how the Kerr metric 

was first found!

Uμν ≡ − 2ℓ[μm̄ν] , Vμν ≡ 2k[μmν] ,
Newman-Penrose Basis: {k, ℓ, m, m̄}

Wμν ≡ 2m[μm̄ν] − 2k[μℓν]
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 Black Holes in General Relativity: Paths to the Kerr solution

The Kerr metric in Boyer-Lindquist Coordinates

ds2 = − dt2 + ρ2

Δ dr2 + ρ2dθ2 + (r2 + a2)sin2 θ dφ2 + 2Mr
ρ2 (dt − a sin2 θ dφ)2

ρ2 = r2 + a2 cos2 θ , Δ = r2 − 2Mr + a2
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 Black Holes in General Relativity: Paths to the Kerr solution

The Kerr metric in Boyer-Lindquist Coordinates

ds2 = − dt2 + ρ2

Δ dr2 + ρ2dθ2 + (r2 + a2)sin2 θ dφ2 + 2Mr
ρ2 (dt − a sin2 θ dφ)2

ρ2 = r2 + a2 cos2 θ , Δ = r2 − 2Mr + a2

Killing vector fields:

ξ(t) = ∂
∂t

, ξ(φ) = ∂
∂φ
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 Black Holes in General Relativity: Paths to the Kerr solution

The Kerr metric in Boyer-Lindquist Coordinates

ds2 = − dt2 + ρ2

Δ dr2 + ρ2dθ2 + (r2 + a2)sin2 θ dφ2 + 2Mr
ρ2 (dt − a sin2 θ dφ)2

ρ2 = r2 + a2 cos2 θ , Δ = r2 − 2Mr + a2

“Hidden” symmetry: Killing tensor
ξαβ = Δ k(αℓβ) + r2 gαβ ,

Killing vector fields:

ξ(t) = ∂
∂t

, ξ(φ) = ∂
∂φ
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The Kerr metric in Boyer-Lindquist Coordinates

ds2 = − dt2 + ρ2

Δ dr2 + ρ2dθ2 + (r2 + a2)sin2 θ dφ2 + 2Mr
ρ2 (dt − a sin2 θ dφ)2

ρ2 = r2 + a2 cos2 θ , Δ = r2 − 2Mr + a2

“Hidden” symmetry: Killing tensor
ξαβ = Δ k(αℓβ) + r2 gαβ ,

Separability of the geodesic equations

Killing vector fields:

ξ(t) = ∂
∂t

, ξ(φ) = ∂
∂φ
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 Black Holes in General Relativity: Paths to the Kerr solution

The Kerr metric in Boyer-Lindquist Coordinates

ds2 = − dt2 + ρ2

Δ dr2 + ρ2dθ2 + (r2 + a2)sin2 θ dφ2 + 2Mr
ρ2 (dt − a sin2 θ dφ)2

ρ2 = r2 + a2 cos2 θ , Δ = r2 − 2Mr + a2

“Hidden” symmetry: Killing tensor
ξαβ = Δ k(αℓβ) + r2 gαβ ,

Separability of the geodesic equations

Killing vector fields:

ξ(t) = ∂
∂t

, ξ(φ) = ∂
∂φ

Separability of the equations 
for tests fields and for 

gravitational perturbations
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 Black Holes in General Relativity: Paths to the Kerr solution

Connection between Killing symmetries and algebraic structure

Fayos & CFS, CQG, 18, 353 (2001); 19, 5489 (2002)
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Connection between Killing symmetries and algebraic structure

Killing vector field: ξ

Fayos & CFS, CQG, 18, 353 (2001); 19, 5489 (2002)
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 Black Holes in General Relativity: Paths to the Kerr solution

Connection between Killing symmetries and algebraic structure

Killing vector field: ξ
Papapetrou field: 
Fμν ≡ ∇νξμ − ∇μξν = 2∇νξμ

Fayos & CFS, CQG, 18, 353 (2001); 19, 5489 (2002)
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Connection between Killing symmetries and algebraic structure

Killing vector field: ξ
Papapetrou field: 
Fμν ≡ ∇νξμ − ∇μξν = 2∇νξμ

Satisfies Maxwell equations:

∇[ρFμν] = 0, ∇νFμν = Jμ

Jμ ≡ 2Rμ
νξν ⇒ ∇μJμ = 0

Fayos & CFS, CQG, 18, 353 (2001); 19, 5489 (2002)
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Connection between Killing symmetries and algebraic structure

Lorenz Gauge: ∇μξμ = 0

Killing vector field: ξ
Papapetrou field: 
Fμν ≡ ∇νξμ − ∇μξν = 2∇νξμ

Satisfies Maxwell equations:

∇[ρFμν] = 0, ∇νFμν = Jμ

Jμ ≡ 2Rμ
νξν ⇒ ∇μJμ = 0

Fayos & CFS, CQG, 18, 353 (2001); 19, 5489 (2002)
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 Black Holes in General Relativity: Paths to the Kerr solution

Connection between Killing symmetries and algebraic structure

Lorenz Gauge: ∇μξμ = 0

Killing vector field: ξ
Papapetrou field: 
Fμν ≡ ∇νξμ − ∇μξν = 2∇νξμ

Satisfies Maxwell equations:

∇[ρFμν] = 0, ∇νFμν = Jμ

Jμ ≡ 2Rμ
νξν ⇒ ∇μJμ = 0

In 4D and when , 
the Weyl tensor is completely 
determined in terms of  :

N = ξμξμ ≠ 0

ξμ

Aμνρ = − 1
2 ∇ρFμν + ξ[μTν]ρ + ξσTσ[μgν]ρ − 2

3 ξ[agν]ρ

Cμν
ρσ = 2

N {Aμν
[ρξσ] + Aρσ

[μξν] + 2ξλAλ
[ρ

[μδσ]
ν]}

Fayos & CFS, CQG, 18, 353 (2001); 19, 5489 (2002)
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 Black Holes in General Relativity: Paths to the Kerr solution

Connection between Killing symmetries and algebraic structure

Lorenz Gauge: ∇μξμ = 0

Killing vector field: ξ

In Kerr, when , the 
Papapetrou field is the electromagnetic 
field of the Kerr-Newman solution.

ξ = ξ(t) = ∂/∂t

Papapetrou field: 
Fμν ≡ ∇νξμ − ∇μξν = 2∇νξμ

Satisfies Maxwell equations:

∇[ρFμν] = 0, ∇νFμν = Jμ

Jμ ≡ 2Rμ
νξν ⇒ ∇μJμ = 0

In 4D and when , 
the Weyl tensor is completely 
determined in terms of  :

N = ξμξμ ≠ 0

ξμ

Aμνρ = − 1
2 ∇ρFμν + ξ[μTν]ρ + ξσTσ[μgν]ρ − 2

3 ξ[agν]ρ

Cμν
ρσ = 2

N {Aμν
[ρξσ] + Aρσ

[μξν] + 2ξλAλ
[ρ

[μδσ]
ν]}

Fayos & CFS, CQG, 18, 353 (2001); 19, 5489 (2002)
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Mathematical approaches to the GR two-body dynamics 

Credit: Buonanno & Sathyaprakash (2014)
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The Newtonian Two-Body Problem

μ =
m1 m2

m1 + m2
: Reduced Mass

M = m1 + m2 : Total Mass

q =
m1
m2

: Mass Ratio

ν = μ
M

: Symmetric Mass Ratio
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The Newtonian Two-Body Problem

μ =
m1 m2

m1 + m2
: Reduced Mass

M = m1 + m2 : Total Mass

q =
m1
m2

: Mass Ratio

ν = μ
M

: Symmetric Mass Ratio

m1
··r1 = − G

m1 m2

|r12 |3 r12

m2
··r2 = − G

m1 m2

|r21 |3 r21

r12 = r2 − r1 = − r21 ≡ r
MRCM = m1r1 + m2r2
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The Newtonian Two-Body Problem

μ =
m1 m2

m1 + m2
: Reduced Mass

M = m1 + m2 : Total Mass

q =
m1
m2

: Mass Ratio

ν = μ
M

: Symmetric Mass Ratio

m1
··r1 = − G

m1 m2

|r12 |3 r12

m2
··r2 = − G

m1 m2

|r21 |3 r21

r12 = r2 − r1 = − r21 ≡ r
MRCM = m1r1 + m2r2

··RCM = 0

μ··r = − G
m1 m2

|r |3 r

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

The Newtonian Two-Body Problem

μ =
m1 m2

m1 + m2
: Reduced Mass

M = m1 + m2 : Total Mass

q =
m1
m2

: Mass Ratio

ν = μ
M

: Symmetric Mass Ratio

m1
··r1 = − G

m1 m2

|r12 |3 r12

m2
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Conservation of Energy 
and Angular Momentum
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The Newtonian Two-Body Problem

μ =
m1 m2

m1 + m2
: Reduced Mass

M = m1 + m2 : Total Mass

q =
m1
m2

: Mass Ratio

ν = μ
M

: Symmetric Mass Ratio

m1
··r1 = − G

m1 m2

|r12 |3 r12

m2
··r2 = − G

m1 m2

|r21 |3 r21

r12 = r2 − r1 = − r21 ≡ r
MRCM = m1r1 + m2r2

··RCM = 0

μ··r = − G
m1 m2

|r |3 r

Conservation of Energy 
and Angular Momentum

“Hidden” symmetry: 

Runge-Lenz vector
A = μ ·r × L − Gμ2M ̂r

E = 1
2 μ ·r2 −

Gm1m2
r

L = μr × ·r
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The “Newtonian” approximation to the Inspiral of Compact Binaries

Newtonian 
approximation: 

Newtonian orbital motion 
+ Quadrupolar GW 

emission + Quadrupolar 
waveforms.
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The “Newtonian” approximation to the Inspiral of Compact Binaries

Newtonian 
approximation: 

Newtonian orbital motion 
+ Quadrupolar GW 

emission + Quadrupolar 
waveforms.

dEGW

dt
= G

5c5 < ···Qij
···Qij >λ

Mass quadrupole moment

d
dt (Eorbital + EGW) = 0 ⇒

dEorbital
dt

= −
dEGW

dt
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Numerical Relativity
• Numerical Relativity is the field that tries to solve the full Einstein equations with the aid of 
computers. It involves: (i) Formulation of an initial value problem for Einstein’s equations (choice of 
variables, gauge, initial and boundary conditions) . (ii) Design of stable and accurate numerical algorithms.
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• Numerical Relativity is the field that tries to solve the full Einstein equations with the aid of 
computers. It involves: (i) Formulation of an initial value problem for Einstein’s equations (choice of 
variables, gauge, initial and boundary conditions) . (ii) Design of stable and accurate numerical algorithms.

• First attempts to solve the Einstein field equations numerically:  S. G. 
Hahn & R. W. Lindquist [Ann. Phys. 29, 304 (1964)]; L. Smarr [PhD at U. 
Texas at Austin (1975)] and by K. R. Eppley [PhD at Princeton (1975)].
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Numerical Relativity
• Numerical Relativity is the field that tries to solve the full Einstein equations with the aid of 
computers. It involves: (i) Formulation of an initial value problem for Einstein’s equations (choice of 
variables, gauge, initial and boundary conditions) . (ii) Design of stable and accurate numerical algorithms.

• First attempts to solve the Einstein field equations numerically:  S. G. 
Hahn & R. W. Lindquist [Ann. Phys. 29, 304 (1964)]; L. Smarr [PhD at U. 
Texas at Austin (1975)] and by K. R. Eppley [PhD at Princeton (1975)].

• First success: Head-on collisions of Black Holes:
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Black Hole Perturbation Theory
• The idea behind BH Perturbation Theory is that in a variety of physical processes around 
BHs, the spacetime metric can be well approximated by the BH metric (Kerr/Schwarzschild) 
plus perturbations. gμν = gMBH

μν + hμν
  Scattering off a Black Hole   Black Hole Quasinormal Oscillations

Incoming waves from 
spatial infinity. Penrose 
process for fields 
(spinning BHs: Blandford-
Znajek process)

Outgoing waves from the 
horizon: Hawking 
radiation

 The quasinormal modes are 
solutions that satisfy the 
causal condition of purely 
ingoing waves crossing the 
event horizon, while at the 
same time behaving as 
purely outgoing waves 
reaching spatial infinity.

Damping 
Time

Frequency
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Black Hole Perturbation Theory

•Relativistic perturbation theory is based on the comparison between two spacetimes: The 
background (idealized) and the perturbative (physical) spacetimes.

Perturbative Gauge
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Black Hole Perturbation Theory

•Relativistic perturbation theory is based on the comparison between two spacetimes: The 
background (idealized) and the perturbative (physical) spacetimes.

Gauge Transformation :
(φY)−1 ∘ φX

Perturbative Gauge
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Black Hole Perturbation Theory
✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::
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✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::

̂g μν = (
gab 0
0 r2 ΩAB) , Sch = M2 ×r S2

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

Black Hole Perturbation Theory
✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::

̂g μν = (
gab 0
0 r2 ΩAB) , Sch = M2 ×r S2

dθ2 + sin2 θ dφ2
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Black Hole Perturbation Theory
✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::

̂g μν = (
gab 0
0 r2 ΩAB) , Sch = M2 ×r S2

dθ2 + sin2 θ dφ2

−f(r) dt2 + dr2

f(r)
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✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::

̂g μν = (
gab 0
0 r2 ΩAB) , Sch = M2 ×r S2

dθ2 + sin2 θ dφ2

−f(r) dt2 + dr2

f(r)

• We can split the metric perturbations in spherical harmonics: scalar, vector and tensors. 
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✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::

̂g μν = (
gab 0
0 r2 ΩAB) , Sch = M2 ×r S2

dθ2 + sin2 θ dφ2

−f(r) dt2 + dr2

f(r)

• We can split the metric perturbations in spherical harmonics: scalar, vector and tensors. 

hμν(xρ) = ∑
ℓ,m

hℓm,odd
μν (xρ) + hℓm,even

μν (xρ)
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✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::

̂g μν = (
gab 0
0 r2 ΩAB) , Sch = M2 ×r S2
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−f(r) dt2 + dr2

f(r)

• We can split the metric perturbations in spherical harmonics: scalar, vector and tensors. 

hμν(xρ) = ∑
ℓ,m

hℓm,odd
μν (xρ) + hℓm,even

μν (xρ)

• Gauge transformations can be brought to the form of a coordinate change (from the point 
of view of the background spacetime) of the type:
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✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::

̂g μν = (
gab 0
0 r2 ΩAB) , Sch = M2 ×r S2
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−f(r) dt2 + dr2

f(r)

• We can split the metric perturbations in spherical harmonics: scalar, vector and tensors. 

hμν(xρ) = ∑
ℓ,m

hℓm,odd
μν (xρ) + hℓm,even

μν (xρ)

• Gauge transformations can be brought to the form of a coordinate change (from the point 
of view of the background spacetime) of the type:

xμ → x′ 

μ = xμ + ξμ ( |ξμ | ≪ 1)
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✴ Black Hole Perturbation Theory: Non-rotating case (Schwarzschild) [Regge & Wheeler (1957); 
Zerilli (1971); Moncrief (1974)]:
• The Background spacetime is Schwarzschild, whose geometry has a warped structure::

̂g μν = (
gab 0
0 r2 ΩAB) , Sch = M2 ×r S2

dθ2 + sin2 θ dφ2

−f(r) dt2 + dr2

f(r)

• We can split the metric perturbations in spherical harmonics: scalar, vector and tensors. 

hμν(xρ) = ∑
ℓ,m

hℓm,odd
μν (xρ) + hℓm,even

μν (xρ)

• Gauge transformations can be brought to the form of a coordinate change (from the point 
of view of the background spacetime) of the type:

xμ → x′ 

μ = xμ + ξμ ( |ξμ | ≪ 1) hμν → h′ μν = hμν − 2 ξ(μ;ν) .
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Black Hole Perturbation Theory

• The perturbed Einstein equations are:

δGμν = − 1
2

̂□ h̄μν − ̂R ρ
μ

σ
ν h̄ρσ + ̂∇ (μℒν) − 1

2 ̂g μν ( ̂∇ ρℒρ) = 0
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Black Hole Perturbation Theory

• The perturbed Einstein equations are:

δGμν = − 1
2

̂□ h̄μν − ̂R ρ
μ

σ
ν h̄ρσ + ̂∇ (μℒν) − 1

2 ̂g μν ( ̂∇ ρℒρ) = 0
where:

h̄μν = hμν − 1
2 ̂g μνh , h = ̂g μνhμν , ̂□ h̄μν = h̄μν;ρ

;ρ , ℒμ = ̂g ρσ ̂∇ ρh̄σμ .
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• The perturbed Einstein equations are:

δGμν = − 1
2

̂□ h̄μν − ̂R ρ
μ

σ
ν h̄ρσ + ̂∇ (μℒν) − 1

2 ̂g μν ( ̂∇ ρℒρ) = 0
where:

h̄μν = hμν − 1
2 ̂g μνh , h = ̂g μνhμν , ̂□ h̄μν = h̄μν;ρ

;ρ , ℒμ = ̂g ρσ ̂∇ ρh̄σμ . Zero in the Lorenz Gauge
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• The perturbed Einstein equations are:

δGμν = − 1
2

̂□ h̄μν − ̂R ρ
μ

σ
ν h̄ρσ + ̂∇ (μℒν) − 1

2 ̂g μν ( ̂∇ ρℒρ) = 0
where:

h̄μν = hμν − 1
2 ̂g μνh , h = ̂g μνhμν , ̂□ h̄μν = h̄μν;ρ

;ρ , ℒμ = ̂g ρσ ̂∇ ρh̄σμ . Zero in the Lorenz Gauge

• They can be decoupled in terms of master functions: (− ∂2

∂t2 + ∂2

∂r2
*

− Vodd/even) Ψodd/even = 0

Ψℓm
odd/even = Ψℓm

odd/even [r, hℓm
μν , ∂ρhℓm

μν ]
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• The perturbed Einstein equations are:

δGμν = − 1
2

̂□ h̄μν − ̂R ρ
μ

σ
ν h̄ρσ + ̂∇ (μℒν) − 1

2 ̂g μν ( ̂∇ ρℒρ) = 0
where:

h̄μν = hμν − 1
2 ̂g μνh , h = ̂g μνhμν , ̂□ h̄μν = h̄μν;ρ

;ρ , ℒμ = ̂g ρσ ̂∇ ρh̄σμ . Zero in the Lorenz Gauge

ΨRW = ra

r
h̃a

ΨCPM = 2r
(ℓ − 1)(ℓ + 2) εab (h̃b:a − 2

r
rah̃b)

Regge
Wheeler

Cunningham
Price

Moncrief

• They can be decoupled in terms of master functions: (− ∂2

∂t2 + ∂2

∂r2
*

− Vodd/even) Ψodd/even = 0

Ψℓm
odd/even = Ψℓm

odd/even [r, hℓm
μν , ∂ρhℓm

μν ]
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• The perturbed Einstein equations are:

δGμν = − 1
2

̂□ h̄μν − ̂R ρ
μ

σ
ν h̄ρσ + ̂∇ (μℒν) − 1

2 ̂g μν ( ̂∇ ρℒρ) = 0
where:

h̄μν = hμν − 1
2 ̂g μνh , h = ̂g μνhμν , ̂□ h̄μν = h̄μν;ρ

;ρ , ℒμ = ̂g ρσ ̂∇ ρh̄σμ . Zero in the Lorenz Gauge

ΨRW = ra

r
h̃a

ΨCPM = 2r
(ℓ − 1)(ℓ + 2) εab (h̃b:a − 2

r
rah̃b)

Regge
Wheeler

Cunningham
Price

Moncrief

Zerilli
Moncrief

ΨZM = 2r
ℓ(ℓ + 1) {K̃ + 2

λ (rarbh̃ab − rraK̃:a)}
λ(r) = (ℓ − 1)(ℓ + 2) + 3rs

r
, rs = 2 M

• They can be decoupled in terms of master functions: (− ∂2

∂t2 + ∂2

∂r2
*

− Vodd/even) Ψodd/even = 0

Ψℓm
odd/even = Ψℓm

odd/even [r, hℓm
μν , ∂ρhℓm

μν ]
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• The perturbed Einstein equations are:

δGμν = − 1
2

̂□ h̄μν − ̂R ρ
μ

σ
ν h̄ρσ + ̂∇ (μℒν) − 1

2 ̂g μν ( ̂∇ ρℒρ) = 0
where:

h̄μν = hμν − 1
2 ̂g μνh , h = ̂g μνhμν , ̂□ h̄μν = h̄μν;ρ

;ρ , ℒμ = ̂g ρσ ̂∇ ρh̄σμ . Zero in the Lorenz Gauge

ΨRW = ra

r
h̃a

ΨCPM = 2r
(ℓ − 1)(ℓ + 2) εab (h̃b:a − 2

r
rah̃b)

Regge
Wheeler

Cunningham
Price

Moncrief

Zerilli
Moncrief

ΨZM = 2r
ℓ(ℓ + 1) {K̃ + 2

λ (rarbh̃ab − rraK̃:a)}
λ(r) = (ℓ − 1)(ℓ + 2) + 3rs

r
, rs = 2 M

 More details about the space of 

possible master functions and 


equations and hidden symmetries

in M. Lenzi’s talk. 

• They can be decoupled in terms of master functions: (− ∂2

∂t2 + ∂2

∂r2
*

− Vodd/even) Ψodd/even = 0

Ψℓm
odd/even = Ψℓm

odd/even [r, hℓm
μν , ∂ρhℓm

μν ]
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Black Hole Perturbation Theory

• All physical quantities can be computed in terms of the master functions: 
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• All physical quantities can be computed in terms of the master functions: 

·EGW = 1
64π ∑

ℓ≥2,m

(ℓ + 2)!
(ℓ − 2)! ( | ·Ψℓm

CPM |2 + | ·Ψℓm
ZM |2 ) ,
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• All physical quantities can be computed in terms of the master functions: 

·EGW = 1
64π ∑

ℓ≥2,m

(ℓ + 2)!
(ℓ − 2)! ( | ·Ψℓm

CPM |2 + | ·Ψℓm
ZM |2 ) ,

·LGW = 1
64π ∑

ℓ≥2,m
im

(ℓ + 2)!
(ℓ − 2)! (Ψ̄ℓm

CPM
·Ψℓm

CPM + Ψ̄ℓm
ZM

·Ψℓm
ZM) ,
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• All physical quantities can be computed in terms of the master functions: 

·EGW = 1
64π ∑

ℓ≥2,m

(ℓ + 2)!
(ℓ − 2)! ( | ·Ψℓm

CPM |2 + | ·Ψℓm
ZM |2 ) ,

·LGW = 1
64π ∑

ℓ≥2,m
im

(ℓ + 2)!
(ℓ − 2)! (Ψ̄ℓm

CPM
·Ψℓm

CPM + Ψ̄ℓm
ZM

·Ψℓm
ZM) ,

h+ − ih× = 1
2r ∑

ℓ≥2,m

(ℓ + 2)!
(ℓ − 2)! (Ψℓm

ZM + i Ψℓm
CPM) −2Y

ℓm ,
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• All physical quantities can be computed in terms of the master functions: 

·EGW = 1
64π ∑

ℓ≥2,m

(ℓ + 2)!
(ℓ − 2)! ( | ·Ψℓm

CPM |2 + | ·Ψℓm
ZM |2 ) ,

·LGW = 1
64π ∑

ℓ≥2,m
im

(ℓ + 2)!
(ℓ − 2)! (Ψ̄ℓm

CPM
·Ψℓm

CPM + Ψ̄ℓm
ZM

·Ψℓm
ZM) ,

h+ − ih× = 1
2r ∑

ℓ≥2,m

(ℓ + 2)!
(ℓ − 2)! (Ψℓm

ZM + i Ψℓm
CPM) −2Y

ℓm ,

·Pk
GW = r2

16π ∫ dΩ ̂nk
obs ( ·h2

+ + ·h2
×) .
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Black Hole Perturbation Theory

• The Close Limit Approximation:

At a given time t=to in the 
binary black hole evolution, a 
common apparent horizon 
forms.  From the Numerical 
Relativity data at that slice 
t = t o , w e h a v e a l l t h e 
information for the subsequent 
evolution:  (α, βi, hij, kij) |to

Black Hole
+

Perturbations

Binary Black 
Hole 

evolution

From the Numerical Relativity 
data we construct:


  
and from here:




which can be evolved using the 
ma ste r equat i o n s o f BH 
perturbation theory.

{hℓm
μν [αo, βi

o, qo
ij, ko

ij],
·hℓm

μν [αo, βi
o, qo

ij, ko
ij]}

{Ψℓm[αo, βi
o, qo

ij, ko
ij],

·Ψℓm[αo, βi
o, qo

ij, ko
ij]}
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• The Close Limit Approximation:
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• The Close Limit Approximation:
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Numerical Relativity

• In 2005, Frans Pretorius (Caltech) produces the first simulations of the last orbits of a Binary 
Black Hole merger, including merger, ringdown and the extraction of the gravitational waves emitted.
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Black Hole merger, including merger, ringdown and the extraction of the gravitational waves emitted.

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

Numerical 

Relativity 


Breakthrough!
Frans Pretorius

Numerical Relativity

• In 2005, Frans Pretorius (Caltech) produces the first simulations of the last orbits of a Binary 
Black Hole merger, including merger, ringdown and the extraction of the gravitational waves emitted.
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Gravitational Recoil from Binary Black Hole Mergers

From: Wiseman, PRD 46 1517 (1992)

• For unequal-mass Mergers, apart from energy and angular momentum, 
GWs carry linear momentum.  Then, momentum conservation implies that 
the resulting Black Hole will experience a recoil.   

• Depending on its magnitude, this recoil can have important astrophysical 
and cosmological consequences. 

• We studied this question in 2005-2006 using the Close Limit 
Approximation.
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• We have to expand the expression for the linear momentum emitted in GWs:
Gravitational Recoil from Binary Black Hole Mergers

·Pk
GW = r2

16π ∫ dΩ ̂nk
obs ( ·h2

+ + ·h2
×) .
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• We have to expand the expression for the linear momentum emitted in GWs:

δ ·Px
GW = − i

64π ∑
ℓ≥2,m

(ℓ + 2)(ℓ − 1){ (ℓ − m)(ℓ + m + 1) ( ·Ψℓm
ZM

·̄Ψℓ,m+1
CPM − ·Ψℓm

CPM
·̄Ψℓ,m+1

ZM )
+ (ℓ + m)(ℓ − m + 1) ( ·Ψℓm

ZM
·̄Ψℓ,m−1

CPM − ·Ψℓm
CPM

·̄Ψℓ,m−1
ZM )}

δ ·Py
GW = − 1

64π ∑
ℓ≥2,m

(ℓ + 2)(ℓ − 1){ (ℓ − m)(ℓ + m + 1) ( ·Ψℓm
ZM

·̄Ψℓ,m+1
CPM − ·Ψℓm

CPM
·̄Ψℓ,m+1

ZM )
− (ℓ + m)(ℓ − m + 1) ( ·Ψℓm

ZM
·̄Ψℓ,m−1

CPM − ·Ψℓm
CPM

·̄Ψℓ,m−1
ZM )}

δ ·Pz
GW = − i

32π ∑
ℓ≥2,m

m (ℓ + 2)(ℓ − 1)( ·Ψℓm
ZM

·̄Ψℓ,m
CPM − ·Ψℓm

CPM
·̄Ψℓ,m

ZM )

Gravitational Recoil from Binary Black Hole Mergers

mailto:carlos.f.sopuerta@csic.es


carlos.f.sopuerta@csic.es
November 19th, 2024

Mathematical Physics of 
Gravity and Symmetry

From: CFS, Yunes & Laguna, PRD 74 124010 (2006)p.16

Enough Already! What’s the final answer?
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Gravitational Recoil from Binary Black Hole Mergers
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η =
m1 m2

(m1 + m2)2 =
m1 m2

M2

Gravitational Recoil from Binary Black Hole Mergers

Comparison with: Gonzalez et al, PRL 98 091101 (2007)
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η =
m1 m2

(m1 + m2)2 =
m1 m2

M2

Gravitational Recoil from Binary Black Hole Mergers

From: CFS, Yunes & Laguna, ApJ 656 L9 (2007)
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More about Black Hole Perturbation Theory

• Perturbation Theory of the Kerr Black Hole:

− (r2 + a2)2

Δ − a2 sin2 θ ∂ttΨ − 4Mar
Δ ∂tφΨ − 2s [r −

M (r2 − a2)
Δ − ia cos θ] ∂tΨ + Δ−s∂r (Δs+1∂rΨ)

+ 1
sin θ

∂θ (sin θ ∂θΨ) + [ 1
sin2 θ

− a2

Δ ] ∂φφΨ + 2s [ a (r − M)
Δ + i cos θ

sin2 θ ] ∂φΨ − (s2 cot2 θ − s)Ψ = 0 ,

• The description of the perturbations of a Kerr BH uses a geometric reduction of the Einstein’s 
perturbative equations instead of a symmetry reduction as in the case of a Schwarzschild BH.  
Teukolsky (1972) used the Newman-Penrose formalism to decouple the equations.  Due to the 
symmetries of the Kerr metric, the Teukolsky equation is separable:
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• The Self-Force Program: The SCO is treated as a point-like object and deviations from 
geodesic motion are described by the action of a local force, the self-force.  The equation of 
motion for the SCO is the so-called the MiSaTaQuWa equation [Mino, Sasaki & Tanaka (1997); Quinn 

& Wald (1997)]:

More about Black Hole Perturbation Theory
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• The Self-Force Program: The SCO is treated as a point-like object and deviations from 
geodesic motion are described by the action of a local force, the self-force.  The equation of 
motion for the SCO is the so-called the MiSaTaQuWa equation [Mino, Sasaki & Tanaka (1997); Quinn 

& Wald (1997)]:
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• The Self-Force Program: The SCO is treated as a point-like object and deviations from 
geodesic motion are described by the action of a local force, the self-force.  The equation of 
motion for the SCO is the so-called the MiSaTaQuWa equation [Mino, Sasaki & Tanaka (1997); Quinn 

& Wald (1997)]:

D2zμ

Dτ2 = − 1
2 (gμν + dzμ

dτ
dzν

dτ ) (2∇ρhR
νσ − ∇νhR

ρσ)
z(τ)

dzρ

dτ
dzσ

dτ
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• The Self-Force Program: The SCO is treated as a point-like object and deviations from 
geodesic motion are described by the action of a local force, the self-force.  The equation of 
motion for the SCO is the so-called the MiSaTaQuWa equation [Mino, Sasaki & Tanaka (1997); Quinn 

& Wald (1997)]:

D2zμ

Dτ2 = − 1
2 (gμν + dzμ

dτ
dzν

dτ ) (2∇ρhR
νσ − ∇νhR

ρσ)
z(τ)

dzρ

dτ
dzσ

dτ

The spin of the 
SCO has been 

neglected!
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• The Self-Force Program: The SCO is treated as a point-like object and deviations from 
geodesic motion are described by the action of a local force, the self-force.  The equation of 
motion for the SCO is the so-called the MiSaTaQuWa equation [Mino, Sasaki & Tanaka (1997); Quinn 

& Wald (1997)]:

D2zμ

Dτ2 = − 1
2 (gμν + dzμ

dτ
dzν

dτ ) (2∇ρhR
νσ − ∇νhR

ρσ)
z(τ)

dzρ

dτ
dzσ

dτ

The spin of the 
SCO has been 

neglected!

Needs 
Regularization
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• The Self-Force Program: The SCO is treated as a point-like object and deviations from 
geodesic motion are described by the action of a local force, the self-force.  The equation of 
motion for the SCO is the so-called the MiSaTaQuWa equation [Mino, Sasaki & Tanaka (1997); Quinn 

& Wald (1997)]:

D2zμ

Dτ2 = − 1
2 (gμν + dzμ

dτ
dzν

dτ ) (2∇ρhR
νσ − ∇νhR

ρσ)
z(τ)

dzρ

dτ
dzσ

dτ

The spin of the 
SCO has been 

neglected!

Needs 
Regularization

• We can also look at this equation as describing geodesic motion in a perturbed (regularized) 
geometry.

More about Black Hole Perturbation Theory
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• The Self-Force Program: The SCO is treated as a point-like object and deviations from 
geodesic motion are described by the action of a local force, the self-force.  The equation of 
motion for the SCO is the so-called the MiSaTaQuWa equation [Mino, Sasaki & Tanaka (1997); Quinn 

& Wald (1997)]:

D2zμ

Dτ2 = − 1
2 (gμν + dzμ

dτ
dzν

dτ ) (2∇ρhR
νσ − ∇νhR

ρσ)
z(τ)

dzρ

dτ
dzσ

dτ

The spin of the 
SCO has been 

neglected!

Needs 
Regularization

• At the moment, it has been recently completed the computation of the 1st-order self-force 
for Kerr spacetimes.  We need to implement it in a consistent evolution of the system and 
2nd-order perturbations for gauge-invariant waveform generation.

More about Black Hole Perturbation Theory
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• Binary Black Holes are the main source of gravitational waves for current ground-
based gravitational-wave detectors, They are also expected to be the main source for 3G 
and space-based detectors as they may provide revolutionary information about the 
nature of black holes and gravity.

Remarks and Conclusions
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based gravitational-wave detectors, They are also expected to be the main source for 3G 
and space-based detectors as they may provide revolutionary information about the 
nature of black holes and gravity.

Remarks and Conclusions

• In order to fulfill the exciting scientific program we need to have very precise models 
of their gravitational-wave emission (waveform models). In this sense, any analytical 
understanding of the dynamics of binary black holes would be crucial.
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• Binary Black Holes are the main source of gravitational waves for current ground-
based gravitational-wave detectors, They are also expected to be the main source for 3G 
and space-based detectors as they may provide revolutionary information about the 
nature of black holes and gravity.

Remarks and Conclusions

• In order to fulfill the exciting scientific program we need to have very precise models 
of their gravitational-wave emission (waveform models). In this sense, any analytical 
understanding of the dynamics of binary black holes would be crucial.

• Integrability has already played a major role in General Relativity and we expect 
it to be a maing guiding principle.
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Many Thanks for your attention!
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