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The Cauchy horizon and blue-shift

@ Cauchy horizon:
Data posed on a Cauchy
hypersurface does not have
unique solutions past CH.

@ Heuristic blue-shift:
For a black hole with a Cauchy
horizon, ingoing light rays build up
infinitely, indicating blow-up.

@ Gravitational perturbations should
behave similarly.
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Previous scattering results for black hole interiors

Reissner-Nordstrom
PENROSE—SIMPSON ’73, blue-shift instability of Maxwell, numerics.
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Previous scattering results for black hole interiors

Reissner-Nordstrom
PENROSE—SIMPSON ’73, blue-shift instability of Maxwell, numerics.

KEHLE-SHLAPENTOKH-ROTHMAN ’19; LUK—OH—SHLAPENTOKH-ROTHMAN ’22:
scattering and blow-up of Lyu = 0.

HAFNER—MOKDAD—-NICOLAS ’20; BOUSSAID-DAUDE-MOKDAD (upcoming):
scattering and blow-up of Dirac, A € R.

Kerr
SBIERSKI ’23, scattering and blow-up of Teukolsky.

Kerr—Newman
MOKDAD—P ’23, scattering of Dirac, A € R.
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Black hole interiors

Illustrative example: Reissner-Nordstrom.
In Boyer-Lindquist coordinates
(t,7,0,0) €ERy X (r_,74), x S,

1 o

o 2 2 2
gm,Q = D(r) dt” — D(T)dr -1,

with the horizon function

D(r) = (r — r_zgr —r4)

<0.
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Black hole interiors

[llustrative example: Reissner-Nordstrom. ...
In Boyer-Lindquist coordinates '
(t,7,0,0) €ERy X (r_,74), x S,

1 o
d2_ 2
D(T) r rg,

g = D(r)dt* —

with the horizon function

D(T) — (T — 7“_)(7' - 7n-l‘)

<0.
r2
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Black hole interiors

Illustrative example: Reissner-Nordstrom.
In Boyer-Lindquist coordinates
(z,7,0,¢0) € R, x (—00, +00), x S,

IaM.Q = E(’I‘(T))d7'2—5(7“(7’))(1.’1}2—7"(7')2; ,

where

——— T Universitat
Miinster

Milos Provci Scattering of Dirac Fields in Black Hole Interiors



The Kerr-Newman interior

Take (M :RT XR:E X827g:gM7Q7a7A). .

(M, g) is globally hyperbolic:
— each ¥, 2R xS8*>=3%
= M=ZRx3.

We have the following asymptotics for
functions of r(7):

—2|kx||7| ..
r—r ~ e + :
| i‘ 9 as T — t+oo. .
D ~ -2l .
——— T Universitat
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The Dirac equation

In a Newman-Penrose tetrad {l,n, m,m}, four coupled complex scalar equations

na(aa - iqAa)(bO - ma(aa - Z'(]Aa)d)l + (Ns - VS)CZ)O + (Ts - 65)(;51 = %XO, ,
la(aa - iqAa)¢1 - ma(aa - iqAa)¢0 + (Oés - 7Ts)¢0 + (Es - p8)¢1 = %Xl/ 5

/

19000 — iqAL) X" +m¥ (s — igAa) X" + (65 — p)X” — (s — me)x! = ——=o,

IIE

nY(By — iqAa) X" + M (0 — iqA)X" — (7 — BaIX” + (s — 75)x* = —ﬁm .
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The Dirac equation

In a Newman-Penrose tetrad {l,n, m,m}, four coupled complex scalar equations

na(aa - iqAa)(bO - ma(aa - Z'(]Aa)d)l + (Ns - VS)CZ)O + (Ts - 65)(;51 = %XO, ,
la(aa - iqAa)¢1 - ma(aa - iqAa)¢0 + (Oés - 7Ts)¢0 + (Es - p8)¢1 = %Xl/ 5

/

19000 — iqAL) X" +m¥ (s — igAa) X" + (65 — p)X” — (s — me)x! = ——=o,

IIE

nY(By — iqAa) X" + M (0 — iqA)X" — (7 — BaIX” + (s — 75)x* = —ﬁm .

The system can be rewritten as a matrix equation for the Dirac spinor

¢A>
\I’: / ) AZO,l
<><A
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Dirac — Schrodinger: the Hamiltonian

The Dirac equation in Schrodinger form for W on (M, gar,g,a,a) reads
0.V = H(r)¥,
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Dirac — Schrodinger: the Hamiltonian

The Dirac equation in Schrodinger form for W on (M, gar,g,a,a) reads
0.V = H(r)¥,

where

H(r,6) = Ho(r) + 1/ D(r(r)) (Mo(r,0) + H1(6) + /BsD(0)) .

and (for D = —i0; unitary matrices)
— a qQr
moe . (bos o p, 29
My :=iM_mr + Mimacos@,

iAy asin @ Aa
H, =T 4T, AD, + 22D )
1 v ﬁ ﬁ ( + 3 <p>

2 L
Ag =1+ Ai lD = irm ((99 + C0t9> — il“y& . == = Universitit

3 2 sin @ e Miiinster
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A conserved quantity for the Dirac equation

The Dirac Hamiltonian H(7) is symmetric on the space L%(3; C*).
Hence for two solutions Wy, ¥y € L2(3; C4),

’L.87—<\I/1, \II2>L2(Z) . <H\IJ1, \I/2>L2(2) - <\I/1,H\I/2>L2(E) — 0
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A conserved quantity for the Dirac equation

The Dirac Hamiltonian H(7) is symmetric on the space L%(3; C*).
Hence for two solutions Wy, ¥y € L2(3; C4),

’L.87—<\I/1, \II2>L2(Z) . <H\IJ1, \I/2>L2(2) - <\I/1,H\I/2>L2(E) — 0

This means for data 1 of a solution ¥

VT eR, (V2w = ¥l 2y -

Define the Hilbert space:
H = L*(%; CY.

——— T Universitat
Miinster

Milos Provci Scattering of Dirac Fields in Black Hole Interiors



Functional spaces

Recall: H = L*(X; CY).
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Functional spaces

Recall: H = L*(X; CY).
Hslp (2; C*) is the space of Dirac spinors ¢ satisfying

€12 () = €13 + 10:03 + IVl < oo,

where V is the spinorial connection on S? with components

cosf

Vol = g and 650528305+in7€: r, = <Uz 0 ) .

0 —o,
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Functional spaces

Recall: H = L*(X; CY).
Hslp (2; C*) is the space of Dirac spinors ¢ satisfying

€12 () = €13 + 10:03 + IVl < oo,

where V is the spinorial connection on S? with components
~ ~ . cosf 0
Vo€ = 0§ and V&= 0,6+ ZFZ7€, I, = <062 B ) .

One can verify that ||lD§HH ~ ||§H%{ + ||§§H%{ and

19|, M€l sy » NHDEN S 1€ () -
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Time-dependent Hamiltonians and scattering

Problem: V ~ 0 4 I'(7).
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Time-dependent Hamiltonians and scattering

Problem: V ~ 0 4+ I'(7). Solution:

Pass from a time-dependent IVP to one with “free” (time-independent) dynamics:

) {z’@T\IJ = H(r)V¥
\II‘TZO - 1/}

i0, ¥t = Hf U+

on H.
Ut =0 = to

on?—[—>{
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Time-dependent Hamiltonians and scattering

Problem: V ~ 0 4+ I'(7). Solution:

Pass from a time-dependent IVP to one with “free” (time-independent) dynamics:

) {z’@T\IJ = H(r)V¥
\II‘TZO - 1/}

i0, ¥t = Hf U+

on H.
Ut =0 = to

on?—[—>{

We would like:

Vo eH, FoeH : Hu(TW—e—iH(Ton o,

H T—+0o0

where
U(r) = U(T)Y and  TH(7) = e iy,

o is called the future scattering data for (x). Equivalently,

. iHt =
Yo = lim eTHoTY(1)e). —— = Universitat
T—+00 —— Miinster
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Wave operators

This is equivalent to defining the direct and inverse wave operators

W = sdim WE(t) and QF := sdim QF(¢),

t—+o00 t—+oo

where . .
WE(t) .= Ut)te ot and QF(t) := e HotUy(t).
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Wave operators

This is equivalent to defining the direct and inverse wave operators

W = sdim WE(t) and QF := sdim QF(¢),

t—+o00 t—+oo

where N N
WE(t) .= Ut)te ot and QF(t) := e HotUy(t).
Existence of W and OF  — existence, uniqueness, and asymptotic
completeness of scattering data.
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Wave operators

This is equivalent to defining the direct and inverse wave operators

W = sdim WE(t) and QF := sdim QF(¢),

t—+o00 t—+oo

where . .
WE(t) .= Ut)te ot and QF(t) := e HotUy(t).

existence, uniqueness, and asymptotic

Existence of W* and QF .
completeness of scattering data.

Existence is usually proven via Cook’s method:

Check that <8tWi(t)¢), 8tQi(t)w> € LY(R; H x H) for each 1 € H. :
— Universitat
Miinster
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Main result

Theorem (MOKDAD-P '23)
Let v € H and ¥ be a weak solution to the Dirac equation

10,V = HU |
\II‘TZO - ¢ .
with Hamiltonian H = Hy + V D (\/AQZZ) + Hi + MO). Define HSE = Ho|r—+oo-
Then
W* = slim U(T)flefiTHOi,
T—F00
Qf = slim eHTHOiI/l(T).
T—F00
exist on H.
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Symmetry operators for special cases

Recall

angular part
radial part £ P

— ~ A 20
H = (Hy +i772/7"\/5M_) +Vv D ( 1+ ﬂﬂ + Hq + M+macose> .

3

——— T Universitat
Miinster

Milos Provci Scattering of Dirac Fields in Black Hole Interiors



Symmetry operators for special cases

Recall

angular part
radial part & P

— ~ A 20
H = (Hy +i772/7"\/5M_) +Vv D ( 1+ ﬂﬂ + Hq + M+macose> .

3

@ Let m = 0. Then H|;,—0 commutes with (\/AQE + H1)2.
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Symmetry operators for special cases

Recall

angular part
radial part & P

— ~ A 20
H = (Hy —i—imr\/BM_) —i—\/B( 1+ %JD + Hq + M+macose> .

@ Let m = 0. Then H|;,—0 commutes with (\/AQE + H1)2.
o Let a=0. Then H| ,—o commutes with p? due to [M_,T;] = 0.
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Symmetry operators for special cases

Recall

angular part
radial part & P

— ~ A 20
H = (Hy +i771r\/5M_) +Vv D ( 1+ ﬂﬂ + Hq + M+macose> .

3

@ Let m = 0. Then H|;,—0 commutes with (\/AQE + H1)2.
o Let a=0. Then H| ,—o commutes with p? due to [M_,T;] = 0.

@ We define )
Q = (\/KQm + Hl) y

which is a symmetry operator when either m = 0 or a = 0.
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Symmetry operators for special cases

For solutions ¥ with data v at 7 = 0, we have

o [ov=mv._ [Qu=HQu,
Ul—o = 1. QY=o = QY.
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Symmetry operators for special cases

For solutions ¥ with data v at 7 = 0, we have

o [ov=mv._ [Qu=HQu,
Ul—o = 1. QY=o = QY.

Hence: VT € R, ||QU(T)Yly = [[Q]4-
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Symmetry operators for special cases

For solutions ¥ with data v at 7 = 0, we have

o [ov=mv._ [Qu=HQu,
Ul—o = 1. QY=o = QY.

Hence: VT € R, ||QU(T)Yly = [[Q]4-

Proof via Cook's method greatly simplified: V¢ € D := Hslp (%; CY),

aT( HTHE (7 )H I(H — B )|,

2 jng 2 ~ 2
< |[Ho = Hi [y 30y 1015 + D | @20 +m2D i,
_—;_ Universitat
Miinster
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Failure to commute in the general case

Recall

radial part angular part
o

H := (Hy + imr\/B]\xL) +\/5 (\/Aelp + H; 4+ Mymacos 0) )
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Failure to commute in the general case

Recall

radial part angular part
7\

H := (Hy + imr\@]\xL) +\/5 (\/Aelp + H; 4+ Mymacos 0> )

2
Consider for j € {0,1}, Q;:= (\/AQZD + Hy + M+jmacosﬁ> .

Unfortunately,

@ ()1 commutes with the angular part, but does not commute with M _ due to
terms like Ty M. (DM T, = -T,Tx M)

@ Qo commutes with the radial part, but does not commute with cos @ due to
Do in ID.

Therefore, given a solution ¥ to (x), Q;¥ is not a solution. =" = Universitit
Miinster
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Main difficulty: control of Ip

Cook's method will produce the term

D|[pu)ell, -

No obvious way to commute ) through (7). Even so,

Proposition (MOKDAD-P '23)

Let ¢ € D = H3 (%;C*). Then V1 € R, we have

[BUED[l S 1l

——— T Universitat
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The comparison operator B

We define B := P2 + D,? to have Vi) € D

|82, = B v = IDalBy + B0l = Il
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The comparison operator B

We define B := P2 + D,? to have Vi) € D

|82, = B v = IDalBy + B0l = Il
This ensures:
o DB g <1
o Vr € R, BY2U(T)B~'/? € B(H).
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The comparison operator B

We define B := P2 + D,? to have Vi) € D

|82, = B v = IDalBy + B0l = Il

This ensures:
o BBy < 1.

o Vr € R, BY2U(T)B~'/? € B(H).

The last statement is an application of Grénwall's lemma for k() = || BY/2U( )B_l/QuHi
and requires showing that
B~Y2[H,B|B™Y? ¢ L*(R,; B(H)). .
—— " — Universitit
Miinster
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Proof of Proposition 4.1

Proposition (MOKDAD-P '23)

Let ) € D = H, (%;C*). Then Vr € R, we have

[PUE[, S 1llgy )

PROOF. Using the properties of B, we have for ¢ € D,

ku(TW“H _ HmB—l/zBl/z U(T)B—1/2Bl/2,¢HH

< [ [ [ 50

oo

. g

——— T Universitat
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Why B?

We recall the operators
B =]’ +D,”,

2
Q; = (\/Kglp+H1+M+jmacos0) , J€{0,1}.

——— T Universitat
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Why B?

We recall the operators
B = I)* + D.?,
2
Q; = (\/Agzz) +H + M+jmacose) . jefo,1}.

B versus ();
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Why B?

We recall the operators
B = I)* + D.?,
2
Q; = (\/Agzz) +H + M+jmacose) . jefo,1}.

B versus ();

e Downside: [B, H] computation is a LARGE technical portion of the proof.
Greatly shortened by using Q;.
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Why B?

We recall the operators
B = I)* + D.?,
2
Q; = (\/Agzz) +H + M+jmacose) . jefo,1}.

B versus ();

e Downside: [B, H] computation is a LARGE technical portion of the proof.
Greatly shortened by using Q;.

e Upside: B is simple and B'/2 is equivalent to the Hslp —norm.
Relating Q; to the Hs‘}p —norm seems unruly.
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We have shown existence of the unitary scattering operator S = QW™ on H.

Using stationary scattering (reflection and transmission coefficients in the frequency
domain), one hopes to prove blow-up using the poles of the holomorphic extension of
the Fourier transform of S.1

3 = " = Universitit
Upcoming work by N. Boussaip, T. DAUDE, - M'LI::{:: ¢
and M. MOKDAD on the interior of RN(A)dS.
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We have shown existence of the unitary scattering operator S = QW™ on H.

Using stationary scattering (reflection and transmission coefficients in the frequency
domain), one hopes to prove blow-up using the poles of the holomorphic extension of
the Fourier transform of S.1

Thank you!

3 = " = Universitit
Upcoming work by N. Boussaip, T. DAUDE, - M'LI::{:: ¢
and M. MOKDAD on the interior of RN(A)dS.

Milos Provci Scattering of Dirac Fields in Black Hole Interiors




